
Response to the comments from the editor on the manuscript
entitled

Application of a two-step approach for mapping ice
thickness to various glacier types on Svalbard

presented on 01.03.2017
by

Fürst et al.

First of all we want to thank again the editor for his constructive comments. Pend-
ing comments from the initial submission have been taken into account and a list of
answers and undertaken actions is given below. Answers are indented and in italic
type while a short summarising reply is provided in italic, bold-face type. Before
addressing the pending comments, a short summary of the major undertaken ac-
tion is given in response to all reviewers.

Summary of major changes in the revised manuscript

Main changes were mostly necessary in response to the detailed and very
constructive comments from reviewer #1. Here we want to briefly give an
overview of our actions in response to the major concerns.

First-step flux direction
We consider the redefinition of flux directions in the first step as the key im-
provement to the revised manuscript. Initially, the ad-hoc choice was that the
flux should follow a crudely smoothed version of the steepest surface slopes.
Now, we rely on the ideas presented in Brinkerhoff and Johnson (2015) and
determine the flux direction by a well-constrained smoothing of the driving
stress field, used for directing the balance flux . We experienced a significant
improvement in the smoothness of the flux solution.

Document structure
The article was re-structured according to the suggestions of reviewer #1.
Methods are now presented prior to the case study.

Input uncertainties
As requested by reviewer #1, we now motivate uncertainties associated with
each input field in Sect. 3. We also differentiate between measurement errors
from various GPR and airborne RES surveys.

Internal boundary conditions
Though not directly requested by reviewer #1, we removed the internal bound-



ary conditions on ice thickness during the second step to improve the con-
ditioning of the problem and avoid fictitious source/sink terms in the final
apparent mass-balance field.

Formal error estimate
Reviewer #1 had also strong concerns on the motivation of the upstream
propagation of input uncertainties. As the ice thickness is expected to be
constrained just upstream of a measurement, we now give more details on
the inherent assumption of this error propagation. Yet, for this article we
refrain from exchanging the present error assessment, originating from two
internationally peer-reviewed publications, with a more strict Bayesian ap-
proach. Such a step requires a significant amount of future development
work.

Spatial skill of error-estimate map
Despite the aggregate assessment of median values of the error estimate and
the actual mismatch, we also present the how reliable the map is in a spatial
sense. For this purpose a table was added that indicates the ‘frequency by
which the actual mismatch falls below the predicted error’.

Editor Initial Decision: Publish subject to technical corrections (14 Mar 2017) by
Andreas Vieli
Comments to the Author:

Dear Johannes Fuerst and co-authors,
Thank you for your submission to TC/TCD. As you may know, papers fully ac-
cepted for TCD appear immediately on the web for comment and review. [...].

1. Originality (Novelty): 2
The topic of this manuscript is within the scope of TC [...].

2. Scientific Quality (Rigour): 2
The overall methodology is explained well and seems sound and the uncertain-
ties/errors are quantitatively assessed and potential sensitivities are investigated
and well discussed.

[...]

1) One point that in my view would have been interesting is how step two (ve-



locity constraints) would have improved the estimates that had only minimal
(1%) thickness constraints (radar measurements). This, although not crucial,
may be considered in a future revision.

We now added a figure similar to the previous Fig. 8 for the second
step in the reconstruction. It shows that mismatch values between in-
ferred and observed thickness values are in fact a bit larger after the
second step. Potential reasons are that the velocity observations intro-
duce another source for uncertainty and that thickness measurements
are not imposed on the solution during the second step, which allows
a larger discrepancy.
Added aggregate error analysis

2) [...]

3) different periods are used for dh/dt and SMB in order to calculate the flux
divergence, does this affect the results?

Difference in the averaging periods add an additional uncertainty to
the reconstruction. This additional term is not accounted for in the
error estimate map but clearly presented in the discussion. Both av-
eraging periods exceed 20 years, so an adjustment would not exceed
the SMB sensitivity of the results as described in the appendix.
Expanded discussion on this point.

4) [...]

