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Abstract. Nearly all meltwater from glaciers and ice sheets is routed englacially through moulins. Therefore, the geometry
and evolution of moulins has the potential to influence subglacial water pressure variations, ice motion, and the runoff
hydrograph delivered to the ocean. We develop the Moulin Shape (MouSh) model, a time-evolving model of moulin geometry.
MouSh models ice deformation around a moulin using both viscous and elastic rheologies and medels-melting within the
moulin through heat dissipation from turbulent water flow, both above and below the water line. We force MouSh with

idealized and realistic surface melt inputs. Our results show that, under realistic surface melt inputs, variations in surface melt

change the geometry of a moulin by approximately 2010% daily and-by over 100% seasonally. These size variations cause
observable differences in moulin water storage capacity; and moulin water levels;and-subglacial-channel-size compared to a
static, cylindrical moulin. Our results suggest that moulins are important storage reservoirs for meltwater, with storage capacity

and water levels varying over multiple timescales. Representinglmplementing realistic moulin geometry within subglacial

hydrologic models seuldmay therefore improve the representation of subglacial pressures, especially over seasonal periods

or in regions where overburden pressures are high.

1 Introduction

Surface-sourced meltwater delivered to the glacier bed drives the evolution of the subglacial hydrologic system and associated
subglacial pressures (e.g., Iken and Bindschadler, 1986; Miiller and Iken, 1973) The efficiency of the subglacial system, in
turn, changes the flow patterns of the overlying ice on daily, seasonal, and multi-annual timescales (e.g., Hoffman et al., 2011;
Iken and Bindschadler, 1986; Moon et al., 2014; Tedstone et al., 2015; Williams et al., 2020). Thus, glacial hydrology is a

crucial factor in short-term changes to glacier and ice sheet dynamics (Bell, 2008; Flowers, 2018).



30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

On the Greenland Ice Sheet; (GIS), surface meltwater can take multiple paths, depending on its origindeeation. In the
accumulation zone, meltwater may percolate through snow and firn, remaining liquid (Forster et al., 2014) or refreezing
(MacFerrin et al., 2019). In the ablation zone, meltwater runs over bare ice, coalesces into supraglacial streams, and pools into
supraglacial lakes (e.g., Smith et al., 2015). These surficial water features — rivers, streams, lakes, aquifers, etc. — direct
meltwater into englacial features that can deliver the water to the bed of the ice sheet (Andrews et al., 2014; Das et al., 2008;
Migge et al., 2016; Poinar et al., 2017; Smith et al., 2015). Englacial features include moulins, which are near-vertical shafts
with large surface catchments (~1-5 km? per moulin, Banwell et al., 2016; Colgan and Steffen, 2009; Yang and Smith, 2016),
and crevasses, which are linear features with limited local catchments (~0.05 km? per crevasse, Poinar et al., 2017). Together,

moulins and crevasses constitute a substantial fraction of the englacial hydrologic system_in the ablation zone of the GIS.

Water fluxes through the englacial system, and therefore to the subglacial system, are non-uniform in space and time.
Quantifying these temporal variations in water fluxes to the glacier bed requires understanding the time evolution of the
supraglacial and englacial water systems that deliver it. Ongoing research is making great strides in characterizing the
supraglacial water network (Germain and Moorman, 2019; Smith et al., 2017; Yang et al., 2016). For instance, field
observations from Greenland indicate that much of the supraglacial water network terminates into crevasses and moulins
(McGrath et al., 2011; Smith et al., 2015) and that moulins are important modulators of surface melt inputs to the ice sheet bed
(Andrews et al., 2014; Cowton et al., 2013; Mejia et al., 2021; Smith et al., 2021).

Our knowledge of moulin sizes, scales, and time evolution has largely been informed by exploration and mapping of
the top tens to hundred meters of a few moulins (Benn et al., 2017; Covington et al., 2020; Gulley et al., 2009; Holmlund,
1988; Moreau, 2009). These sparse field data indicate that moulin shapes deviate greatly from simple cylinders. Furthermore,
deployments of tethered sensors into Greenland moulins have encountered irregularities including apparent ledges and plunge
pools (Andrews et al., 2014; Covington et al., 2020; Cowton et al., 2013), and seismic (R60sli et al., 2016) and radar (Catania
et al., 2008) studies suggest constrictions below the depths of human exploration. These direct near-surface and indirect deep
observations suggest that moulin geometry evolves a high degree of complexity at all depths.

State-of-the-art subglacial hydrology models are forced by meltwater inputs that enter the system through crevasses
or moulins. These models generally represent the geometry of moulins in a simplified and time-independent manner, for
instance as a static vertical cylinder (e.g., Hewitt, 2013; Hoffman et al., 2016; Werder et al., 2013) or cone (Clarke, 1996;
Flowers and Clarke, 2002; Werder et al., 2010). The basis for the cylindrical simplification arises from the assumption that
depth-dependent variations in moulin size are small relative to the vertical scale of the moulin. The basis for time independence
is the assumption that the moulin capacity is, again, small relative to that of the subglacial system. However, neither of these
assumptions have been tested. Here, we explore the extent to which time-evelation-efan evolving moulin geometry affeetscan

impact moulin water level, capacity, and water volume, each of which can impact the rateevolution of the subglacial melwater
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We present the Moulin Shape (MouSh) model, a new, physically based numeric model that evolves moulin geometry
over diurnal and seasonal periods. The MouSh model can be coupled to subglacial hydrology models to more completely

characterize the time evolution of the englacial and subglacial hydrologic systems, which are intimately linked.

2 Moulin physical model

We develop the Moulin Shape (MouSh) model, a numeric model of moulin evolution that considers ice deformation and ice
melt associated with the dissipation of energy from turbulently flowing meltwater (Fig. 1). We include here a detailed
description of the model framework and each module that influences the time-evolving geometry of the modeled moulin (Fig.

2a).

2.1 Moulin geometry coordinate system

We discretize our model in the vertical (z) and radial (r; and r2, or generally 7) directions, treating the moulin as a stack of
egg-shaped (semi-circular, semi-elliptical) holes in the ice that both change in size and move laterally relative to each other.
We calculate moulin geometry (elliptical radii »; and r2) and water level ¢4} with a 5-minute timestep d¢. Model calculations
are performed in cylindrical coordinates, where /1(z) is the perimeter of the semi-circular, semi-elliptical moulin, using

Ramanujan’s approximation:

m ~nr + %n[3(r1 +13) —/(Bry + 1) (1, +313) ] (1)
Here, ; and 72 are the minor and major radii, respectively, for each node in the vertical direction. The minor radius r; is also
the radius of the half-circle.

We calculate the cross-sectional area 4,,, of the semi-circular, semi-elliptical moulin as follows:
Ay = nzi(rz +7) (2)
The plan-view orientation of the radii and the coordinate system, as detailed on a remotely sensed moulin, are indicated in
Fig. 2b-d. The elliptical shape was chosen to reflect the observation that supraglacial meltwater flows into a moulin along a
single side above the water line. This asymmetry leads to a nonuniform, noncircular geometry above the water level;—whieh

s.. This choice is in line with observations of a

GreenlandGIS moulin becoming more elliptical over time (R606sli et al., 2016). For simplicity, MouSh_also contains an
option to set the moulin cross-sectional geometry to a circle, rather than an egg (see Supplement S2)..2.2).

Each module is also dependent on the depth varying hydrostatic and cryostatic pressures. We subtract the cryostatic
pressure; P;; from the hydrostatic pressure; P, ; to getcalculate the total depth-dependent effeetivepressure AP at all vertical
levels z within the moulin:

P = pig(H; — bz) (3a)
Fv = pwg(hy, —bz) (3b)
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NP =P, — P, (3¢)

where Hi is the ice thickness; A, is the height of the water above the bed: (moulin water level); z is the vertical

coordinate; p; and p,, are ice and water density, respectively; and g is gravitational acceleration (Table 1). Note that P is not

effective pressure, which is defined as P = P; — P, (Cuffey and Paterson, 2010). In thisour formulation, positive pressures

eausescause outward expansion of the moulin walls (radial growth), and negative pressures reduces the size of the moulin

(radial closure). We use a flat bed at sea level for all model runs presented here;-se; bed elevation_is z = b = 0.

2.2 Ice deformation modules

We represent the deformation of the ice with the simplest possible combination of elastic and viscous components: a Maxwell
rheology, where elastic and viscous deformation occur independently, without interaction (Turcotte and Schubert, 2002). The
Maxwell model comprises an elastic element (a spring) and a viscous element (a dashpot) in series and is standard in
geophysical modeling. The response timescale in our Maxwell model is equal to (£x4 x t2)! where E is Young’s modulus,

A is the viscous flow law parameter, and 7 is stress (Table 1; Turcotte and Schubert, 2002). The Maxwell timescale is thus

roughly 10-100 hours for typical Greenland ice.

Elastic deformation is described in Sect. 2.2.1. We represent total viscous deformation in two modes: (1) radial
opening and closure of the moulin, which changes the size of the moulin (Sect. 2.2.2), and (2) vertical shear of the moulin,

which changes the shape but not the size of the moulin (Sect. 2.2.3).

2.2.1 Elastic deformation

Field measurements indicate that, nearly universally during the melt season, the water level in a moulin varies at a sub-hourly
timescale (Andrews et al., 2014; Covington et al., 2020; Cowton et al., 2013; Iken, 1972). This variability is shorter than, but
comparable to, the Maxwell timescale for ice (10—100 hours:see-Seet2-2); therefore, we must assume that elastic deformation
plays a role in the response of the ice to variations in moulin water level.

Weertman (1971, 1973, 1996) applied dislocation fracture mechanics principles to vertical glaciological features:
water-filled crevasses. These equations have applied to supraglacial lake drainages (Krawczynski et al., 2009) and slow ice
hydrofracture (Poinar et al., 2017). However, these problems are Cartesian (linear), not cylindrical, so their solutions are not
readily adaptable to a moulin. The stress and deformational patterns around cylindrical boreholes have been well studied in
the rock mechanics literature (Amadei, 1983; Goodman, 1989; Priest, 1993). We therefore base our description of the stress
field surrounding the moulin on that of a fluid-filled borehole in a porous rock medium, described by Aadney (1987) and based
on the Kirsch equations, which describe stresses surrounding a circular hole in a rigid plate (Kirsch, 1898). We assume plane
strain and approximate our moulin as a stack of such plates with analogous holes (Goodman, 1989). A subtle difference is that

our moulin shape is not circular, but egg-shaped: half circular, half elliptical.

4



123 At each vertical level z in the moulin, we apply Hooke’s Law to the stress field to calculate the strain, in horizontal
124 cross-section, at all points on the moulin wall and in the surrounding ice for both radii ; and r.. We then integrate these strains
125 from an infinite distance (cylindrical coordinate » = <) to the moulin wall (r1,72 = ru). A full derivation, based on the stress
126 states in a borehole described by Aadney (1987), is in Supplement S1. We express the total radial elastic deformation 7. of a
127 moulin segment as:

128 T, = r?m [(1 4+ vy (AP — %(@AJX +e500),) + %{@(AUX —o500,)(1 —3v —4v?) + ifﬁArxy(Z - 3v-—
129 8v2)] “4)
130 Here, £A P is Young'smodulusforuniaxial deformationthe change in cryo-hydrostatic pressure (Eq. 3¢) over a time interval,

131 Vv is Poisson’s ratios; 7 is used to refer to r; or r2; and exA0,, 65A0,, and #5;AT,,, are thechanges in background deviatoric

132 and shear stresses that describe the regional setting of the moulin-typically-compressive-and-of-order 100 kPa;Poinarand
133 Andrews:2021-. The model is designed to accept user-defined deviatoric and shear stresses; however, we choose valies-e;a

134 neutral surface stress state (Ao, == Ao, = Aty,, 0 kPa; Fy—= 50 kPa—and~ —50 kPa- However—) for

135 experimental simplicity and because the-deviaterie-and-shearthese stresses and their changes over time are poorly constrained;

136 we-alse-test-the. This simplification e——=—65——=—%5—=0-(Supplement-S2);-whichsimplifies-thereduces elastic deformation
137 Fe!
138 T, = 22 (1+ V)N)AP (5)

139 Unlike viscous deformation and melting, elastic deformation is instantaneous. However, we take advantage of the

140 observation that elastic deformation is driven by changes in the cryostatic and hydrostatic pressures— (Supplement S1.5).

144 4 and Eq 5 as an elastic ‘deformation rate’ for varying (Eq. 6) and constant (Eq. 7) surface stresses:

dre _ 1 dr _ 1o doy  1doy doy o U (3 3y - 817y
145 0 —E(rm(1+v) dt+[(1+v)( Z(dt + dt)+4-(dt )(1 3v 4v)+ (2 3v—8vH)])_(6)
146 dr, =2 (rméELAT%\rm(l+v)( °)dt (7)

147

148 Equations 6 and 7 assume that both effective pressure and moulin radius vary smoothly over the time interval in question,

149 which is generally true for small tlmesteps (5-minutes in our model). W%apleyLEq—é—eH—te—be%h—meﬁhﬁ—Padﬂ—&ﬁemi—

153  of the-deformation-above-the-water-line-The dominant term in Eq. 6 is the first term, since d—i (~1 kPa over a typical hour
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during the melt season) greatly exceeds the rate of change of the surface stresses (~1 kPa over a year), as explained in the

Supplement S1. Equation 7 is commonly used for dilatometer testing in rock mechanics (Goodman, 1989).

2.2.2 Viscous radial opening and closure

Moulins close when they lose their water source at the end of a melt season (Catania and Neumann, 2010). Similarly, boreholes
close if they are not filled with drilling fluid with a density simitartelike ice (Alley, 1992). Our modeled moulin is intermediate

to these edge cases because it typically contains water. When the moulin is filled with water to the flotation level, it will stay

The moulin will

open at its base and viscously close at and below the water level. i Fs
viscously open in regions where hydrostatic pressure exceeds the cryostatic pressure. When the water level is below flotation,
which is the typical case, viscous deformation shrinks the moulin at all depths.

