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Appendix A: Benchmark tests

A1 Numerical tests following Bochev et al. (2004)

We reproduce the Numerical Examples in Bochev et al. (2004). Initial and boundary conditions are initialized in the same

manner as described for Example 1 and 2 in Bochev et al. (2004). The computations are perfomed on an unstructured mesh

built out of 874 triangular elements, created with gmsh (Geuzaine and Remacle, 2009). The concentration is set up in a5

continuous piecewise linear function space, resulting in 1821 degrees of freedom. In Fig. A1a, the cell size parameter used

for the SUPG (Streamline-Upwind-Petrov-Galerkin) - stabilisation term is shown in colour with the underlying unstructured

mesh. In Figs. A1(b-c) the velocity fields of Example 1 and 2 are illustrated.

Figure A1. In (a) the mesh cell size parameter, in (b) and (c) the velocity fields for Examples 1 and 2 are shown.
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Following Bochev et al. (2004), the computations are performed for four different time steps: dt= 0.1, dt= 0.01, dt=

0.001, dt= 0.0005. In Fig. A2, results of Example 1 at total time t= 0.5, cross-profiles at y = 0.6 and at x= 0.75, for all four

time step settings respectively, are shown. In Fig. A3, results of Example 2 at total time t= 0.5, cross-profile at y = 0.85 and

at x= 1.0, for all four time step settings respectively, are shown. The results of Example 1 and 2 are in good agreement with

the published results in Bochev et al. (2004). The oscillations are stronger, which is mainly caused by the stronger irregularity5

in mesh cell size in our tests.

Table 1. This table lists the H1 semi-norm for different time steps and Courant-Friedrich-Levy condition parameters, for examples 1 and 2.

∆t 0.1 0.01 0.001 0.0005

example 1

CFL− constantmean 2.7671 0.2767 0.02767 0.01383

H1 semi-norm 7.3429 4.7117 4.6537 4.65319

example 2

CFL− constantmax 4.88407 0.488407 0.0488407 0.0244203

H1 semi-norm 7.5497 3.3116 3.26708 3.26658

A2 Numerical tests following de Frutos et al. (2014)

In this Section, additional figures presenting the results of the "rotating three body problem" (de Frutos et al., 2014) are shown.

The initial condition, the solution after one full rotation and the over- and undershoots in the solution after one full rotation

are illustrated in Fig. A4. In comparison to the refinement time step of of 0.1π presented in the paper, we here employ a10

refinement time step of 0.01π. The results demonstrate that the choice of the refinement time step does not affect the quality

of the results. Additionally, we reproduced the three body test with swirling flow conditions (LeVeque, 1996). In Fig. A5 the

results of simulations using a refinement time step of 0.1π, compared to the refinement time step of 0.01π used in the paper,

are shown.

A3 ISMIP Benchmark test15

In order to be able to compare the ice velocities of Haute Glacier d’Arolla computed with icetools, to the results of the Ice Sheet

Model Intercomparison Project in Pattyn et al. (2008), the computations have been performed using A= 10−16 a−1Pa−3. The

simualted surface veloctiy is shown in Fig. A6.
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Figure A2. Results of Numerical Example 1. Solutions at t= 0.5, cross-profiles at y = 0.6 and cross-profiles at x= 0.75 for (top to bottom):

dt= 0.1, dt= 0.01, dt= 0.001, dt= 0.0005.
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Figure A3. Results of Numerical Example 2. Solutions at t= 0.5, cross-profiles at y = 0.85 and cross-profiles at x= 1.0 for (top to bottom):

dt= 0.1, dt= 0.01, dt= 0.001, dt= 0.0005.
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Figure A4. Results of 2D three body rotation test for refinement time step 0.01π. In (a) the initial condition, in (b) the solution after one full

rotation and in (c) the solution after one full rotation on the underlying mesh is shown. The data ranges from −0.14 to 1.11. In (d) overshoots

(values greater than maximum initial value, as deviation from max(cinitial) = 1.0) and in (e) undershoots (values smaller than minimum

initial value, as deviation from min(cinitial) = 0.0) at T are presented. In (f) the solution after one full rotation on the underlying mesh is

shown in plan view. Colourscales show concentration values.
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Figure A5. Results of 2D swirling flow three body test for refinement time step 0.1π. In (a) the initial condition, in (b) the solution at

T/2 and in (c) the solution at total time T is shown. The data ranges from −0.1 to 1.1. In (d) overshoots (values greater than maximum

initial value, as deviation from max(cinitial) = 1.0) and in (e) undershoots (values smaller than minimum initial value, as deviation from

min(cinitial) = 0.0) at T are presented. In (f) the solution at T/2 on the underlying mesh is shown in plan view. Colourscales show

concentration values.

Figure A6. Surface velocity (ma−1) of the longprofile of Haut Glacier d’Arolla computed with A= 10−16 a−1Pa−3.
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