3. Significance (Impact): 2
Estimating glacier thickness is important for predictions of glacier change and rel-
evant in context of global warming. This study potentially makes a valuable contri-
bution to the development of methods for ice thickness and glacier bed topography
estimations and in particular provides a better understanding of the related uncer-
tainties and errors. It further investigates the role of thickness constraints from
radar on the inferred ice thickness estimates.

4. Presentation Quality: 3
The paper is well written and structured and mostly well supported with evidence
and useful figures [...].

The editor, Andreas Vieli 12/3/2017

List of issues to be adressed:
[...]

All points raised here have been addressed prior to the review phase.



Response to the
Interactive comment on “Application of a two-step approach for mapping ice
thickness to various glacier types on Svalbard” by Johannes Jakob Furst et al.

O. Eisen
olaf.eisen@awi.de
Received and published: 24 March 2017

First of all we want to thank the reviewer for constructive comments on our manuscript.
All comments have been taken into account and a list of answers and undertaken
actions is given below. Answers are indented and in italic type while a short sum-
marising reply is provided in italic, bold-face type.

The authors spend some effort on providing formal estimates on the overall accu-
racy of the method, which is greatly appreciated. I suggest that they also look into
the detailed comparison of various radar processing schemes provided by Moran
et al. (2000). Those authors compare raw 1D vs. 2D vs 3D array radar data pro-
cessing and come up with estimates of ice thickness errors which are larger than
those often used in other studies. Lapazaran, as the most recent and comprehensive
study on this issue, cite it, too, but the original paper might be worth looking into,
as your study also includes very mountainous valleys.

We certainly appreciate this comment and checked how the error estimate
in Moran et al. (2000) compares to the study from Lapazaran et al. (2016),
which we considered. Moran et al. (2000) describe differences between in-
ferred thickness values from treating the GPR data as single measurements,
line measurements or as a 3D measurement array during the processing.
They only give relative differences for their specific setup, which are diffi-
cult to transfer to our geometries. Lapazaran et al. (2016) recognise that
this uncertainty term can become important. Yet they are unable to estimate
it for Werenskioldbreen and were forced to discard it from their analysis.
However, they gave an advise for how this term should be included if known.

As our results are based on the same GPR measurements as used in La-
pazaran et al. (2016), we follow their analysis and thus ignore this extra
source term in the measurement error.

Added reference to Moran et al. (2000) stating that the analysis of La-
pazaran et al. (2016) discards an important but not well quantifiable source
term in the error analysis.

Delineation of a complexly dipping temperate glacier bed using short-pulse radar
arrays Moran, M. L.; Greenfield, R. J.; Arcone, S. A.; Delaney, A. J. Journal of
Glaciology, Volume 46, Number 153, March 2000, pp. 274-286(13)



Response to the
Interactive comment on “Application of a two-step approach for mapping ice
thickness to various glacier types on Svalbard” by Johannes Jakob Furst et al.

D. Brinkerhoff (Referee #1)
douglas.brinkerhoff@gmail.com
Received and published: 28 March 2017

First of all we want to thank the reviewer for constructive comments on our manuscript.
All comments have been taken into account and a list of answers and undertaken
actions is given below. Answers are indented and in italic type while a short sum-
marising reply is provided in italic, bold-face type.

Summary
In this study, Fürst and others present an updated method for solving the problem
of inferring ice thickness from sparse observations coupled with surface data. They
then apply this method to three glacial systems on the Svalbard Archipelago. The
validity of the resulting estimations of ice thickness are established with a detailed
error analysis.

The paper is clearly relevant and within the appropriate scope for the journal. Con-
temporary interest in methods for inferring ice thickness are of great interest to
the community, as evinced by numerous recent publications on the subject, includ-
ing a comprehensive intercomparison (Farinotti et al., 2016). This paper’s contri-
bution to the field stems primarily from its presentation of a way to circumvent
some of the arduous data requirements required by the method on which it is based
(Morlighem et al., 2010). I am concerned that this paper inherits some of the po-
tential shortcomings from that work, namely an error analysis which is not, in my
view, completely justified, as well as a misunderstanding of the definition of error
for PDE-constrained optimization. Nonetheless, the manuscript does a commend-
able job with respect to discussing its own limitations and in firmly placing the
issue in the context of error analysis. I am not sure that the paper will provoke a
sea-change in thinking about Svalbard’s glaciological processes, but I imagine that
the results will be useful for modellers and others needing ice thickness estimates.