We calculate strain rate (£}¢ from the total depth-dependent effeetive-pressure NP (Eq. 3c) using Glen’s Flow Law:

¢ =EF" A(T, P,) .%Ngfep)n (8)

where £./*is the flow law enhancement factor;-ane; A(7; P;) is the flow law parameter; and » is Glen’s Flow Law exponent.

For the flow law parameter, we use the standard relationship from Cuffey and Paterson (2010, Eq. 3.35), which is a function
of ice temperature 7; and ice pressure Pi.

We follow borehole studies by Naruse et al (1988) and Paterson (1977) to write strain, €, in the radial direction as

e=In (r—f) )

7o
where a moulin with initial radius ¢ and final radius 7runderwent radial strain of ¢.
We use the time derivative of Eq. (9) to calculate the change in moulin radius due to viscous deformation:
dr, = 1, exp(édt) — 1y, (10)
with strain rate given by Eq. (8). This is the same relationship used by Catania and Neumann (2010).

2.2.3 Shear deformation

We use Glen’s Flow Law to calculate the change in shape of the moulin due to regional-scale ice flow. This deforms the entire
moulin in bulk, shearing it in the vertical and shifting it laterally downstream, without changing its radii. Basal sliding is not
currently included in the model. To represent deformation, we discretize the moulin as a stack of plates with elliptical (or
circular) holes with a thickness dz and represent deformational ice flow as displacement between these plates.

We calculate the rate of deformational ice flow us in the downstream direction from ice temperature 77; and pressure
AP, surface slope o, a constant enhancementfactorf—and-iee-thickness[* _and H;, using Glen’s Flow Law (Cuffey and
Paterson, 2010):

Ug = 2ELpgey2F + (p,ga)" - [ A(T, PY(H; — 2)"dz
(1)
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where b is the ice sheet bed. We obtain ice deformation rates of ~20 m yr™!, which is typical of the ablation zone in western

Greenland (Ryser et al., 2014).

2.3 Phase change modules

The second mode that changes the geometry of the moulin is ice ablation from or accretion to the moulin walls. During the
melt season, the flow of water into and through the moulin generates turbulence, which as it dissipates acts to melt back the
moulin walls, expanding the size of the moulin. There is also a small component of melting due to temperature differences
between the water and surrounding ice. Outside the melt season, conduction of latent heat into the surrounding ice causes

stagnant water to freeze back onto the moulin walls, contracting the size of the moulin.

2.3.1 Refreezing

Refreezing occurs in cold ice when water flow is absent or slow enough that the rate of heat conduction into the
surrounding ice drops the water temperature to the freezing point. These conditions occur primarily outside the melt season.
When these conditions are met, we apply a radial freezing termary, which is parameterized economically, following Alley
(2005):

_oTli-Tymp |Kitp /Kicp [
drf = ZT% E(\/t—t - tt - dt) (12)

Here, T; — T,

pmp 18 the depth-varying difference between the far-field temperature (prescribed as from borehole temperature

observations) and the moulin water temperature, which is taken as the pressure melting temperature Tpmp. L is the latent heat

of fusion; K; is water’s thermal conductivity; C,, is the specific heat capacity of ice. The refreezing rates thus-evolve exclusively

based on the elapsed time since the cessation of turbulent flows ¢,.
We calculate the change in moulin water volume from freezing, V-, by summing the refrozen ice thickness in a

timsteptimestep, dry, around the perimeter of the moulin at all depths z, and converting ice volume to water volume:

Vi, = ;’_W L 1(2)ry(2) dz (13).

2.3.2 Moulin wall melting

During the melt season, turbulent energy dissipation from water flowing through the moulin melts back the moulin walls. The
dissipation of turbulent energy and the associated melting of the surrounding ice will increase the local moulin radius. We
parameterize turbulence in two separate spatial domains: (1) within the water column of the moulin, where »; and 2 are evolved
uniformly, and (2) above the water level along the side of the moulin, as supraglacial input falls to the water level, where only
r2 is evolved.

The parameterizations of turbulently driven melting we use in both regimes rely on three simplifications. First, the

volume of water moving through each vertical model node is constant within each time step. This ensures that water mass is
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conserved and that all model elements below the water line are water filled; however, this eliminates the potential long-term
storage of meltwater within plunge pools caused by non-uniform incision into the ice. Second, all energy generated from
turbulent dissipation is instantaneously applied to melting the surrounding ice. This neglects any heat transport within the
water, which is a common approximation in subglacial models (e.g., Hewitt, 2013; Schoof, 2010; Werder et al., 2013). Third,
we also make the simplifying assumption that meltwater entering the moulin is at 0°C and at the pressure melting temperature
Tomp at all points below the water line, theughalthough we do not model the impact of this temperature change on melting

because moulin water temperatures are unknown.

Submerged zone: Below the water line, the vertical velocity of the water is dictated by the hydraulic gradient within the system
and the local cross-sectional area of the moulin. Under such conditions, head loss — the departure of the hydraulic head from
that calculated by Bernoulli’s equation — reflects the energy dissipated as heat. We parameterize head loss using the Darcy—
Weisbach equation, which relates water velocity uw to changes in the hydraulic gradient dh./dl (head loss per unit length along
flow), via the hydraulic radius R and a dimensionless friction factor /. Because water velocity is constrained by mass balance
within the system, we calculate the head loss dhw/dl as follows:

dhw _ ubf (14)
dl 8Rpg

The differential element d/ represents the path length over which the water experiences head loss: 8—=/8x2Z +8z2d] =

\dx? + dz? for horizontal distance dx and vertical drop dz. The friction factor fis a unitless model parameter that controls
the rate of head loss within the system. Its value thus directly affects the amount of melting. Most subglacial models fix the
Darcy—Weisbach friction factor, with values ranging from 0.01 to 0.5 (e.g., Colgan et al., 2011b; Schoof, 2010; Spring and
Hutter, 1981) or use equivalent values of Manning’s n (e.g., Hewitt, 2013; Hoffman and Price, 2014). Alternatively, other
models parameterize channel roughness using a geometry-dependent friction factor (e.g., Boulton et al., 2007; Clarke, 2003;
Flowers, 2008). Thus, MouSh has options for fixed or variable f.

The friction factor within the submerged zone is indicated by f» and in the open channel zone by foc. To explore the
impact of the chosen friction factor, we complete a sensitivity study (Sect. 23-and3-2)-where-we-vary-thefrictionfactorin
water-filled-seetions; fm;-overan-expeected-range;eentered-onf,»—0-1-2.5.2 and 3.2). We use a constant f = 0.1 for all other

model runs presented.
Because we approximate the moulin as a half-circular, half-elliptical cylinder with perimeter I, the hydraulic radius

Ry of a water filled node is:

R, =2 (+615).

n

To calculate moulin wall melting, we use a simple energy balance equation, following previous work (e.g., Gulley et al., 2014;

Jarosch and Gudmundsson, 2012; Nossokoff, 2013):

dAm dhy,
plC ( pmp Ti) +p Lf at Q_ép_g—)Qout (pwg 7) (‘1_7&)
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where Cy is the heat capacity of water. The first term represents the energy needed to warm the surrounding ice to the pressure

melting temperature of water T,

pmp- Equation (+716) can be rearranged and combined with equation (14) to provide the area

of ice melted:
2, -1
dA: = Qout (w9 1oz ) (piCu(Tomp = T)) +pily) " dt (#817)

Wherewhere Qou is the discharge from the moulin-subglacial system as dictated by the subglacial model component (Sect.

2.4.2); and F—"Tsmm Ty

and the surrounding ice;which-we-ecan. We vary from-site-to-site-areund-GreenlandT] based on observations as described in

— T; is the temperature difference between the water (prescribed to be at the pressure melting point)

Table 1- and Sect. 2.5.2. Note that Eq. 817 determines the area of ice that is removed through melting. For each time step, we
reframe Eq. +817 into radial melting within an egg-shaped moulin using information about the previous geometry and the

assumption that melting occurs uniformly around the perimeter:

dry = 2dA, / [7(5r + 31, — /By + 1) (1, + 31L))] (3918).

Equation 4918 is simplified when considering a circular geometry (r; = r2).

Unsubmerged zone: Above the water line, a variety of complex processes drive melting. A first-principles approach would be
to quantify melting due to the potential energy loss of falling water, following the work on terrestrial waterfalls (e.g.,
Scheingross and Lamb, 2017). However, nearly all waterfall-based parameterizations rely on abrasion between waterborne
sediment and the substrate as the primary mechanism of erosion. Instead, we implement a simple parameterization for open-
channel flow with the understanding that the complexities of thermal erosion are not completely captured. In our model, open-
channel melting occurs only on the up-glacier wall of the moulin and follows two ad-hoc rules based on the slope between the
vertical nodes: (1) open-channel turbulent melting is applied if the slope of the upstream moulin wall allows water to flow
over it; and (2) a small, prescribed amount of melting is applied when the upstream wall slope is vertical or overhung, because
while water cannot flow directly along the ice, spray and other processes likely drive some amount of melting. These cases are
respectively (1) the open-channel zone and (2) the falling water zone.

In the open-channel zone, we use a similar approach as for melting below the water line. However, the hydraulic
radius R is adjusted to reflect the observation that water runs down only one wall of the moulin, and a higher friction factor is
used to parameterize complex geometries. Due to the presence of a discontinuity between open-channel and water-filled
regions (at the water line), we parameterize the hydraulic radius of open channel flow as Rhypen = 0.57,. We also use a higher
open channel friction factor fo of 0.8 to parameterize observed extensive scalloping (e.g., Gully et al., 2014; Covington et al.,
2020). We apply melting to only the elliptical side of the moulin, defined by r, derived-using Eq. 18. Note that the hydraulic
radius prescribed for open-channel flow is likely larger than the small region over which water is flowing in the natural system

(Fig. 2a;€2). Further, the resulting open channel melt dA.. is applied only to the major radius to calculate the change in open

channel radius droc.
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In the falling water zone, there is very limited interaction between the moulin walls and the water. For simplicity, we
assume that a small fraction, f,, of the potential energy lost as water falls is deposited into the moulin walls, perhaps as the

kinetic energy of spray. The change in radius due to this process is as follows:

Pwi/P1)gQ (Pw/Pi)gQout dt
#H LfH

Amg = fp

(2619)

We set £, to 0.1 for all model runs presented here.
We add the volume of ice melted to the water already in the moulin, similarly to Eq. 12 for V.. We calculate the
change in moulin water volume from melting by summing the melted ice thickness, 7y, around the perimeter of the moulin at

all depths z, and converting ice volume to water volume:

pi . (Hi
Vwatimerr = =t f D Al —+A(2) 4z
H.
@dt [ (11(2)dryp (2) + Apc(2) +Ac(2)) dz (20).

2.4 Water flux into and out of the moulin (Mass conservation)

Water balance within the moulin and the subglacial channel is dictated by recharge from a supraglacial stream (Q;,, Seet
2-4-4described below), discharge through a subglacial channel (Q,;, Qpase; Seet—24-2described below) and any change in
volume due to melting or refreezing, such that the volume of water in the system (V) is:

av _ (WVpamete—Vyrz) 2~ WV watlmelt =V rrz)
C

at Qin — Qout + Qpase + at dt

(2D).

The #tegralfinal term varies in space and time, with high meltrates of volume lost to melt above the water line during

the melt season (when Q;,, > 0), and moderate selt-rates of volume lost to melt at and below the water line during and after
the melt season, when there is water flow through the moulin (Q,,; > 0) and refreezing below the water line throughout the
winter (when Q;, = Q,: = 0). The MouSh model can also accept an additional prescribed basefleswbaseflow Q4. directly
to the subglacial module. We design base-flewbaseflow as a loose approximation of additional subglacial water inputs from
varied upstream sources, including other moulins on the same subglacial channel, regional basal melt, and the addition and
removal of meltwater from subglacial storage. Base-flewBaseflow is generally required to maintain realistic moulin water
levels. In the moulin runs forced by realistic Q;,,, we represent subglacial flow from ~5 surrounding moulins by prescribing
baseflewbaseflow as five times the running 5-day mean of Q;,. In other model runs, we do not include baseflewbaseflow.
The addition of baseewbaseflow is designed to represent the widespread seasonal evolution of surface melt; its inclusion
maintains a slightly larger subglacial channel than would otherwise occur, which reduces otherwise unrealistically large daily

swings in modeled moulin water level- (Supplement S2.2.5).
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2.4.1 Meltwater runoff from the ice-sheet surface

We force the MouSh model with time-varying water inputs from the supraglacial environment, Q;,. We use two different Q;,

scenarios: a simple diurnal cosine with #aa anda mean discharge of 5 m’s”

!, in rough agreement with observations near the margins of the GIS (Eq. 2322, Chandler et al., 2013; McGrath et al., 2011;
Smith et al., 2017); and realistic supraglacial discharge over a melt season, determined by using in-situ surface melting data
and internally drained catchment size and geometry (Yang and Smith, 2016).

We use the following cosine curve to represent our simplest form of supraglacial discharge into the moulin during
sensitivity studies:

Qin = cos(m(t —19.5)/12) + 3— 235

(22)

Here, t is time in hours and @Q;,, is in m*s!. This function has its daily peak at 19:30 hours and a daily minimum at 07:30.
To examine a set of realistic moulins, we select three supraglacial basins from Yang and Smith (2016) and
deriveextract their size, distance from terminus from information provided therein (Basin 1-3; Table 2). We derive surface

runoff from MERRA-2 reanalysis (Gelaro et al., 2017; Smith et al., 2017). Surfacerunetfvaluesfor the 2041 9-meltseason-were

2 Further details on supraglacial input

characteristics are included in Sect. 2.5.3.

