Our responses in orange color are inserted between the comments and notes.

Dear authors,
The reviewers have now provided their reports on your revised version and have acknowledged that the
manuscript has significantly improved. One reviewer mentions that the description of the model approach
is now sufficiently detailed, whereas the other mentions some minor concerns regarding some of your
responses/changes, which may warrant some modifications. They are especially addressing the
uncertainties involved with too simplistic model assumptions, as well as the framing of the study around
the question whether one field site is sufficient to "test" a model approach or whether this test case should
be seen as an example of the application of the model.
Please address these comments as usual point-by-point. We are very much looking forward to your
response and the revised manuscript.
kind regards,
Christian Hauck
Editor

Thank you for examining the revised draft and giving us another opportunity to improve the manuscript.
Our responses to your suggestions are included below between the reviewer’s comments denoted by
orange color this time.
Reviewer’s comments:

The quasi-steady state is equivalent to the (quasi) equilibrium state in this case. Note that Equation 1 is a
dynamic equation (neither steady nor equilibrium) as time is involved in it. The listed assumptions
covered all the constraints on the processes considered in permafrost thaw.

Although we had not intended to “test” the theory by using single lake data, we rephrased several parts in
the manuscript to emphasize that this is an example application of this new method.
Line 29
The model predicting ellipsoidal talik geometry was compared to talik thickness observations
using transient electromagnetic (TEM) soundings in Peatball Lake on the Arctic Coastal Plain
(ACP) of northern Alaska.
Line 335-340:
Despite irregularity due to the complex lake formation history, the overall lake talik geometry
may be approximated by a semi-ellipsoidal shape as indicated by the very good fit of the
elliptic model to the TEM measured talik thicknesses (see Figure 4 with overall RMSD = 5.94
m, 6.7 % of the maximum talik depth). The idealized, thermally optimum model geometry can
partition talik irregularity associated with multi-generation lakes such as Peatball Lake.
Additionally, it may be pointed out that other numerical models suggested an elliptic/ellipsoidal talik
geometry. We added one sentence at the end of derivation on Line 252-255:
This result is consistent with the existing numerical thermal models (Schwamborn et al., 2000;
Ling and Zhang, 2003b; Plug and West, 2009; Kessler et al., 2012) which predicted nearly
elliptic talik cross sections under thaw lakes in continuous permafrost.
For convenience, four visualized model outputs are shown below:

Figure 8 in Schwamborn et al. (2000)

Figure 7 from Ling and Zhang (2003b)

Figure 2 in Plug and West, 2009.

Figure 4 from Kessler et al (2012)

Thank you for identifying this limitation. This study introduces an uncommon mathematical technique in
this field, which is a key novel aspect of the work. We have an applied mathematician, Professor
Yamatani, in our co-author list. He verified its mathematical consistency and scientific soundness.

Yes, “the total energy flux into the talik” is a reasonable way to think of it. We have revised this part
accordingly (Line 145).

The solution of the Euler-Lagrange Equation is already thermodynamically optimum. The function type
was not adjusted for the observed talik (or lake).

The lower the thermal gradient, the faster thaw: this is because the outgoing heat conduction (∝ thermal
gradient, see Equation 1) slows the thaw. As such, horizontal lateral thaw is faster. We added the
clarification there: “As a result, lateral thaw is faster than vertical thaw due to less energy loss to
horizontal heat conduction”, on Line 379-380.

This should be “remain unchanged”. This part was revised accordingly on Line 406-407.

Anisotropic thermal properties may be caused by consolidation of thawed porous media and the layered
structure of the permafrost. Although the isotropic thermal properties are well-accepted and common
assumptions for many existing thermal models as well as the Stefan Equation, we added a short paragraph
on Line 577-581:
Lastly, the 3D Stefan equation assumes fully saturated talik and isotropic thermal properties.
However, uneven consolidation of thawed porous media and layered structure of the permafrost
may cause anisotropic thermal conductivities. When the effect of direction dependency in the
thermal conductivity is found to be significant, it can be incorporated into the formulation of the
anisotropic heat conduction into the permafrost.