Stylistically, I think that the paper could benefit from significant distillation. The
elimination of superfluous words, sentences, and perhaps even sections would help
the reader to focus on essential points. As it stands, the manuscript feels like a
methods paper mixed up with a case study. A stronger partitioning between these
two parts would help. The paper also contains a fair amount of questionable En-
glish. I have tried to make corrections where I can, but a more detailed reading by
the authors themselves is in order.

The manuscript was re-structured and copy-edited by native speakers during



the revision. In addition, an effort was made to further distill the presenta-
tion of the results.

Ultimately, under the assumption that the authors can address the criticisms that I
have presented below, I would encourage resubmission.

1 Major Points
1.1 On the use of “apparent flux divergence”
The phrase “apparent mass balance” is well ensconced in the literature at this point,
and the reasoning for its use is fairly clear: when ∂th is used as an observation, it
acts identically to ḃ, which is a source term. Combining them leads to a simpli-
fied equation involving the flux divergence and this unified source term. The term
‘apparent flux divergence’ makes no sense at all. In fact, a more correct statement
would be to just call the apparent mass balance the flux divergence (rather than ap-
parent flux divergence), because that is what the equal sign implies. However, this
would be confusing and tautological to say that the flux divergence equals the flux
divergence. It is equally confusing, but perhaps less correct to say that the apparent
flux divergence equals the flux divergence. If it’s not clear already, I suggest using
the term ‘apparent mass balance’ instead.

As the reviewer rightly points out, the ‘apparent mass balance’ is a differ-
ence between all mass balance terms (internal, surface and basal accumu-
lation and ablation) and the surface elevation changes ∂th. Relying on the
‘Glossary for glacier mass balance’, this difference is certainly not referred
to as a mass balance, except if ∂th is zero, which is most evident. That’s
why we initially refrained from invoking the term ‘mass balance’. Yet we
understand the concern of the reviewer on our choice for the term ‘apparent
flux divergence’. In lack of a better alternative and since the term ‘apparent
mass balance’ is somehow already established in the literature, we adjusted
the manuscript appropriately.

Corrected as suggested.

1.2 General characteristics section, and the extensive use of proper nouns
This paper walks a difficult line between a methods paper and a case study. I don’t
have a problem with that, as it’s generally useful to see methods applied to real
cases to evaluate their worth. However, I think that the organization of this paper
is such that it can be quite confusing. I would suggest reorganizing the paper such
that the methods are completely stated (including the theory behind the error anal-
ysis; more on that in a minute), then switch gears and begin discussing the nuances
of Svalbard’s geometry and data availability. Thus I would not have to remember
what and where Austre Torrellbreen is after reading many pages about hyperbolic
PDEs.



Agreed. We rearranged the manuscript accordingly and present the method-
ology prior to the presentation of the study site.

Corrected as suggested.

Additionally, all figures need to be labelled with salient features discussed in the
text. The reader should not have to cross-reference Figure 2, while at the same
time reading the paper text and analyzing the figure content. Additionally, some
basic annotations describing some particular key points referenced in the text and
restated in the figure captions would be very helpful.

We now labelled the more salient features in most figures. Moreover, some
particular key points were added in the captions.

Corrected as suggested.

1.3 Estimates of input observation error
Input data error estimates need to be stated more clearly and with more complete
justification. For example, the authors use a mean value of 5 m for estimated thick-
ness error for all experiments, based on a (convincing) paper in which GPR was
applied to a relatively thin glacial system, with lower wavelength antennae. It is
not tenable to assume the same error estimate for airborne radar measurement from
the 1980s. Also, no real effort is made to justify the 0.2 m yr−1 estimate in apparent
surface mass balance.