2.4.2 Water flow from the subglacial system

We couple the moulin model and a single evolving subglacial channel controlled by melt opening and creep closure (Covington
etal., 2020; Schoof, 2010) using a reservoir-constriction model (Covington et al., 2012) that simulate flows between the moulin

and subglacial channel. Following Covington et al. (2020), the rate of change of moulin water level A is

1 eata
Am(hw) ot

%dhw = Q4dv

(23)

With the change in water volume within the system being dV and the volume of the moulin-subglacial system is related to the
channel S and the moulin cross-sectional area 4. The water volume is related to ©@50Oin, Obase and Qour , Where Qour is the

meltwater output from the subglacial channel, defined as follows:

Qour = c3S5*W/\[1¥] (2524)
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d(hw—b)
daL

Here-S-is-the-subglacial channel-eross-seetional-area—The hydraulic gradient ¥ = —p; g

the outlet at a horizontal distance L, where the pressure head is zero. In our calculations, the bed elevation b is zero. Finally,

is a linear gradient in /. to

c3 is a flux parameter:
25/4 Fid

C3—m\] 0

T
@6 (T+2)pw [ sup” (25)

Equation (2625) for c¢; follows Covington et al. (2020), who corrected a small error from the original Schoof (2010)

formulation.
We use an equation from Schoof (2010) for the time rate of change in subglacial channel cross-section area S, with
the first part describing the turbulent melting of the subglacial channel walls, and the second term describing closure due to

the pressure of the overlying ice, which is dependent on effective pressure N = P; — P,

ds = (1Qouc¥ — ;N"S) dt (2726)

Here, the constantc, = p%m&h—pg—fh%te%demw and Lr—the—Jatent—heat—fusion—of—ee;—the constant ¢, =
i=f

2ALTNYR="2 A, ,n~ "™ with the Glen’s flow law parameters for the subglacial component defined as A-=6-10=2%4_ , =

6+ 107%*Pa’s,
Replacing Q,,;, ¥, and N in Eq. (2726) yields
dS = c(y¢;,S¥/* (I3 — ¢y (P, — p,gh,,)"S) dt

(2827)
Equations (2423) and (2827) are numerically solved simultaneously, as in Schoof (2010) and Covington et al. (2021). The
parameters used in this module are included in Table 1 and are the same as those used in the englacial component of MouSh,
apart from the flow law parameter 44..». In the englacial system, 4 is calculated from local temperature within the ice column,
which can be as cold as -23°C in western Greenland (Iken et al., 1993). This contrasts with the temperature at the ice-bed

interface, which must be at the melting point; thus;-the subglacial component of MouSh uses a higherfixed A4 value.

In its current configuration, the subglacial module provides a single set of outputs representative of conditions at the
moulin. This is primarily because this study focuses on the evolution of a moulin and is not representative of a channel running
from a moulin to the terminus in a natural system. A more complex subglacial model would more accurately resolve the spatial

changes in subglacial channel geometry and flow.

2.5 Suites of model experiments

To examine the sensitivity of the MouSh model to uncertain parameters, ice and meltwater characteristics, and model choices,

and difference from previous moulin parameterizations, we run four suites of experiments. While these experiments do not
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cover the complete range of possibilities, they were designed to address primary uncertainties in the MouSh model and examine

how moulin geometry might vary spatially and temporally.

2.5.1 Quasi-equilibrium and the impact of diurnal supraglacial variability

Under steadily varying conditions such as a repeating diurnal variation, the modeled moulin reaches a quasi-equilibrium state
independent of initial conditions with melting opposing viscous and elastic deformation and the only change being driven by
shear deformation. W i thibri i

rare -Gt
basin-charaeteristiesas—t-isroutedto-a—meulin—Moulin water level and shape respond to these patterns of variability. To

examine the impact of Qi» magnitude (mean) and Qi» amplitude (variability), we perform a series of model runs that vary the
magnitude of a cosine curve between 1 and 20 m*sm’ s™! with a fixed amplitude of 0.5 s*sm’> s and a series of runs that vary
the amplitude of a cosine curve between 0 and 2 m*sm’ s! with a fixed magnitude of 5.0 sa*sm’ s™!. The amplitude asis one half

the diurnal range. These runs use Basin 1 ice conditions (Table 2; Sect. 2-5-4)-with-ne-base-flowpreseribed:2.5.3). Further
details can be found in Supplement S2.1 and Figures S2-4.

2.5.2 Sensitivity to uncertain parameters

We explored the sensitivity of our results to the values of seven parameters, shown in FigFigs. 3-5, with the prescribed ranges
shown in Table 1. We stadiedexamined the effect on the water level, the moulin radius at the equilibrium water level, the
volume and water storage of the moulin, and the cross-sectional area of the subglacial channel at the end of a ten40-day model
run. These values reach equilibrium, with daily oscillations superimposed, after 2—5~15 days. We also tested the dependence
of our results on the initial moulin radius, 7, which we varied across an order of magnitude from 0.65 to 5.0 meters.

We varied the value of a uniform deformation enhancement factor £F* over an order of magnitude (£/* =1 to 9),

which affects viscous flow of the ice surrounding the moulin. While the range of enhancement factors tested exeeeds-thattikely

parameters—here cover a variety of ice conditions, including ice shelves and temperate glaciers, the GIS likely has values

between 4 and 6 (e.g., Cuffey and Paterson, 2010). Outside of testing the model sensitivity to the enhancement factor, we

assigned F*=5. We also tested the effect of ice temperature, independent of the enhancement factor. We used five different
temperature profiles: cold ice temperatures (mean ~ -15°C, range -23.1°C to the pressure melting point) measured in the center
of Jakobshavn Isbra (Iken et al., 1991); moderate ice temperatures (mean ~ -7 °C, range -13.5°C to the pressure melting point)
measured at the GULL site in Pakitsoq (Liithi et al., 2015; Ryser et al., 2014); warmer ice temperatures (mean ~ -5°C, range -
9.3°C to the pressure melting point) measured at the FOXX site in Pakitsoq (Liithi et al., 2015; Ryser et al., 2014); a
hypothetical linear profile from -5°C at the surface to 0°C at the bed; and, finally, a fully temperate ice column. These different
ice temperature scenarios affected the creep closure rates of ice through the temperature-dependent softness parameter 4 by

approximately a factor of 6 from the coldest profile (Iken et al., 1993) compared to the fully temperate column.
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We also examined moulin sensitivity to elastic deformation by varying Young's modulus (E) of the ice column
between 1-9 GPa (Vaughan, 1995) and the sensitivity to the values of friction factors for the moulin walls. MouSh has two
friction factors: £, (below the water line) and f.. (above the water line). We varied these friction factors across two orders of
magnitude- (0.01 to 1). We did not vary the subglacial channel friction factor. Finally, we varied values for basal ice softness
Asub over two orders of magnitude (5e-25 to 5e-23) and independently examined moulins over a range of ice thicknesses (670—
1570 m) and corresponding distance from the terminus (~20—110 km), which in combination results in variations in hydraulic

gradient.

2.5.3 Sensitivity to local conditions

We examined moulins over a range of ice thicknesses and corresponding distances from the terminus (Table 2). Each moulin
is associated with a supraglacial basin derived by Yang and Smith (2016). The moulins were selected based on ice thicknesses
that broadly represent the range of ice thicknesses within the ablation zone of the western Greenlandtee—SheetGIS and
supraglacial drainage basin sizes and geometries that were visually similar to nearby drainage basins and approximately
representative of the mean supraglacial drainage basin area for the given ice thicknesses (553m, 741m, and 1315m). To derive
broadly representative Q;, values for each basin, we integrate 3-hourly modeled surface melting from a downscaled version
of MERRA-2 (Gelaro et al., 2017) over the surface area of each moulin surface drainage basin. We then use synthetic unit
hydrograph parameters derived for a supraglacial basin from western Greenland during the middle of the 2045-meltseasen
Smith-etal 201 to-estimate supraglacial-dischargeinteeach-meulin—2019 melt season (Smith et al., 2017) to estimate

supraglacial discharge into each moulin. Surface runoff values for the 2019 melt season were modified using a synthetic unit

hydrograph derived for the ablation zone and parameters appropriate for western GIS (Smith et al., 2017) with manual

dampening of diurnal variability to minimize long periods of no surface melt during the beginning and end of the season. We

apply this dampening because the parameters for the unit hydrograph were determined during the middle of the melt season

and therefore may inaccurately represent routing delays at the beginning and end of the melt season.

The supraglacial discharge curves for each moulin are only meant to capture the seasonal change in discharge rates
and diurnal variability and occasional increases in runoff due to surface melt events during the 2019 melt season. The primary
goal of this exercise is to examine season-long and daily differences in model outputs, the variation in each model component
(viscous, elastic and phase change), and the relative importance of each component in driving moulin geometry and water level

change at different representative locations of the western Greenland-lee-SheetGIS (Figs. 6-9).

2.5.4 Comparison to a cylindrical moulin

Subglacial models generally use a time-invariant vertical cylinder to represent moulins. To investigate and quantify the efficacy
of our time-evolving moulin shape model, we drove MouSh and a static cylinder with the same meltwater inputs. We use the
time-mean radius at the water level as the radius of the static cylinder; this is 1.6 m and 1.4 m for Basin 1 and +3-m-ferBasin

2, respectively. We compared the resulting moulin water level, moulin capacity, subglacial cross-sectional area and meltwater
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429 input difference (due to melt generated within the model itself) across these runs. We compared the moulin water level values

430 directly (cylindrical water level — variable water level) and eompared-othermetriesmoulin capacity by percentage difference

431 (cylindrical — variable) / (variabley:); differences are presented in Figure 10.

432 2.5.5 Sensitivity to model choices

433 As part of MouSh development, we made several decisions about how to represent moulin geometry, water inputs, and the

434 associated subglacial system that can directly impact the shape and water level of a modeled moulin. FheseWe test the impact

435 of these decisions inehadein a series of experiments, including (1) representing moulin cross-Seetalsectional area as a semi-
436 elliptical, semi-circular “egg” instead of as a circle (Sect. 2.1-ard-23-2); (2) the inclusion of estimated surface-stressesin-the
437 representation-of-elastic deformation (Sect. 2.2.1); (3) the use of a parabolic ice sheet profile to determine the surface slope

438 and distance to terminus for a given ice thickness (Cuffey and Paterson, 2010); (4) the use of prescribed base-fewbaseflow
439 into the subglacial component of the model (Sect. 2.4); and (5) the use of a time-evolving subglacial channel (Sect. 2.4.2).

440 To explore the impact of our model choices for experiments 1-4. we perform a series of comparisons against a slightly

441 modified seasonal run for Basin 1. This allows us to capture the effect of our choices during periods of increasing and
442 decreasing Qi. We change only the parameter of interest to isolate the effect on moulin water level and moulin capacity, the

443 two variables that most directly affect water flow within the subglacial system. —Further description of these runs is included

444 in Supplement S2.2 and resulting differences are highlighted in Figures S5.

445 The first two choices pertain to the complexity of the model, with our choices being more complex; simplification

446 may be beneficial in some circumstances. Choiees4-andln experiment [, the model is initialized with the same circular

447 geometry as the control run (Supplement S2.2.1) but melting above the water line is uniformly distributed around the moulin

448 perimeter, thus there is only one radius to evolve (Supplement S2.2.2). In experiment 2, we test model sensitivity to the

449 1inclusion of elastic deformation (Supplement S2.2.3).

450 Experiments 3 - 5 reflect the reed-forasimplicity of the current subglacial hydrologic model and would be eliminated

451 if MouSh was configured to function with either specific observational data or with a more comprehensive subglacial model.

453 eguiibrivm:In experiment 4, we test using a subglacial channel length of one half, and one and one half the length defined in

454 the control run (Supplement S2.2.4). In experiment 4, we prescribe a lower baseflow (Supplement S2.2.5).

455 %Ee—e)eple%%&npaet—e{leuf—medel—ehewes—fer—deemew n experiment 5, we pelﬂfeﬂn—a—seﬂes—ef—@epeﬂmeﬁt-al

459 Fe-examine the effect of an evolving versus a fixed-radinsgeometry subglacial channel (Supplement S2.2.6). The

460 fixed subglacial channel;- cross-sectional area is set to 1.95 m?. For these runs we eomplete-a-series-of runs-with-the-same-ice
461 thickness-and-distancefrom—terminus—asBasin1-but-use a simpler Qu, the eesinusetdallyco-sinusoidally varying function
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described in Sect. 2:41-—Further-deseription-of-theserunsis-ineluded2.4.1. Details about this simplification are described in

Supplement S2.2.6 with results in Figure S6.

3 Results
3.1 Quasi-equilibrium and dependence on Qix

Under uniferma constant supraglacial imputsinput, the moulin water level, radius, and water capacity reach
equilibrium within 4015 days (red line, Fig. S2S2c). However, supraglacial inputs are rarely, if ever, uniform, so under
constantly varying conditions, the moulin will reach a ‘quasi-equilibrium’ state. This is a mean state (geometry, water level,
deformation rates) with superimposed variability on the timescale of variations in Qi alone. Therefore, if the forcing is diurnal,
the moulin will exhibit diurnal variability from a mean state. The quasi-equilibrium state is also dependent on model
characteristics and parameters (Sect. 3-2;-Supplement-523.2).

The magnitude and amplitude of Qi alter the moulin water level and major radius at the mean water level (a proxy
for moulin geometry) in predictable ways (Fig. S2 and Fig. S3). Increasing the diurnal amplitude of Qi increases the diurnal
variability and mean moulin water level (Fig. S2b, Fig. S4). This occurs due to the disparate timescales of ice deformation
versus melting. The daily increase in Qi raises the water level quickly because the moulin and subglacial channel is slow to
expand by melting. Conversely, the nightly fall in Qi is muted by a fast viscous contraction of the moulin and subglacial
channel. This behavior drives the daily peak in moulin water level higher above the mean water level than daily minimum
water level falls below it (Fig. S2b). The “extra” time spent with higher water levels reduces the visco-elastic closure of the
moulin while also increasing turbulent melting, resulting in a larger moulin, as indicated by the moulin radius at the mean
water level (Fig. S2¢). Higher diurnal amplitudes in Qi magnify this effect.

As the Qi magnitude increases, both the mean water level and its diurnal variability decrease (Fig. S3a-b). This occurs
because the moulin becomes larger in response to increasing Qi and subsequent increases in subglacial discharge. As the
moulin and subglacial channel widen, they can readily accommodate the fluctuations in Qi» with mere-timitedlower variations
in moulin water level. This accommodation is evident in the moulin radius at the mean water level (Fig. S3c). Higher Qi
magnitude drives a linear increase in melt rates within the moulin alongside nonlinear increases in visco-elastic deformation,
causing an overall nonlinear increase in mean moulin water level (Fig. S4). However, when moulin water levels exceed
flotation, the moulin grows due to both visco-elastic deformation and melting, resulting in a moulin larger than would be

expected meutin(redbased on the equilibrium water level (blue line, Fig. S3c).

3.2 Sensitivity of MouSh to parameter values and deformational processes

A range of ice characteristics affect the time evolution of moulin geometry. These include the initial moulin size, temperature
and viscosity of the ice column, viscosity of basal ice, friction factors, and ice thickness. Some of these factors are highly

spatially variable (e.g., ice thickness) and others are poorly known (e.g., basal ice viscosity). We quantify the effect of these
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factors on moulin water level and moulin volume, moulin geometry, and subglacial channel cross-sectional area over both
multi-day and diurnal timescales by performing multiple independent sensitivity studies{Seet—235-.

We find that moulins reach a quasi-equilibrium-within+0-days, where the mean moulin water level and the moulin
radius at this location are—censtant—Thisoscillate consistently around a daily mean value, within 15-20 days of model
initialization. The quasi-equilibrium value is independent of the initial moulin radius (Fig. 3a—b, Fig 4a—b)apartfremlecations

wloes S 2 FeS2 4w s el vy g s P S ape-).
Fhree-majerTwo primary parameters affect the degree of viscous and-elastie-deformation in the moulin: the ice flow
enhancement factor £F* and the ice temperature profile 77;(z);-and—Yeung s-medulus+:). We tested a span of reasonable

values representative of Greenlandglacier and ice sheet ice (Table 1) and found a limited effect on moulin geometry.

Equilibrium moulin water level, subglacial channel area, and their diurnal variabilities remain constant (<0.1% change) over
the tested range of these parameters (Fig. 3d,f,h &and 4d,f,h). Moulin capacity and water storage show mederatehigh sensitivity
(~26100-150% in equilibrium value and ~40100-200% in diurnal range) across the range of £F* and +7; scenarios tested; a
decrease in moulin capacity and water storage pair with an increase in the diurnal variability for these variables. For instance,
varying £F* across an order of magnitude grew the equilibrium major radius by 2326% and shrank the equilibrium minor
radius by 4472%, with a net effect that moulins had 2365% less volume and 2658% less water storage capacity in softer ice
(£F* = 9) compared to harder ice (£F* = 1) (Fig. 3c—d). Similarly, the different ice temperature profiles we tested caused
variations of H+29% in moulin major radius, +865% in moulin minor radius, ard-2463% in moulin capacity and 73% in moulin

water storage, with warmer ice hosting smaller moulins (Fig. 3e—f). We also varied Young’s modulus £ across one order of

magnitude, but this affected moulin radius, water volume, and moulin capacity by ~0.01%. This is due to the low magnitude

of elastic deformation overall compared to viscous deformation (Fig. 5g).

519

520

521

522

523

524

525

T-eentrast-to-the-abeve parameters;weWe find that moulin geometry is strongly sensitive to the choice of basal ice

softness and the friction factors used within the moulin (f» and foc). Melting due to the dissipation of turbulent energy is partially
controlled by the friction factors chosen for the moulin walls. The friction factor above the water line (foc, “open channel”)
does not significantly affect moulin water level (<0.1% change for fo. variations over two orders of magnitude), moulin volume
(46%), moulin water storage (20.1%), or subglacial channel area (<0.1%) over either long or diurnal timescales (Fig. 3m-n
and 4m-n). However, like the deformational parameters, the open channel friction factor does affect moulin radii, with the

major radius growing by 3650% as the open channel friction factor increases over two orders of magnitude, and the minor
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radius decreasing by 2724%. This dampens the diurnal variability in beththe major and minor radii by 70% and 24%,

respectively (Fig. 4m).

Increasing the friction factor below the water line (f») had similar effects to changing foc. Increasing fu by two orders
of magnitude increased the cross-sectional area of the moulin by 106%, via a +510% increase in the major radius and a 9593%
increase in the minor radius. The water volume increased by H6127% and the storage capacity increased by +8674% (Fig.

3k-1) while the equilibrium water level and the subglacial channel area changed by <0.1%. Increasing fi also increased the

diurnal variability of the moulin capacity and water storage (Fig—4k—Hby 130% and 126%, respectively, by increasing the
diurnal differential melt rate- (Fig. 4k—1).

The two parameters which have the largest impact on moulin water level are the basal ice softness 44, and the
moulin location on the ice sheet, described jointly by the ice thickness (H;) and distance from the terminus (Z). This sensitivity
indicates an interplay among these parameters, the subglacial hydraulic gradient, and moulin water level.

We varied basal ice softness A4 by two orders of magnitude. Softer basal ice increased the size and storage capacity
of the moulin: the major radius by 2+23%, the minor radius by 2523%, the total capacity by 8841%, and the stored water
volume by H288% (Fig. 3i—j). These changes also increased the equilibrium water level by 5734% and the subglacial channel
area by 2414%, unlike tests on englacial parameters (£-FF*, 7}, and ¥E), which did not affect the water level or subglacial
channel area. These changes occur because softer basal ice increases the rate of subglacial creep closure, which reduces
subglacial channel cross-sectional area, which reduces water throughflow in the moulin and increases water level, which in
turn reduces the amount of viscous and elastic radial closure in the moulin. Increasing the basal ice softness to approximately
102 Pa3s! increases the diurnal variability in the sizes of the subglacial channel and moulin (Fig. 4i—j); however, increasing
AAsub above this value causes moulin water levels to rise high enough that diurnal fluctuations are truncated by the ice
thickness resulting in an observed decrease in diurnal range that would not be present in thicker ice (Fig. 4j).

We co-varied ice thickness and distance from terminus using a parabolic approximation for a perfectly plastic ice

surface profile (Cuffey and Paterson, 2010)—Variations); this covariance alters the hydraulic gradient of the system. Changes

in ice thickness from 670 to 1570 m (80%) increase the equilibrium subglacial eenditionschannel area by 2024% and increase
equilibrium water levels by +07203% (Fig. 30—p). Increasing ice thickness and distance from the terminus increases the moulin
major and minor radii by 47%, increases moulin volume by 9793%, and increases moulin water storage by ++4235% (Fig. 4p).
We also find significant increases in diurnal variability in subglacial channel size (2829%), water level (+65178%), moulin
radii (major radius 8584% and minor radius 2224%), moulin volume (130%), and moulin water storage (+46750%) in thicker
ice farther from the terminus (Fig. 40—p).

Overall, we find that MouSh-modeled moulins are primarily sensitive to the friction factors for water flow through
the moulin, basal ice softness, and location on the ice sheet (ice thickness and distance from the terminus). The results are less
sensitive to englacial material factors that govern elastic and viscous deformation. The observed sensitivity to the ice thickness

and distance from terminus signals that moulin geometry can vary spatially. The sensitivity to friction factors and basal ice
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softness indicates that the values of these poorly constrained parameters should be carefully chosen and kept in mind when

interpreting model output.

3.2.1 Contributions to moulin shape

Figure 5 illustrates the role of each process-that-changesmeuhinradinsunderequilibrivm-eonditions:, phase change, viscous

deformation, and elastic deformation—We—use—standard, in determining moulin radius under different hydraulic potential

gradients with median model values for-all-parameters-(Table 1). Elastic deformation has little impact on moulin shape or

variability (Fig. 5f.g) and we—varyis persistently an order of magnitude smaller than either viscous deformation or radius

evolution due to phase change. Viscous deformation and phase change due to melting peak near the daily maximum water

line, with the daily mean of each increasing with increasing ice thickness and-distance-from-terminus—We-find-that-moulin

shape-(Figure 5f); however, the opposite effect is observed near the bed, where lower mean water levels in moulins in thinner

ice increase viscous deformation at the bed; melting also increases in response to the higher hydraulic potential gradient.

At any given depth, viscous deformation and phase change due to melting are similar below the waterline; however,

the diurnal variation in these parameters is quite similar-aeress-different (Fig. 5g). iee-thicknesses;whileAt the mean water

level, moulin =y oie S vsmelibe e L fe mson i e e Ll S feen sl T sielin We-alse-analyze

ie—orowth due to melting varies less than 0.04 m day’!, with the shape of the diurnal

variability dependent on the parameterization of melting both above and below the water line. In contrast, viscous deformation

displays diurnal variations between 0.08 m day!in the thinnest ice and more than 0.21 m day™' in the thickest ice5e3=The times
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3.3 Moulin shape in different environments

We modeled the seasonal growth and collapse of moulins in a range of environments across the Greentandtee-SheetGIS using
realistic melt forcings derived for the 2019 melt season (Sect. 2-4-+-and-Seet-2.5.3). These model runs varied with respect to
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ice thickness, moulin distance from the terminus, base-flewbaseflow, and the magnitude, diurnal range, and seasonal evolution
of supraglacial inputs (Table 2; Fig. 6a). Overall, we find that moulin setting affects the scale of diurnal and seasonal variability
in the size and water capacity of moulins as well as the evolution of subglacial channels (Fig. 6 and 7).

The sizes of all three modeled moulins reach equilibrium with the melt forcing within +6~15 days of the onset of the
melt seasons (Fig. 6b—c). As the water flux increases over the next few weeks, each moulin grows in response to increasing
supraglacial inputs, both diurnally and with a long-term trend, theughalthough this growth is more significant in thicker ice
(Fig. 6¢c and Fig.7). The subglacial channel grows with a similar pattern, but interestingly, the setting and fluxes of Basin 1
and Basin 2 result in very similar subglacial channel cross-sectional areas despite different moulin water levels and capacities
(Fig. 6d).

FheughAlthough the three moulins all evolve in a similar fashion, there are differences in moulin wwater-capacity,
equiibrivm-water level (Fig. 6), overall moulin geometry (Fig. 7), and the magnitude of englacial deformation (Fig. 8). Biurral
vartation-Basin 3 exhibits the largest seasonal change in moulin capacity is-shghtlylarger-in thiekeriee;part because a lower

supraglacial input and subglacial hydraulic gradient results in a smaller subglacial channel and periods where moulin water

level is above flotation (Fig. 6). This causes substantial variability of viscous deformation while limiting variations in melt due

to higherrates-of deformation-withinthe-meulin-(Fig—changing moulin 8a3=This-ececurs-because-datly-water level (Fig. 8a).

ﬂ&etu&ﬁeﬂs—af%gfe&ter—m—&ﬁekeﬁ}e%duﬁe—th%ﬁeﬂ%me&m—y@ne of fe%ereep—m—eeﬁjﬁﬂeﬂeﬂ—w&h—the ] argest periods
of melt-drivenBasin 3 moulin growth (S
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variabiity O which-eceurred-areund Dayoccurs starting at day 3049#‘—&1%2—9—1—9—3&%%%&59*1—@%—6{19— During this period,

the-mintmum-datly-supraglacial inputs are—guite-highexperience a step change (Fig. 7a); moulin water levels stayed near
flotation fer—a—fewand were less variable for several days (Fig. 7b), keeping effective pressure near zero and retarding

deformation;—and-shghtlyinereasingmeltrates (Fig. €b8a). In this case, viscous deformation hovers around zero {theush

eausingand causes moulin opening);, resulting in a high ratio of eestatieclastic to viscous deformation and a high ratio of phase

change to viscous deformation (purple line in Fig. 95)—Fhere-isan8b). Similar behavior also occurs around day 110. Basins |

and 2 exhibit smaller seasonal variations in moulin capacity because the ratio of melting to deformation stays near one until

near the end of the season (Fig. 8b). This occurs because viscous deformation in Basins 1 and 2 is only slightly lower than in

Basin 3 and melt rates tend to be higher (Fig 8a) due to increased subglacial discharge associated grewth-ir-meulin-ecapaeity
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Each moulin has a different daily mean capacity (Fig. 7c). This, in addition to differences in supraglacial inputs,

ensures that daily moulin water level variations are substantially different across moulins. Basin 1 exhibits the largest variation
in daily moulin water level, followed by Basin 2 (Fig. 9a). Basin 3 shows the lowest daily change; however, this is due at least
in part to the fact that water overtops the moulin nearly daily (Fig. 6b and 7m—n). Changing water levels drive changes in
moulin and subglacial capacity. Over the melt season, daily change in moulin capacity can be as low as 52% during lulls in
diurnal melt variability (Basin 3) or as high as 3+12% following a recovery from a low melt day (Basin 1; Fig. 9b). However,

in general all moulins display a similar daily change in capacity of ~205-10%. with peak values of 12 to 13%.

The subglacial system undergoes diurnal variations in channel size between 1 and 2+20% (Fig. 9c). These changes
are similar in magnitude to daily capacity changes within the moulin but exhibit more variability across ice thicknesses-ane.

Like changes in moulin capacity, these variations are related to the daily changes in moulin water level (Fig. 9a). This suggests

that the time evolution of moulin geometry dampensdampen the diurnal pressure fluctuations that drive subglacial channel
growth and collapse. Evidence for this can be seen in the temporal pattern of moulin water level and subglacial channel cross-

sectional area (Fig. 9a,c).