Concerning the measurement error associated with the used thickness data,
we now decided to distinguish between GPR and airborne surveys on VIC.
Petterrson et al. (2010) estimate the error for these surveys to be 9.3 and
23.1 m, respectively. For the formal error estimate on VIC, we now use 10
and 25 m. For WSB and THPB, we kept the 5-m estimate from Lapazaran et
al. (2016), who relied on a WSB portion of the thickness measurements used
in our manuscript.

Concerning the SMB uncertainty estimate, we rely on Lang et al. (2015)
who compared their simulated SMB values to observations. This compar-
ison gave the means to justify an uncertainty estimate. In the SMB input
description, we now specify the following:

‘The difference between modelled SMB values and 10 used validation sites shows a low bias

of -0.03 m i.e. yr−1 with a standard deviation of 0.14 m i.e. yr−1. The latter value is consid-

ered as an uncertainty estimate for the SMB field.’

Concerning the error in ∂th, Moholdt et al. (2010) compute an average 0.3
m yr−1 at all cross-over points for their ‘plane method’. In the section on
the ∂th input, we now added:

‘Moholdt et al. (2010) report that the local root-mean-square deviation of several hundred



surface-change estimates is 0.3 m yr−1. .’

Corrected by adjusting the airborne and ground RES measurement uncer-
tainty on VIC. Moreover, we now provide some motivation for a 0.4 m yr−1

input uncertainty for the apparent mass balance.

For all of these error sources, the distinction between simple observational error
and the error associated with the variables used in your equations (which are time
averaged) needs to be discussed. See the methods section of Brinkerhoff et al.
(2016) for a discussion of what I mean by this; in short, Eq. 1 assumes that all of
the inputs are temporally consistent, but in reality they are not, and this induces an
additional source of uncertainty.

In reponse to this appreciated comment we added a passage to the descrip-
tion of the formal error estimate (new Sect. 2.2.3; former Sect. 3.2.3)

‘[...], the error analysis accounts for uncertainties in the observational record but does not

comprise the error that stems from time-averaging of the input and temporal inconsistencies

between different fields. A detailed assessment and treatment of various input errors within

a Bayesian framework is presented in Brinkerhoff et al. (2016).’

Corrected by adding a brief discussion on this error source term and point-
ing to the suggested reference.

1.4 Flow directions
I strongly suggest reading Kamb and Echelmeyer (1986), when approaching flow
direction computations. They provide a strong theoretical basis for how to ap-
proach ice routing using only surface elevation observations in order to approxi-
mately recover higher-order directions. With the availability of these theoretical
results, which have been used successfully many times throughout the balance flux
literature, I find the ad-hoc method of smoothing by applying a contouring algo-
rithm then using natural neigh- bors interpolation to degrade the surface elevation
accuracy to be troubling. Barring the success of the smoothing proposed by Kamb
and Echelmeyer (1986) at eliminating closed basins (which I understand to be the
problem that elicited the ad hoc approach), there are plenty of basin filling algo-
rithms that would also solve this problem in a somewhat more rigorous way.

This comment of the reviewer is most appreciated because the suggestion to
refer to the balance flux literature did substantiate the calculation of the flux
direction. We now decided to follow the approach presented in Brinkerhoff

& Johnson (2015) for the determination of the flux direction (Eqs. 9 and
10) by solving a partial differential equation for a smoothed version of the
driving stress. In this way, the direction choice is based on theoretical argu-
ments and it is very convenient that the smoothing radius varies with the ice



thickness and thus naturally adjusts to different glacier sizes.

Corrected by opting for the direction choice forwarded in Brinkerhoff &

Johnson (2015).

This consideredation should also be included when using the SIA to infer thickness
fields from the balance flux. Contemporary surface DEMs often show topography
at a much smaller scale than that which is relevant for determining driving stress
in the Stokes’ equations, and smoothing is necessary to avoid non-physical oscil-
lations.