3.4 Comparison to cylindrical moulins

To examine the role moulin evolution plays in modifying the subglacial hydrologic system, we compared moulin water levels,
moulin capacity, and subglacial channel size between model runs with a fully evolving moulin and runs with a static cylindrical
moulin. We performed these tests with realistic melt inputs based on the 2019 melt season (Sect. 2-4-+:-2.5.3), at moulins with
low and moderate ice thicknesses (553 m — Basin 1 and 741 m — Basin 2). We defined the radius of the fixedstatic cylinder as
the mean radius at the mean water level: 1.46 m and 1.24 m for Basin 1 and 2, respectively. This results in fixed moulin cross-

sectional areas (~6 ’-and—S-m> to 8 m?) within the range of-the spatially invariant moulin cross-sectional areas ~2—
g p y

10 m? often prescribed in subglacial models (e.g., Andrews et al., 2014; Banwell et al., 2013; Bartholomew et al., 2012; Cowton
et al., 2016; Meierbachtol et al., 2013; Werder et al., 2013). Intercemparisen—oftheserunsallewsusto-examinetherole

mo N ogonmao h on a¥e nro o o nogto - i
o O a5 O d P O O ar; 5 t 5

Comparison of moulin water level;meulin_and capacity; s ; i e

between fixed-static cylindrical and evolving moulins show differences on both the diurnal and seasonal times scales (Fig. +63-
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occurring during the highest discharges (Fig. 10a-b). These values are both positive, indicating that the static radius moulin

has higher water levels, and negative, indicating that the evolving moulin has higher water levels. Differences in moulin water

level can reach nearly 20 m, but are most commonly below 10 m. The seasonal mean water level difference between the static

cylindrical and evolving moulin in both basins is less than 1 m.
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Moulin capacity also displays a clear seasonal pattern; in both basins, the static cylindrical moulin larger than the

evolving moulin at the beginning of the melt season with the evolving moulin gradually growing larger as the melt season

progresses (Fig. 10c-d). After peak melt (day ~60), the evolving moulin begins to viscously close and gradually becomes

smaller than the static cylindrical moulin. The static cylindrical moulin can be more that 100% larger than the variable moulin

during the tails of the melt season with the evolving moulin becoming 36% and 42% larger than the static cylindrical moulin

during mid-melt season. Overall, the mean capacity difference between the static cylindrical and evolving moulin is less than

5%, with the static cylindrical moulin being slightly larger.

The radius of the cylindrical moulin was chosen to minimize differences with the evolving moulin. This is evident by

the limited long-term differences between the two moulins in both Basin 1 and 2. As such, there is limited differences (<1%)

between the modeled subglacial channels. We expect difference in moulin water level, moulin capacity, and subglacial

geometry to change if the static cylindrical moulin geometry is poorly chosen; if the different or different experimental

parameters are used; or the setting changes (e.g., different hydraulic gradients). For example, we use commonly used values

of ice softness 4 for both the moulin and subglacial channel; however, these values are poorly known, and their choice can

directly impact the relative importance of moulin shape in dictating moulin water levels and subglacial channel size (Fig. 4).
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3:4.5 Impact of model choices on moulin geometry

Chosen parameterizations have the potential to impact the representation of moulin water level and capacity (Supplement S2).
Overall, we find that a circular geometry has limited impact on moulin water level with the circular geometry having water
levels that are less than 3 m higher than the egg-shaped geometry, theughalthough in nearly all instances the difference is less
than 0.5m5 m (Fig. S5a); however, the impact on capacity is slightly larger (the circular moulin is up to 4731% smaller) and

displays a seasonal trend as the egg-shaped moulin elongates along its elliptical axis (Fig. S5b)—Adteringthe-deviatoric-and
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Elastic deformation within the moulin is small (Supplement S1 and S2.2.3; Figure 8a). Excluding elastic deformation

has a negligible impact on moulin water levels and moulin capacity (< 1%: Figure S5¢c-d).

In contrast to the previous choices, the distance from the terminus ¢L} and the prescribed base-flew—(baseflow Qpase)
can have a substantial impact on moulin water level and capacity (Fig. S5e-h). Distance from the terminus is defined by the

position of a given moulin on the ice sheet, and as such is not a choice or parameter per se; however, does directly influence

the hydraulic gradient. A shorter L increases the hydraulic gradient and base—flewreduces both moulin water levels and

capacities (Fig. S5e-f). Baseflow is used here to mitigate the use of a simplistic subglacial hydrology model. Reducing the

baseflow within the subglacial system increases moulin water levels and reduces moulin capacity (Fig. S5g-h).

Finally, we examine the impact of fixing the subglacial channel cross-sectional area S. Experimental results using a

fixed S and a seasonally evolving melt curve resulted in extremelyunrealistically low and-extremely-high-or zero water levels
resultingin-during low, early season O, and complete mewlinviscous collapse e+of the moulin if the subglacial channel size

was prescribed to be too large, or persistently high (always above the ice thickness) water levels and runaway moulin growth;

respeetively if the subglacial channel was prescribed to be too small. Therefore, we explore the impact of fixing S using a

constant mean Qi with an overlaid diurnal variability (Supplement Seet-S2.2.6). WherWith constant variability, we can easily

prescribe the fixed S is-smalerthan-to be the mean value of the time-varying subglacial channel S (1.95 m). In this instance,
the fixed S experiment displays a variable-S;similar mean moulin water levels-are-hisherand-exhibitlesslevel, but lower diurnal
variability while-meulin-eapaeity-istargerthan the experiment with a time-varying S (Fig. S6). Further details are included in
the Supplement S2.

4 Discussion
4.1 Timescales of moulin formation and evolution

We consider the formation timescales of moulins in the context of the shape evolution of a mature moulin. Using MouSh, we

find that in the absence of external forcing, such as time-variable ©;+50:., the size of a moulin reaches its equilibrium value in
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~1—1015 days depending on ice -and supraglacial input conditions and initial moulin geometry (Fig. 5g, Fig. S2 and Fig. S3).

This relaxation time is comparable to the Maxwell time for ice (10—100 hours), as expected for a linear visco-elastic system.
Our relaxation time also compares well to the equilibration timescale defined by Covington et al. (2020) for their modeled
moulin — subglacial conduit system, which Trunz (2021) found to be 1-20 days. The most realistically sized moulins in Trunz
(2021) had relaxation times closer to 1 day. Their modeled system was governed solely by melt and viscous deformation and

lacked elastic deformation; this—may—explain—their—meodestly longerrelaxation—time—ecompared—to—ours-however, elastic

deformation in MouSh is small explaining why our relaxation times are comparable.

If the process of moulin formation occurs on a timescale shorter than the +—+615-day relaxation time, the formation
process likely will not influence the overall form of the englacial system at equilibrium. This time range includes hydrofracture
during rapid lake drainage (~2 hours) and slow lake drainage (<~6 days, e.g., Selmes et al., 2011), and likely also the
reactivation of existing moulins in ensuing melt seasons, which, based on the timing difference between surface melt onset
and ice acceleration, occurs over multiple days (Andrews et al., 2018; Hoffman et al., 2011). On the other hand, moulin
formation by cut-and-closure occurs over years to decades (Gulley et al., 2009), well above the MouSh relaxation time and the
Maxwell time for ice-ane, are more likely to create subvertical englacial channels. The interdependence of formation and
evolution of these moulins gives us less confidence in applying our model to moulins with cut-and-closure origins. Those
moulins primarily occur in temperate near-surface ice within polythermal glaciers (Gulley et al., 2009) and have not been

reported on the Greenlandtee-Sheet:GIS.

4.2 Comparison of modeled and observed moulin geometries

Field observations suggest that moulin geometry evolves a high degree of complexity. Observations include anecdotes of
difficulty deploying sensors to the bottom of a moulin, which suggests the presence of kinks, ledges, knickpoints, and other
twists (Andrews et al., 2014; Covington et al., 2020; Cowton et al., 2013). Complex geometry revealed during mapping moulins
above the water line further suggests that moulins are not simply vertical cylindrical shafts (Covington et al., 2020; Moreau,
2009).

The MouSh model suggests that the energy transfer from turbulent meltwater entering the moulin to the surrounding
ice drives highly spatially variable melt rates above the water line. We incorporated the open-channel melt module to allow a
large opening to emerge above the water line (Fig. S5a—e and 7). When we run MouSh without the open-channel module{Seet:

232}, the surface expression of the moulin is-much-smaller-than-ebserved-inremetesensingimagesbecomes dependent on
surface stresses and can in some eases;-the-mouhinwillinstances pinch closed-at-the-ice-sheetsurface. The open channel module

also permits the development of an egg-shaped geometry, which is supported by seismic observations and a resonance model

of a moulin; which suggestsuggests that the-moulininereasedmoulins may increase in ellipticity over time (R66sli et al., 2016).

The value of the open-channel friction factor and the size of the spatial footprint over which melting occurs directly

affects the size of the upper, air-filled chamber of the moulin, which differs from when treatedthe moulin is modeled as circular

and open-channel melting is applied uniformly around the perimeter (Fig. S5b). MouSh eensistentlypredietscan predict ledges
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at the top and bottom of a consistent diurnal range in water level. Thus, we infer that energetic subaerial water flow drives

formation of moulin complexity above the water line, and diurnal fluctuations around a steady multi-day water level drive

ledge formation through a differential in melting and sisee-elastieviscous deformation above and below the water line.
Energetic water flow is commonly observed at stream-fed moulins near the peak of the melt season (Pitcher and Smith, 2019)
or during and immediately following rapid lake drainage (Chudley et al., 2019). This suggests that complex moulin geometries
form during periods of relatively consistent water supply. Conversely, multi-day rises in water level, driven by either the
surface water supply {@5)-or the basal water supply (baseflow), can erase geometric complexities such as ledges, as seen in
MousSh results during a melt event (Fig. 7).

Above the water line, explored moulins in Greenland show highly variable shapes from moulin to moulin (e.g.,
Covington et al., 2020). Some moulins, for example the FOXX moulin, are nearly cylindrical within the explored depth (~100
m), with radii comparable to what we model (~2-meters1.5 m). Others;tike-the Phebesimeunlin; open some tens of meters
below the surface to large caverns with radii approaching 10 meters, a similar morphology to karst caves with narrow entrance
shafts (Covington et al., 2020). MouSh can produce large openings above the water line if we use a suitably large open channel
friction parameter, although we lack a narrow entrance shaft and substantial vertical variability. These differences are due to
the inability of model parameterizations to represent complex geometries such as scalloping, plunge pools, and knickpoint
migration (Gulley et al., 2014; Mankoff et al., 2017). Indeed, instead of modeling processes above the water line as turbulent
open flow, they could, in the future, be modeled using geomorphic parameterizations to model waterfall migration, perhaps
resulting in the clearer development of steps and plunge pools. This would require development and inclusion of a supraglacial
channel model as well.

Below the water line, MouSh results indicate that a cylinder is a reasonable representation for newly formed moulins
in Greenland. However, there are two caveats. First, moulin cross-sectional area, and thus water storage capacity, can vary
substantially over the course of a day or season (Fig. 96¢c. and 9b) and features such as englacial crevasses and reservoirs may
be present (e.g., McQuillan and Karlstrom, 2021). Second, in instances where moulins are reactivated over multiple melt
seasons (Chu, 2014; Smith et al., 2017), there may be substantial deformation, as suggested by cable breakage in boreholes
(Ryser et al., 2014; Wright et al., 2016).

Observations show a wide range of moulin volumes above the water line, and moulin volumes predicted by MouSh

are sensitive to the value—ofthe-epen-channelfrietionfaetor-consideration of turbulent melting and associated parameter

choices. Given the flexibility of model results, we should continue to rely on field exploration to measure moulin size and

geometry above the water line and make efforts to constrain the parameters that affect sub-seasonal growth and collapse.
MouSh results below the water line are less sensitive to uncertain parameter values, so direct observations of underwater
geometry would be less relevant for model validation than subaerial observations. Overall, results from the MouSh model

demonstrate that moulin geometry evolves substantially over diurnal to seasonal timescales and varies with ice conditions.
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4.3 Diurnal water level oscillations and moulin size

Moulin geometry can directly alter the relationship between meltwater inputs and moulin water level changes — the primary
driver of subglacial channel evolution (Andrews et al., 2014; Cowton et al., 2013). Field measurements of moulin water levels
indicate diurnal oscillations of 3—12% (Covington et al., 2020), ~25% (Andrews et al., 2014), and >20% (Cowton et al., 2013)
of overburden pressure with mean water levels of ~70% of overburden. These diurnal fluctuations are larger than those
observed in boreholes, which are generally, though not always, thought to sample inefficient components of the subglacial
hydrologic system (Andrews et al., 2014; Meierbachtol et al., 2013; Wright et al., 2016).

Our model results agree well with observations of moulin water level: diurnal fluctuations of +5—approximately 25
to 50% of overburden pressure, with larger absolute oscillations occuring in thicker ice. To explain larger-than-expected daily
oscillations (~10%) in thinner ice, Covington et al. (2020) incorporated moulin cross-sectional area as a free parameter into
their model. Matching field measurements of water level required a modeled moulin radius of ~5 m (~75 m? cross-sectional
area) at ice thickness 500 m and a much larger moulin (radius ~20 m and cross-sectional area ~1500 m?) at ice thickness 700
m (Covington et al., 2020). For comparison, MouSh predicts average radii e£~1.3to-1-4 m (~56 m? cross-sectional area) at
thesein similar ice thicknesses using parameters described in Table 2, including substantially larger meltwater inputs compared
to Covington et al. (2020). The drastic differences in moulin size despite similar variations in diurnal water level between our
study and Covington et al. (2020) cannot easily be attributed to a single factor but may be explained by our limited ability to
model processes above the water line, our inclusion of baseflewbaseflow (Fig. S5g—f), substantial differences in meltwater
input (e.g., FigsFig. S2 and S3), fluctuations in moulin capacity; (Covington et al. (2020) use a fixed moulin geometry), or that
their measured water levels were not from the same moulin they mapped englacially. Nevertheless;—we-ebserve-substantial

i i i ahinsHowever, our results suggest that are-dependent-on
iable-and-generallylowerinthean evolving meulins
eomparedmoulin capacity may be important to the-fixed-eyhindriealmeunlin-represent realistic moulin water levels and capacity

(Fig. 10). Thus, to match observed moulin water level fluctuations without evolving the moulin geometry, a fixed cross-

sectional area substantially larger than the associated subglacial channel may be necessary, as reported in Covington et al.

(2020).

4.34 Magnitude of viscous moulin deformation

Viscous and elastic deformation drive moulin closure. The role of elastic deformation in the glacial hydrologic system is
discussed below—Seet—4-43:; viscous deformation is the primary _closure mechanism of moulins, boreholes and subglacial
channels (e.g., Catania and Neuman, 2010; Paterson, 1977, Shreve, 1972), with viscous deformation dependent on local
effective pressure, ice characteristics, and the geometry of the feature of interest (Flowers, 2015). Viscous deformation within

our moulin varies in response to meltwater inputs (Fig. 5g and Fig. 8a) with the highest deformation rates occurring at the
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water line (Fig. 5f) because at the water line, inward cryostatic pressure is least offset by outward hydrostatic pressure (see Eq.
3).
During our realistic runs, viscous deformation can exceed 0.525 m dday™’ for short periods atof the highest

elevationday at all three moulin locations (Fig. 8a). These deformation rates are substantially larger than measured borehole

deformation rates for the primary reasons that boreholes are often at or above flotation due to high subglacial water pressures
(e.g., Ryser et al., 2014) or because creep measurements are recorded in much smaller boreholes in colder ice (e.g., Paterson,
1997).