The smoothed driving stress solution is now also used in terms of a smooth
surface topography entering the SIA equation.

Corrected as suggested.

1.5 ȧ as a control variable
The ȧ resulting from the inversion procedure needs to be presented, because the
derived thickness field only conserves mass with respect to this augmented field,
and in my experience performing these types of inversions for ȧ without consid-
erable explicit smoothing leads to an apparent mass balance that can look pretty
weird. Indeed, it becomes the dumping ground for all manner of errors derived
from other input fields and the model itself. One way of getting around this is to
apply a regularization term to ȧ (with a regularization parameter associated with
the length scale of feasible spatial variability in apparent mass balance), just as it
is already applied to H in Eq. 4.

Initially, we did not provide these fields because the article was already
rather long and the information gained from this comparison is of interest to
a rather limited community. Anyhow, differences are instructive and provide
some intuitive understanding on how the optimisation works. Therefore, we
provide now another figure showing the final apparent mass balance fields
for both regions and a brief discussion, both in a separate Appendix section.
The difference fields show no dominant spatial variability pattern, which
would justify another regularisation term in the cost function. Moreover, a
general bias/drift was already prevented by penalising differences between
the initial and the final apparent mass balance. Therefore, we refrained from
any modification of the cost function.

Corrected by adding the requested figure and a brief discussion in the Ap-
pendix. We did not see the necessity to add the suggested regularisation term
to the cost function.

1.6 Boundary conditions
The PDE being solved here (Eq. 1) involves only first spatial derivatives and no



time derivative. As such, the number of boundary conditions allowed is limited
to one per characteristic. An ice divide implicitly acts as a zero-flux boundary,
meaning that specifying the flux at the margin is not well-defined. Nonetheless,
the magic of numerical solutions allows it anyways. However, one needs to be
quite careful to understand that this introduces a fictitious source term (as it must
for mass to be conserved) that needs to be accounted for in error estimates and
interpretation of results. This artifact is evident in Fig. 4, along the eastern margin
of VIC, where thickness is around 300m right up until it reaches a land terminating
boundary. In a sense, this is the opposite problem of that which you’re trying to
solve with the first term in Eq. 4, but rather than the flux running out before reach-
ing the margin, it doesn’t go to zero fast enough. Perhaps consider introducing
another term to Eq. 4 that adjust the surface mass balance so that flux goes to zero
along land terminating boundaries?

The reviewer rightly points out that there are fictitious source and sink terms
in the ice flux at any boundaries. These terms accommodate inconsisten-
cies particularly in areas where multiple Dirichlet conditions are set. These
terms are not necessarily biased as values are both negative and positive for
a single test geometry. We followed the reviewers suggestion and made sev-
eral attempts to reduce these fictitious values by directly penalising them or
by increasing the flux-solution smoothing around the land-terminated mar-
gin. The solution could actually be improved near the margin for some
glaciers. Yet for others, a worthwhile reduction of the magnitude of these
boundary source and sink terms could only be achieved at the expense of
other terms in the cost. We could not find settings that resulted in an overall
improvement for all test geometries. We therefore cannot offer a solution
within this revision as more development is necessary.

Not corrected. Several attempts to solve the raised issue did fail and require
more development.

The thickness artifact, the reviewer mentions (Fig. 4), is certainly associated
with a flux field that does not necessarily decrease most gradually to zero
as the margin is reached. Yet the mentioned area also shows that the sur-
face elevation reaches 300m near the margin. We do not think that this is
a real feature but rather some inconsistency between the chosen DEM and
the glacier inventory margin position. Along other segments of the land-
terminated margin, ice thickness decreases more gradually.

Though not specifically asked here, we removed the Dirichlet condition on
ice thickness at the measurements locations and replcaed it by another term
in the cost function. In this way, further fictitious source and sink terms in
the solution are avoided.

Replaced internal Dirichlet conditions in second-step reconstruction by ex-
tra cost term.



1.7 Formal error estimate
This section is mostly based on Morlighem et al. (2010), with the key difference
that flux at measurement locations is directly imposed via Dirichlet boundary con-
ditions rather than a best match found through an inverse procedure. This is prob-
lematic, for the same reason discussed in the above point about boundary condi-
tions: imposing the value of the flux at more than one location along a flightline
must lead to a fictitious numerical source in order for the condition to be upheld,
because the PDE is first-order and only admits a single boundary condition per
characteristic. Thus there is a hidden source term that needs to be included in the
estimate of ȧ that is likely to locally exceed the (already very optimistic) error es-
timate of 0.2m yr−1.

On a related note, I think that the estimate of uncertainty in surface mass balance is
probably incorrect following the inversion procedure. Consider the following line
of reasoning: the PDE for error propagation is derived by stating that

∇ · (n + δn)(F + δF) = ȧ + δȧ (1)

which is separated into

(∇·nF − ȧ) + (∇[nF + δnF] − ȧ) = 0, (2)

where n is the true (error free) flow direction, F the true flux, and ȧ the true apparent
mass balance, and the -annotated quantities are the errors associated with each of
these quantities. The first term is zero due to mass conservation, and the second is
solved for δF to get the error in the flux. The problem arises in the definition of δȧ.
In the manuscript it is given a numerical value (0.2m yr−1), which is supposed to
represent the observational uncertainty. However, after the optimization procedure
is complete, which makes significant modifications to ȧ (I assume, which is why it
needs to be reported), this variable is no longer the value for which that particular
error estimate holds. Instead, it is a new and potentially non-physical field into
which has been placed error in surface elevation, smoothing lengths, numerical er-
ror, etc. The field resulting from the optimization is neither the true value ȧ, nor the
original field for which the error estimate was made, and as such δȧ must pick up
the remaining difference. I presume that it would thus be substantially larger than
the initial 0.2m yr−1 estimate and would be neither independent nor identically dis-
tributed.

As a final objection, I do not understand this business of taking the minimum of
two error propagation PDEs, one with a reversed velocity field. Why should a
more favorable error estimate propagate back upstream from an observation, given
that hyperbolic PDEs transport information in one direction only (with respect to a
characteristic). It is interesting to note that neither publication that initially stated
this method (Morlighem et al., 2010, 2014) gives a reference for it, and I have
never been able to find one in my own literature searches. I invite the authors to



take this opportunity to convince me of this idea’s correctness.

Now, lest I appear too curmudgeonly on this issue: is all this a big problem? Proba-
bly not. My Bayesian treatment of the problem (Brinkerhoff et al., 2016) suggested
that the error estimate suggested here isn’t too bad in a practical sense, and the
cross-validation presented in the latter parts of this manuscript suggest the same.
Additionally, the additive model of errors used in the PDE error propagation equa-
tions would tend to overestimate uncertainty (for the same reason that adding two
Gaussian random variables doesn’t double their standard deviation). However, I
would like to see a more robust defense of the theory behind the methods used, and
a more transparent accounting of the simplifying assumptions.

The reviewer is rather critical about the presented error estimation, which
was certainly never intended to be a strict probabilistic measure. Yet, the
presented error estimation is of a practical use and it should be able to dis-
tinguish areas in which the thickness reconstruction is well constrained from
others where this is not the case. In the most practical sense, the latter areas
could be the target for future survey campaigns. We certainly do not want to
promote the error estimate field as an input for further error analysis. Here,
our concern is that the field could be picked up for assessing the sensitivity
of glacier volume projections to bedrock changes. For such a purpose, more
stringent statistical measures should be invoked and implemented. One of
the next development steps certainly includes the implementation of a more
stringent treatment of uncertainties from diverse sources.