A previous moulin modeling effort focused on understanding moulin closure rates (Catania and Neumann, 2010).
Their results indicate that an air-filled moulin will close within a single day at the bed. However, in this instance there is no
opposing hydrostatic pressure. While our modeled closure rates are similar to those calculated by Catania and Neuman (2010)
near the surface, the moulins modeled here always contain water even at the end of the melt season (Fig. 6b). This continued
retention of meltwater is in line with borehole observations that subglacial pressures tend to be highest outside the melt season
(Downs et al., 2018) and preclude the presence of completely air-filled moulins in areas where viscous deformation rapidly

shuts down the hydrologic system as supraglacial inputs fall.

4.45 The role of elastic deformation in ice sheet hydrology

Our model results indicate that the equilibrium moulin geometry is dictated by a balance of visco-elastic deformation and
turbulence-driven melting (Fig. 5 and Fig. 8). In both the sensitivity study and realistic model ransexperiments, visco-elastic
deformation generally closes the moulin, while melting of the surrounding ice consistently opens the moulin. The exception is
when moulin water levels exceed flotation, in which case all three mechanisms open the moulin. In all model runs, we find
that elastie-andthe rates of viscous deformation are-of-the-same-orderexceed elastic deformation by three to four orders of
magnitude; _(Fig. 5g and Fig. 8). The
impertanee-of-elastie-Elastic deformation helds-even—inrates are greatest near the water line and at the bottom fewhundred
meters-of the ice column, where stress conditions are similar to those in subglacial models-Fie—5H-—Howevertherelative
impertanee-ofviscous-and-, at a few centimeters per year of closure within a moulin of radius ~1 meter. This moulin size is

comparable to that of a typical subglacial channel in our model (A ~ 2 m?, or radius 1.1 m), implying that elastic closure of a

subglacial channel would also amount to a few centimeters per year. Elastic closure rates scale linearly with moulin radius;

thus, larger moulins or channels would undergo commensurately faster elastic closure. The contribution of elastic deformation
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pa%&mete%&es—ee&ﬂd—eeﬂeew&b%ﬂex\#e&h%é&s&eeﬂelatwe to viscous deformation te-deminate-the-closure-ofamoulin:

elincreases with increasing ice thickness (Fig.

51); at H = 670 meters, viscous deformation is 4000 times larger than elastic deformation at the water line, while at H = 1570

meters, it is 2000 times larger.
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Current subglacial hydrology models represent subglacial channel development (opening) by turbulent energy

dissipation and destruction (closing) by viscous deformation alone. Seme-more+eeentHowever, work involving elastically

responding storage elements or elastic flexure of the ice sheet has occurred (Clarke, 1996; Dow et al., 2015), and there have
been efforts to use elastic deformation or fluid compressibility to improve numeric stability of channel equations (Clarke,
2003; Spring and Hutter, 1981, 1982). Interestingly, Clarke (2003) chose to use fluid compressibility due to model integration
times. Yet, elastic deformation has generally been omitted from current models of subglacial-channelizatienglacial hydrology,
even when modeling rapid changes in meltwater inputs (< 1 day; e.g., Hewitt, 2013; Hoffman et al., 2016; Werder et al., 2013).
T—hﬁ—eheie%rs—l-ﬂeel-y—bee&us%Our investigation of the role of elastic deformation w&s—eeﬂﬁéefed—neghgb%%ever—mﬁesea}es—ef

atton—in diurnally closing moulins,

particularly in thinrerthicker ice (Fig. 8b_and S5c.d), suggests that its exclusion from subglacial channel models eeuld

resultshould cause errors of <0.1% and is warranted. On length scales considerably larger than ~1 meter moulins, as well as

ation-problems where elastic flexure is more

central to the geometry, elastic deformation remains important. These applications include ice shelves (e.g.. Reeh et al, 2003:

Walker et al., 2016), large marine-terminating glaciers (Christmann et al., 2021), crevasse opening (Poinar et al., 2017), and

rapid supra- and subglacial lake drainage (Dow et al., 2016; Dow et al., 2015: Lai et al., 2021).

4.56 Moulin geometry and the englacial void ratio

Subglacial hydrology models use an englacial void ratio parameter to represent bulk storage and release of meltwater in the
englacial system (see Flowers and Clarke (2002) for the best description). Because the englacial void ratio acts as short term,
pressure dependent, storage for subglacial models, it can improve the representation of diurnal water pressure fluctuations in
subglacial models (Flowers and Clarke, 2002}z
iee-flow=). This parameter represents bulk behavior and is usually—set—eeﬁsf&m—ever—th%medel—demam—y%t—ﬁ—ﬁm%be tuned by

comparing to local observations (e.g., Bartholomaus et al., 2011; Hoffman et al., 2016; Werder et al., 2013). The inclusion of

meuhnstime-varying moulin geometry, potentially in addition to time varying representation of englacial fractures (Gajek et

al., 2021), that evolve in response to meltwater inputs and subglacial pressures could reduce subglacial model dependence on
this highly-parameterized englacial storage, particularly in light of observations of time varying englacial features (Church et

al., 2020) and meltwater content (e.g., Vankova et al, 2018).
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MouSh demonstrates that moulin capacity can vary greathy—both seasonally and during shertperiods—of-large
vartabiityvariations in supraglacial input. Moulin growth rates are largest particularly when water levels are above flotation,
raximizing—tarbilent-when both melting and eutward—visee-elastieviscous deformation- work to increase moulin capacity.

Our results show that moulin capacity changes by ~26up to 13% daily under realistic conditions (Fig. +69b) and ~50—0687
to 138% over the melt season (Fig. ée-andFi i i ial iabili
and—at-locations—with—thieker—iee:6c). These variations in moulin shape and size may explain difficulties with modeling
subglacial behavior during melt events (Cowton et al., 2016), which are sometimes addressed by temporarily increasing
englacial storage (Hoffman et al., 2016). Our results with MouSh leadustorecommendsuggest that modeling moulin shape
and-size-be-medeled-alongside the evolution of the subglacial system could potentially improve the representation of subglacial

pressures, especially during periods of large meltwater variability;—in—erder—to—mere—aceuratelyprediet—subglacial-water

pressures-and-iee-metion:; however, additional development is necessary to explore the impact of multiple moulins evolving

along with the subglacial system.

Practical limits on model complexity or computational costs may preclude fully time-evolving moulin geometries.
While not ideal, an arbitrary static shape is-stihmay preferable to a static cylinder (Trunz, 2021). Therefore, we interpret our
moulin shape results (Fig. 7) to recommend a representative shape for a static moulin. Below the water line, a cylinder is a

reasonable approximation, especially in thinner ice or for newly made moulins, for which full-column ice deformation is

29



914

915

916

917

918

919

920

921

922

923

924

925

926

927

928

929

930

931

932

933

934

935

936

937

938

939

940

941

942

943

944

945

946

minimized. Above the water line, moulin shape is widely variable in time, by location, and across parameter combinations. It
is especially sensitive to the friction parameter for open-channel flow (Fig. 3m and Fig. 4m), with low friction values making
bottle-shaped moulins that have narrow necks above the water line and larger chambers below the water line, and high friction
values making goblet-shaped moulins with open rooms and amphitheaters above the water line atop a narrower geometry
below the water line. Exploration of Greenland moulins to date has uncovered multiple goblet-shaped moulins and a few
instances of near-cylindrical moulins, but no bottle-shaped moulins (Covington et al., 2020; Moreau, 2009; Trunz, 2021).
Overall, our MouSh results support goblet-shaped moulins, although with great variation in the height and width of the upper

chamber.

4.67 Limitations of the current MouSh englacial — subglacial model

Moulins are a dynamic component of the channelized englacial-subglacial system;-as€; therefore, explicitly modeling their
evolution can therefore-improve the accuracy of englacial-subeglaeialglacial hydrology models{(Seet—3-4).. MouSh currently

uses a single subglacial channel to represent the entire subglacial system, limiting its accuracy. -An optional baseflow term,

which parametrizes subglacial water flow from surrounding regions, improves MouSh performance. This base-flewbaseflow,
added directly to the subglacial channel, is necessary to produce realistic equilibrium water levels with the realistic supraglacial
inputs we prescribed (Fig. 6a). The baseflow value we used does not explicitly represent any specific process because our
model runs resolve only a single moulin connected to a single channel, whereas in the real world, multiple moulins feed a
network of channels. The idealized baseflow term conceptually connects to multiple potential water sources, including (1)
basal melting from geothermal and frictional heating, (2) supraglacial water delivered via nearby moulins that are connected
to the same subglacial channel, and (3) water that moves from the channelized system to the surrounding inefficient system at
high pressures and then flows back into the subglacial channel at lower water pressures (Hoffman et al., 2016; Mair et al.,
2001, 2002; Tedstone et al., 2015).

The addition of baseflow maintains a larger, less variable subglacial channel. This can alternately be achieved by
lessening the local hydraulic gradient, thus increasing the mean water pressure along a given reach. This may locally occur
where one subglacial channel enters another in an arborescent network (Fountain and Walder, 1998). MouSh currently does
not have an interconnected network of channels; however, this is under development (Trunz, 2021).

We use a highly simplified model of the subglacial hydrology system: a single channel that connects the moulin to
the ice-sheet margin. Yet, MouSh results clearly indicate that including and evolving a moulin can reduee-divrnal-andlong-
termalter the hydraulic gradient of the subglacial pressuressystem via time-varying storage in the moulin (Fig. +0a)—Fhishas

imphieationsfor10), though in our current single moulin configuration, there is limited impact on subglacial channel grewth
and-size(Fig—10e)Neverthelessgeometry. Further, MouSh currently lacks a distributed system, which limits its fidelity for
assimilating daily meltwater volumes into the subglacial system—Realistieally; realistically, the channelized subglacial system

cannot always accommodate the full volume of meltwater produced during summer days, and a portion of this water goes into

the distributed system (e.g., Mair et al., 2001, 2002). In our model, however, when the-ehannelized system is overwhelmed,
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the water level in the moulin rises above what is typically observed, and sometimes even exceeds the height of the ice (Figs.
6b, S2b;-53bS4b). The melt-driven opening and creep closure processes in the subglacial model explain this behavior: A lower
water input to the moulin (Qi) lowers the water flux into the subglacial system (Qou), which lowers the melt rates that keep
subglacial channels open, reducing the size of the subglacial channels and thus further reducing the subglacial water flux. This
increases the water level in the moulin. Thus, a reduced rate of surface melt can counterintuitively raise the modeled water
level (Fig. 6 around day 30), whereas in reality, much of that water would enter the inefficient subglacial hydrologic system
when moulin water levels exceed flotation. If the moulin model were coupled to a two-component subglacial model that
represents the inefficient system alongside the channelized system, we would anticipate a much-improved ability to assimilate

a wide range of meltwater input rates.

5 Conclusions

Results from the MouSh model show that moulins are not static cylinders. Theirshapes-eseitlate-datly-bysome 30% around

r—eguilibrivm—valaereached—w n—the—first-week-of diurnallyoseillatine inputs—DailyfluetuationsDaily fluctuations in

moulin capacity change the water volume held in the englacial hydrologic system, which in turn influences the evolution of
the subglacial channels that moulins feed. When we represent a moulin as a static cylinder in our englacial-subglacial
hydrology model, these daily fluctuations can be substantially-ever-estimatedoverestimated or underestimated, affecting the

volume of water stored englacially and the hydraulic gradient of the subglacial system. Modeled moulin size and shape may

provide a more realistic representation of moulin water level and the englacial void ratio commonly used in subglacial
hydrology models, particularly with future efforts to improve the parameterization of moulin development above the water
line. This could be achieved by using an englacial hydrology — channelized subglacial system model, such as the MouSh model
we present here, to characterize variability in moulin size and shape, or by coupling moulin models to more complete models
of the subglacial system (channelized, distributed, and optionally weakly connected) to make a unified englacial-subglacial
hydrology model system. Improving the representation of the englacial-subglacial system to explicitly include moulins would
have greatest efficacy during periods of rapidly varying supraglacial input (e.g., during the beginning and end of the melt
season and during melt events) and in inland areas with thick ice and high overburden pressures. These are coincident with

situations where subglacial models without moulins, or with implicitly static moulins, tend to perform poorly.

Code and Data availability. The Moulin Shape model is publicly available at https:Heithub.comfepomar/menlin-physieal-
model/tree/MeouSh-beta—revistonshttps://github.com/kpoinar/moulin-physical-model (we will make a release when revisions

are complete). The model results used in the analysis presented here are archived at the University at Buffalo Libraries at

http://hdl.handle.net/10477/82587.
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Figure 1. Processes included in the MouSh model. Black lines show a base moulin geometry that each process acts on, and colored lines
show the change in moulin geometry (not to scale) due to that process alone. From left to right: changes in moulin geometry due to viscous
deformation; elastic deformation; melting by turbulent energy dissipation of flowing water inside the moulin; melting by open-channel water
flow along bare ice; refreezing over winter inside the moulin; and deformation due to ice motion prescribed by Glen’s flow law. Unlike the
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Figure 4. Diurnal variations in moulin sizes in 1040-day parameter sensitivity runs. Shown are the sensitivity of diurnal variation in
moulin size and water storage metrics to initial condition for moulin radius (a-b), enhancement factor for englacial ice (c—d), ice temperature
scenario from coldest to warmest ice (e—f), Young's modulus (g—h), softness of basal ice (i—j), friction factor for water flow beneath the water
line (k-1), friction factor for water flow above the water line (m—n), and ice thickness (o—p). The left column shows diurnal variations in
moulin radii (black and grey) at the equilibrium water level and the subglacial channel radius (purple) in the final 24-hour period of the

ten40-day model run. The right column shows the diurnal variation in water level (blue), moulin volume (red), and volume of water in the

moulin (geldgreen) within the same 24-hour period. Note the right y-axis difference in panel (p).
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Figure 5. Contributions of viscous deformation, elastic deformation, and phase changes to moulin geometry. (a—e) Equilibrium

geometries of five moulins in ice of different ice thicknesses H and different distances from the terminus (same as Fig. 60—p) averaged over
the final 24-hour period of a +040-day model run. (f) Vertical variation of viscous deformation (blue), elastic deformation (red), and phase
change (green) contributions to moulin geometry averaged over the same 24-hour period. Negative values indicate contributions to moulin
closure; positive values open the moulin. Darkening shades of each color map to moulins of increasing ice thickness. Closure and opening
rates are greatest at the minimum daily water level (which is inferable by the lower notch in the moulin wall). (g) Time series of the
components shown in panel f (colors the same) at the mean water level over the entire ten40-day model run. The greater diurnal range in

water level in moulins in thick ice drives the observed larger diurnal variations in viscous and-elastie-deformationdeformation. (h) For

reference, moulin water level as fraction of overburden for different ice thicknesses H;. Lighter greys indicate thinner ice; blue dashed line

indicates where fraction of overburden = 1.
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1358 Figure 7. Evolution of moulin geometry over the melt season. Colored boxes correspond to the times indicated with colored vertical lines
1359 in Fig. 6. (a—f) Basin 1 with ice thickness of 553 m. (g-1) Basin 2 with ice thickness of 741 m. (m-r) Basin 3 with ice thickness of 1315 m.

1360 Axes are not to scale.
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1372 Figure 8. Time series of viscous, elastic and phase change components of moulin evolution and their relative importance in
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1374
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1378 for Basin 1 (H; =553 m), medium colors for Basin 2 (H; =741 m), and dark colors for Basin 3 (H~=1315 m). Note x-axes start on day 5.
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1395 Figure 9. Daily percentage change in moulin variables relative to the daily mean value. (a) Daily percentage change in moulin water
1396 level relative to the daily mean water level for Basins 1, 2, and 3 (black, purple, and grey lines, respectively). (b) Daily percentage change
1397 in moulin capacity relative to the daily mean moulin capacity. (c) Daily percentage change in the subglacial channel cross-sectional area

1398 relative to the daily mean value. For (b—c), colors are as in (a).
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1419

Figure 10. Difference between variable and fixed moulin geometries for Basin 1 and 2 (ice thicknesses of 553 m and 741 m,
respectively). The fixed moulins are cylinders with a fixed radius of 1.6 and 1.4 m ¢(for Basin 1} and 2 sa={Basin2);respectively, which are
the time-mean radinsradii at the equilibrimmmean water level for the variable moulins. In all instances, the difference is calculated as

(cylindrical — variable) with instances of percentage difference calculated as (cylindrical — variable) / (variable). (a, b) Difference in moulin

water level for Basin 1 (black)-and Basin 2 (purplejrespectively, plotted every hour. Negative values indicate periods where the variable
moulin water levels are higher than those of the fixed cylindrical moulin.- (c, d) Percentage difference in moulin capacity- plotted every 2

hours for clarity. When values are negative, the variable moulin is larger than the fixed cylindrical-meulin—(e;)Percentage-differencein

moulin.
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1425 Table 1. MouSh model constants and parameter ranges. During realistic runs (Sect. 2-4)-Median-vataeswere2.5.3) Values
1426 used during realistic model experiments are generally used—-tninstances—where-valaesused-differ from-the median value; of

1427 the valuesused-is-indicated-inparentheses—sensitivity experiment.

Constant Value Units
| Pr Ice-density 910 kem™
| P Water density 1000 ke’
| & Gravitationalaceeleration 981 ms?
| L Latent heatof fusion 335000 g
e
e
| ya Heateapacity-(Hquid-water) 4240 eyt
| & Heateapacity-fiee) 2415 Fkeyt
| Parameter Medianvalue Range Units
| Ro Initial- moulin-radius 2433 05t05 m
E Lot e ek e e 5 et -
‘t‘a\{Ei.
| ¥ Youns's modutus 549) 109 GPa
A Basal-icesefiness 610 5x10%te Pacst
S5x107
| fu Eriction factor (anderwater) ot 0-0tto-t -
el
| H Tee-thickness 1058553, 74H1315) | 669-t0-+569 =
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1428

1429

1430

Constant Description Value Units
pi Ice density 910 kg m™
Pw Water density 1000 kg m?
v Poisson’s ratio 0.3
G Heat capacity (ice) 2115 J (K kg)!
Cw Heat capacity (liquid water) 4210 J (K kg)!
9 Gravitational acceleration 9.81 m s~
Ki Thermal conductivity (ice) 21 J(mKs)!
Ky Thermal conductivity (liquid water) 0.555 J(mKs)!
Ly Latent heat of fusion 335000 Jkg!
Parameter | pescription Realistic run value | Range Units
A Ice softness (englacial) T & F* dependent
A Pa®s’!
Asub | Ice softness (subglacial) 6x 102 5x10%t0 5x 107
E Young's modulus 5 1to9 GPa
Fx Ice deformation enhancement factor 5 1t09 -
foc Friction factor (under water) 0.1 0.0l1to1
f -
fn Friction factor (subaerial / open channel) | 0.8 0.01to 1
H; Ice thickness* 553,741, 1315 669 to 1569 m
n Glen's Flow Law exponent 3 - -
Ro Initial moulin radius 2 05t05 m
Ty(2) Ice temperature -6 (FOXX profile) -23t0 0 ** °C

*H, defines distance from terminus L and surface slope a based on a perfectly plastic ice surface profile

**including lken et al. (1993), Lathi et al. (2015), and Ryser et al. (2014)
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1431 Table 2. General ice and moulin input parameters for realistic runs

1432

Parameter Basin 1 Basin 2 Basin 3
Ice thickness (m) 553 741 1315
Distance from terminus (km) 13.6 24.5 77.1
Catchment size (km?) 19.8 18.4 55.5
Moulin input, mean diurnal range (m-s) 11.5 6.7 2.5
Moulin input, maximum value (m-s) 221193 | 12.8 6:3.8
Baseflow, mean value (m-s~) 20.2 212177 |62
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Elastic deformation around a cylindrical hole in ice

Supplement S1 for “Controls on Greenland moulin geometry and evolution from the
Moulin Shape model”, The Cryosphere.

Contents

S1.1 Introduction . . . . . .. ... . 1
S1.2 Aadney’s setup and stress solutions . . . . ... ... ... ... oL 2

S1.21 Assumptions . . . . .. ... .. 2

S1.22 Solution . . . .. ... . 2
S1.3 Integrated elastic deformation . . . . ... ... ... ... .. . . o L. 3
S1.4 Simplest case: Non-varying deviatoric and shear stresses . . . . ... ... ... ... 5
S1.5 Instantaneous elastic deformation and calculated deformationrates . . .. ... .. 5

S1.1 Introduction

Here we describe the derivation of the elastic deformation component of the MouSh model. It is
based on Aadney [1987].

Bernt Aadnoy, a petroleum engineer, derived expressions for the stresses surrounding a bore-
hole (wellbore) through competent rock [Aadney, 1987]. He applied the Kirsch [1898] solutions
for a circular hole in a plate, stacking many plates to achieve a borehole. He derives an ana-
lytic solution for the stress field near a cylindrical borehole through a uniform, solid (non-porous)
medium. From the stress solution, we derive the resulting strains using an elastic constitutive
relation (Hooke’s Law) and integrate the strains to get the total elastic deformation at the borehole
wall. We take this borehole through rock as a direct analogue to a moulin through ice.

We treat the moulin as a stack of independent plates, each with a hole in them, of radius a. The
radius of the hole in each plate (equivalently, at each elevation z) is independent of the radius in
the plate above and below, but generally, a(z) is smoothly varying because the forces at each z are
smoothly varying.



S$1.2 Aadngy’s setup and stress solutions

Aadney [1987] finds the stress field around a borehole by summing the independent stress contri-
butions from three sources: hydrostatic stress (P = P, — P; = pyg(hw —2) — pig(H; — 2)), deviatoric
stresses (0, and o0y), and shear stress (7). The sign of the pressure P is “positive outward”, i.e.,
net water pressure (P, > F;) opens the moulin and net ice pressure (P; > P,,) closes the moulin.

$1.2.1 Assumptions

The Aadney [1987] solution is based on the Kirsch [1898] equations, which describe the stresses
around a hole when the rock is subject to deviatoric stress in one direction, but elaborates from
them by adding a second deviatoric stress, a shear stress, and pressure. The Kirsch [1898] and
Aadney [1987] equations assume that the rock (ice) is a competent linear elastic material. The
Kirsch [1898] solution is appropriate for a material stressed below its elastic limit, or roughly
one half its compressive strength [Goodman, 1989]. The compressive strength of ice is 3-10 MPa
[Fransson, 2009], making the elastic limit 1-5 MPa. This is equivalent to the cryostatic pressure
in an empty borehole in ice 100-500 m thick, or the cryo/hydrostatic pressure in a borehole in ice
1-6 km thick that is water-filled to flotation. Because moulin water levels are typically >~ 50% the
flotation level and ice thicknesses are of order ~100-1000 m, moulins meet these requirements. We
note that toward the beginning or end of the melt season (wWhen water levels are lowest), and in
thick ice (>~1000 m), the ice surrounding the moulin likely approaches or may exceed the elastic
limit.

Aadney [1987] assumes plane strain in z, i.e., €,=0 (no vertical deformation anywhere). This
is consistent with the assumptions of our overall MouSh model and is the most basic formulation
in solid mechanics. The total absence of vertical deformation in the face of finite horizontal de-
formation can be accommodated by an effective infinite domain in the cross-sectional plane of the
moulin (zy). We happen to make this assumption anyway by summing elastic deformation from
the point at infinity to the moulin wall (Sect. S1.3).

Alternately, Aadnoy [1987] also presents a plane stress solution. Plane strain is appropriate
for thin plates with free surfaces (the top and bottom, z-facing surfaces), which differs from our

“stack of plates” domain because our stacked plates have no free surfaces (excepting the topmost

1+v
1+v+02

the plane strain solution [Goodman, 1989]; for ¥ = 0.3, this is a change of 7%. The difference is

from

and bottommost plates). Aadney [1987]’s plane stress solution differs by a factor of
small and plane stress is a less appropriate formulation than plane strain.

S1.2.2 Solution

The Aadney [1987] solution is in cylindrical coordinates (r, 6, z). The radius of the hole is a.
Figure S1 shows the problem geometry.



The Kirsch [1898] equations for stresses around a hole in an infinite plate made of an elastic
material are as follows:

Ao, + Aoy a? Ao, — Aoy 3a*  4a? 3a*  4a?\ . a?
0'7122(]_—7“2 —’-f 1+TT_TT COS20+ATxy 1+7‘T_7‘T Sln29+ﬁAP
A A 2 A —A 4 4 2
UQZM 1_‘_&7 _ 20z = A0y 1+3i o8 20 — A1y, 1_,_3& sin29—a—AP
2 r2 2 ré r4 r2

2 2
0, =00, —2v (Ao, — Aogy) CTL—Q cos 20 — 4VATW% sin 20

(S1)
Here, AP is the change in pressure around the
borehole. In the rock mechanics example, AP

0, Uniformly applied

is equivalent to P, the pressure, because it as-
sumes the borehole was recently drilled. For
the moulin case, where the water level fluctu-
ates by the minute, AP is the change in pres-
sure over the time interval in question. The
same applies to the deviatoric stresses Ao,
and Aoy, and the shear stress A7,,: these are

changes in the stress field over a time interval.
Applying Hooke’s Law to these equations
yields the corresponding strain at any point in

the domain. Hooke’s Law is just a linear com-

bination of the three stresses in Eqn. S1:

Figure S1: Problem setup, adapted from Aadnoy
[19871, of a borehole in a rock medium. We adapt this
to a cylindrical moulin through ice. We use the plane

& =E" (o, —v(op+0.))
o =FE Y (op—v(o,+0.)) (S2)

— 1 _ . . .
e = E7 (0: —v (07 + 09)) strain case, although the plane stress case is equiva-

where E is Young’'s modulus (~1 GPa) and v is lent within 7%.
Poisson’s ratio (~0.3 for ice; unitless).

S$1.3 Integrated elastic deformation

To calculate the radial expansion or contraction of moulin size, we must know the total elastic
deformation of the moulin wall. This is the spatial integral of €,, from the borehole wall (r = a) to
the end of the domain (r = o). Deformation will be greatest at the borehole wall (r = a) and will
fall off to zero as r — oc.



Integrating Eqn. S2 over r|% entails integrating each stress from Eqn. S1 over the same limits,
then summing them together with the appropriate constants involved. So, must simply integrate
all the r-dependent terms in the Eqn. S1 stresses over r|% . We ignore any constant (r-independent)
terms in Eqn. S1 because these do not contribute to spatially varying deformation.

Eqn. S1 with the constants removed are as follows:

Ao, + A 2 Ao, — A 4 2
e (Ap_ <f+0y> (g) N <0%60829+ A%ysm%) <3a _ 4@)
r 2 rt 2

T 2 r
Ao, + A 2 Aoy — A . 3a*
oy =— <AP — 0—;—%) <CTL2> — <020y cos 20 + ATy s1n29> <Ta4> (83)

2

o, = (—2v (Ao, — Aoy) cos 20 — 4v ATy, sin 26) <Z2>

Indefinite integrals of Eqn. S3 are as follows:

2
/o;fdr = (2AP — (Ao + Aoy)) (;) + ((Aoy — Aoy) cos 20 + 2A7,, sin 20) < - —
T

2

4
/ opdr = — (2AP — (Ao, + Acy)) (;) + ((Aoy — Ady) cos 20 + 2A 7y, sin 26) <3“>

r

/U:dr =2vu (a2> ((Aoy — Aoy) cos 20 + 2A7,, sin 20)
(54)
These all have dimensions of Pa-m.
Next, we evaluate definite integrals of Eqn. 54, over r|% . Every term in the  — oo expressions
go to zero. Similarly, all tangential variations (coordinate ) do not affect moulin size, so we replace

all cos 20 or sin 20 with its average absolute value, % This gives

T 1 1 1
/ opdr =a ( AP — §(AU$ + Aay) + Z(Aam - AU@/) + 2T$y>

o0

T 1 3 3
/ opdr =a (—AP + i(Aax + Aoy) + Z(Aax — Aoy) + 4Asz> (S5)

o0

/ ordr = va((Aoy — Aoy) + 2A7,y)

o0
Finally, we take a linear combination of Eqns. S5: a sum with the appropriate coefficients from
Hooke’s Law (Eqn. S2) to get the strain in the r, 6, and z directions, although we discard strain in

the 6 or z directions. We thus obtain u,, the total radial deformation in r, by u, = f; erdr.



uT:/ epdr = E1 [/ a:fdr—l/(/ agdr—i—/ szr>]

= % [(1 +v) (AP — %(Aax + Aay)> + i(AJI —Aoy)(1—3v — 4y2) 4 %A%y(g I 8u2)

for AP = pyg(Ahy — 2) — pig(AH; — z) = AP, — AP,
(S6)
In the moulin model, we assume that all pressure changes AP are due to changes in water level
Ah,, and that the ice thickness H; stays constant. Thus, AP = p,,g(Ahy, — 2) = AP,,.

As a check, the integrated displacement u, (Eq. S6) increases with moulin radius a. This makes
sense as a tighter radius of curvature (low a) is more difficult to deform radially (low u,). Inward
deformation (moulin closure) will have negative u, and outward deformation (moulin expansion)
will have positive w,..

For a typical Greenland Ice Sheet moulin with radius a ~1 meter, the pressure change associ-
ated with Ah,, ~1 meter will induce elastic deformation of a few micrometers. This water level
change would typically occur over many minutes to a few hours, yielding elastic deformation of
up to some 10~4 meters per day.

S1.4 Simplest case: Non-varying deviatoric and shear stresses

The deviatoric and shear stresses o, 0, and 7, are generally not well know and are variable
from place to place in the ablation zone. The spatial variation typically occurs over scales of a
few kilometers, and the range may be roughly [-50 kPa +50 kPa].. However, Eq. S6 uses their
changes over a time interval, Ao,, Ao, and Ar,,. For a moulin advecting through the ablation
zone at ~100 m/yr, the stress changes Ao,, Aoy and Ar,, are trivial (~1 kPa) over a melt season.
Thus, we make a further simplification that Ao, = Ao, = A7, = 0, which yields the most basic
expression for radial elastic deformation u,:

a
T E

This is the same equation as is commonly used for dilatometer testing in rock mechanics
[Goodman, 1989, page 190].

Up

(1+v)AP (S7)

S1.5 Instantaneous elastic deformation and calculated deformation rates

Elastic displacement is an instantaneous process that occurs in reaction to a change in stress. In
the case of a moulin during the melt season, the water level in the moulin changes essentially



continuously, which induces continuous changes in pressure (A P), which drives continuous elas-
tic deformation (Egs. S6-S7), although we calculate it only once per timestep. To compare elastic
deformation (instantaneous) to viscous deformation (occurring over a time interval), we assume

the deformation rate occurs over the entire timestep:

u
elastic deformation rate = Krt (S8)
This is analogous to how we calculate a viscous deformation rate or a rate of refreezing.
More precisely, one could express this in terms of the rate of pressure change, % :
Uy a AP
— =—=(1 —— S9
At~ BT =9)

This approach assumes that the water pressure varies smoothly over the time interval in question.
This is generally true: we run the model at 5-minute timesteps, and the most common discontin-
uous variations in pressure are likely sourced from rain storms or other sudden melt events (time

scales of hours).
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MouSh Sensitivity to model choices

Supplement S2 for “Controls on Greenland moulin geometry and evolution from the Moulin
Shape model”, The ExyoshpereCryosphere.

S2.1 The impact of diurnal supraglacial variability

Under steadily varying conditions, the modeled moulin should reach a quasi-equilibrium state independent of initial
conditions with melting opposing viscous and elastic deformation below the water line and the only change being
driven by shear deformation. We examine the quasi-equilibrium state and the impact of supraglacial variability on this
state. Increasing the amplitude of the diurnal Qi signal results in an increase in the mean water level but nevery little
change in the moulin radius at the mean water level apart from an amplitude of zero (Fig. S2). The magnitude of the
QOin signal impacts both the mean moulin water level and the radius at that water level (Fig. S3). The inereasechanges
in mean moulin water level isin response to variations in O, amplitude and magnitude are non-linear (Fig. S4). Further
description is included in Sect. 2.5.1 and 3.1.
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Figure S2. The impact of the Qi amplitude (a) on moulin water level (b) and the major moulin radius at the mean
moulin water level over the last 24 h (c) for 65 different Qi» amplitudes, 0 m3s™! (red), 0.25 m*s™! (orange), 0.5 m*s™!
(dark yellow), 1 m?s™! (mid-blue), 2 m®s™! (dark blue). Mean or quasi-equilibrium water levels indicated in (c). All
runs have a magnitude of 5 m? s™!. Ice thickness is 553 m with flotation at approximately 503 m.
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Figure S3. The impact of the Qi magnitude (a) on moulin water level (b) and the major moulin radius at the mean
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flotation at approximately 503 m.
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Figure S4. Mean moulin water level as a function of Qin magnitude (eirelestriangles) and amplitude (trianglescircles).
Colored as indicated in Figures S6 and S7: Qin magnitudes, 1 m®s! (red), 23 m?s™! (orange) , 35 m*s™! (dark yellow),
510 m?s™! (light blue), +0-m’ s (mid-blue);-20 m® 57! (dark-blue); Qin amplitudes, 0 m*s™! (red), 0.25 m*s™! (orange),
0.5 m*s! (dark yellow), 1 m?s™! (mid-light blue), 2 m3s™! (dark blue).

S2.2 Sensitivity to model choices

To explore the impact of various parameterizations and model choices, we perform a set of experiments that examine
the impact of various parameterizations and model choices on the MouSh modeled moulin water level and moulin
capacity, two components of a moulin that can directly impact the englacial and subglacial hydrologic systems. In
each model run, all characteristics and forcings are kept the same as in the control run, except the parameterization of
interest. Specific details are detailed below, and the results of these exploratory runs are in Figure S5 and Figure S6.
All_moulin water level differences are presented as fest — control and percentage differences are (test — control) /
control.
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S2.2.1 Control run

The control run is the Basin 1 experiment detailed in Sect. 2.5.2 and Table 2, with the exception that diurnal variability
of QOin is reduced by 30% to prohibit prolonged periods when daily peak water levels overtop the moulin.

S2.2.2 Circular geometry (Experiment 1)

The circular run uses a circular cross-sectional area. In practice, this simply means that open channel melting above
the water line is applied uniformly around the moulin perimeter (instead of only to 72 as in the elliptical formulation)
such that the moulin plan view cross-sectional area is circular and only one radius is evolved. Deformation due to
elastic, viscous and turbulent melting below the water line is then only calculated for the single radius. This

parameterization removes any asymmetry-exeept-for-thatimpesed-by-shear-deformation. Both runs have the same

initial circular plan view cross-sectional area.

The use of a circular geometry has little impact on moulin water level over the course of the melt season (Fig. S5a).
Compared to the control run, the circular geometry generally exhibits slight increases in moulin water level (< 0.5 m).
These increases become slightly higher at hlgher QOin values:-or-during-onc-period-at-the-cnd-of the-melt-scason:
Hewever,-differencesnever-exeeed 3. The primary difference comes in the moulin capacity;—whieh: the circular
geometry can be-up-to 4731% smaller appreachingthan the control moulin as the end of the melt season approaches

(Fig. S5b). This difference is concentrated in reglons that are not generally water ﬁlled except at hlgh water levels
thus has hmlted 1mpact on moulin water level : : vels-a

S2.2.3 Elastic deformation (Experiment 2)

For completeness, we include elastic deformation within the moulin model. Our formulation is dependent on the
change in moulin water level and the moulin radius (Supplement 1). Thus, elastic deformation within MouSh is
substantially smaller than viscous deformation due to the relatively small moulin radii modeled here. We examine
whether the inclusion of elastic deformation impacts moulin water level and capacity by performing a run without
elastic deformation.

In its current formulation, the exclusion of elastic deformation has almost no impact on moulin water level and capacity
(Fig. S5¢-d). This comparison suggests that the simplifying case (no elastic deformation) has minimal impact on the

model results.

S2.2.4 Distance from terminus_(Experiment 3)
In our simple parameterization of the subglacial model, the hydraulic gradient is set by the water level in the moulin
and the distance from the terminus. Because the hydraulic gradient exerts an important control over both the subglacial
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channel and moulin evolution, we examine the impact of different subglacial lengths (L). We compare the control run,
L = 13.6 km, to model runs with one half, L = 6.8 km, and one and one half, L =20.4 km while using the same ice
thickness (553m). This change directly impacts the hydraulic gradient calculated in Eq. 2824.

Modifying the distance from terminus and the associated hydraulic gradient can result in substantial changes to both
the moulin water level (+/— ~260m100m) and moulin capacity (+/— ~4030%; Fig. SSe-f). RedueingShortening L
reduces both moulin water level and moulin capacity. Lower water levels reduce water velocities and allows viscous
and elastic deformation to increase, resulting in a smaller moulin. While increasing L results in higher moulin water
levels and a larger moulin. Higher moulin water levels increase turbulent melting linearly and reduce viscous and
elastic deformation non-linearly. In addition, with a longer L, the moulin has more instances of water level being
above floatation, which permits viscous and elastic deformation to open the moulin. The difference in moulin water
levels tends to be exacerbated during higher Qi values (Fig. S5e), resulting in larger differences from the control run
during the middle of the melt season and less impact during the onset and cessation of melting.

S2.2.5 Base flow_(Experiment 4)

Our simple parameterization of the subglacial system means that the model represents only a single moulin and a long
channel. This is an oversimplification of what is generally a complex arborescent network (e.g., Werder et al., 2013)
with multiple moulins along a single channel (Andrews et al., 2014). To parameterize this connectivity, we prescribe
a base flow term to be 5 times the 5-day lagged moving average moulin input directly into the subglacial channel-
(Fig. 6a). This definition removes diurnal signals but preserves melt events and the seasonal pattern of melt. Without
baseflow, MouSh can produce unrealistically high--water levels with realistic meltwater inputs. While an alternative
would be to either substantially dampen the diurnal variability or increase moulin inputs, we believe that our current
approach best approximates the natural system. Unfortunately, prescribing a larger initial subglacial cross-sectional
area does not mitigate the above problem because moulin and subglacial channel size are not dependent on the initial
conditions after several-days-the first few weeks. Here we examine the impact of reducing the base flow to 2 times the
5-day lagged moving average.

The prescribed base flow acts to maintain a larger subglacial channel and permits more rapid growth due to melting;
this behavior is non-linear{see-Eg—28).. Therefore, reducing the amount of base flow into the subglacial system
reduces the ability of the subglacial channel to accommodate the large diurnal swings in Qi». Therefore, a reduction in
base flow results in higher moulin water levels for much of the model run (Fig. S5g). Interestingly-though, during
diurnal minimums, the water levels are lower in the low base flow run relative to the control- (negative values in Fig
S5¢). This is likely due to greater moulin growth (increased turbulent melting and reduced or negative viscous and
elastic deformation) associated with higher water levels. The moulin capacity difference displays a clear seasonal
pattern (Fig. S5h). Early—inDuring the tails of the melt season, the lower base flow run exhibits a smalersimilar
capacity due-to less-toetalwaterin-the systemcontrol, but as diurnal variability and maximum daily water levels increase
te-abevefloatation, the low baseflow moulin begins to grow relative to the control runmoulin.

S2.2.6 Static subglacial geometry (Experiment 5)

The MouSh model is meant to model moulin geometry. However, to permit water flow through the moulin, we include
a simple time-evolving subglacial channel (Sect. 2.4.2). A fixed subglacial channel would, in essence, provide the
simplest subglacial component. However, a fixed subglacial channel results in both extremely low and extremely high
moulin water levels when Qi, values are both high and low, respectively; therefore, during a+unan experiment with
seasonally evolving Qu, the subglacial channel size must be chosen very carefully to produce vaguely realistic moulin
water levels and capacities. Therefore, we examine the impact of fixing the subglacial cross-sectional area S using a
fixed-eosinusoidalrunco-sinusoidal supraglacial of 8040 days- (as described in Eq. 22). For this comparison, we fix S
=21.95 m? (Fixed S), which is appreximately-equal to the mean value of the subglacial channel cross-sectional area in
the control runexperiment; this minimizes differences between the runs.

The moulin with a fixed subglacial cross-sectional area has similar quasi-equilibrium water levels but less diurnal
variability in-beth-meulin-waterlevel-and-waterstorage-than-the-meulin(Fig. 6b). The model run with a vartablefixed
subglacial eress-seetional-area{Fig—S6).channel also displays a slightly lower radius at the mean water level of the
last 10 experiment days. The primary conclusion here is that the moulin geometry and variability is, at least in part,
driven by the characteristics of the subglacial hydrologic model used. Such dependency is not uncommon in models




158 of the glacial hydrologic system. For example, the presence of modeled channels is dependent on the prescribed
159 location of supraglacial inputs and prescribed conductivity of the surrounding system. Therefore, the subglacial model
160 used with the MouSh model should be carefully considered.
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Figure S5. Moulin water level and capacity differences relative to the Basin 1 (/; = 553 m) control run for a circular
geometry (a-b); varying-surface-stresseselastic deformation (c-d); varying distances from the terminus or subglacial
path length (L; e-f); and a reduced baseflow (g-h). In all panels on the left-hand side, the differences are experiment
minus control. In all panels on the right-hand side, moulin capacity is plotted as a percent difference from the control
run such that positive values indicate a capacity larger than the control run and negative values indicate a capacity
smaller than the control run.
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