The reviewer also asked for a more robust defense of the error-estimate the-
ory and its limitations/assumptions. This is not evident because our ap-
proach is informed by Morlighem et al. (2011), who did not provide any
reference. Anyhow, we gladly try to provide more information on assump-
tion and limitations. In this approach, we have a certain control on the error
at the measurement location from the acquisition instruments/settings. The
central assumption is then of course that the erroneous flux field also fulfills
the mass conservation, which implies that the error is propagated along the
flow downglacier. This assumption might not be too problematic as long as
input uncertainties do not dominate. Exclusive downstream error propaga-
tion results in a sawtooth structure with error estimate that increase grad-
ually until a next downstream measurement is reaches where values drop
abruptly. To avoid this structure, we followed the upstream propagation pre-
sented in Morlighem et al. (2011). A first argument why this might anyhow
hold comes from the mass conservation equation itself. A multiplication by
(-1.0) is analytically identical though numerically different. In addition, the
physical interpretation is upward motion with an inverted source and sink
field. We however understand the concern that the error should not propa-
gate upstream against the ice flux. The reviewer might however agree that



a measurement constrains the thickness field also some way upstream. This
would imply that the error has to decrease along a flowline the closer one
gets to a measurement. The rate of this error decrease is certainly question-
able. If we accept that errors are allowed to decrease with a certain rate
along the flow, then upstream Dirichlet boundary conditions have to be set
such that the error equals the measurement uncertainty at the survey loca-
tions (further downstream). To improve the conditioning of the problem, we
multiply by (-1.0), which is physically interpreted as upstream propagation.
Yet, there is a slight nuance in this because we have to deliberately decide
now for a rate of error change valid for upstream propagation. This rate
might differ from the downstream propagation but as we have no good rea-
son for choosing a different value, we simply set magnitudes equal from the
downstream propagation. A similar discussion is added to the text and the
reader will be prominently informed about the limitations of upstream error
propagation, using a disputable change rate.

Expanded discussion on the assumptions in the formulation of upstream er-
ror propagation.

The reviewer also raises concerns that the modification of the apparent mass
balance field during the optimisation will affect the input uncertainty distri-
bution (assumed constant). Even though a spatially variable input uncer-
tainty field could be accommodated, it is far from evident how to generate
such a field during the iterative update of the apparent mass balance within
our rather basic error-estimation approach. A more stringent treatment of
error distribution would be required, which we like to postpone to further
development of our approach. Anyhow, we added a brief passage that the
assumption of a constant input uncertainty of the apparent mass balance
(and likewise for the surface velocities in the second step) might partially
be undermined/corrupted or limited during the iterative update of the con-
trol parameters. In addition, the relevance of this concern can be assessed
from the now provided comparison between the initial and the final apparent
mass balance fields in the Appendix.

Added a brief passage on this particular concern in the manuscript. Nec-
essary development work for a stringent treatment of various error source
terms (as for instance in Bayesian statistics), though not directly requested
by the reviewer, goes beyond this revision and would justify another submis-
sion.

1.8 Error estimate results
The formal error estimate should provide an upper bound on the actual mismatch,
not a prediction of it. A good metric here would be to compute the frequency by
which the actual mismatch falls below the predicted error. In the context of nor-
mal distributions, the actual misfit would be less than the predicted misfit 95% (or



whatever your definition of error is) of the time. This is more or less the definition
of credibility intervals in Bayesian statistics. If the mismatch falls outside the esti-
mated error much more frequently than this, then one begins to question what use
the estimated error is. While it’s sort of interesting to consider the median values,
this neglects the aspect of error prediction which is likely to be of most interest to
people who would use this product: spatial skill.

Again the reviewer had a good point on the spatial skill of the error-estimate
maps. We therefore added all locations where the min/max interpretation of
the error estimates is violated to Fig. 9 (now Fig. 8). Moreover a table is
added giving the fraction of the withheld measurements for which the actual
mismatch is smaller than the formal error estimate. We find that the min/max
interpretation valid in more than 80% of the cases, except if the reconstruc-
tion is informed by very few measurments.

Corrected by adding a Table with the requested information.

1.9 Appendix A
If one cannot attribute the observed flux to deformation in a physically reasonable
way (e.g. with a material parameter A that is physically justifiable), then doesn’t it
make sense to assume a certain amount of sliding? It seems to me that instead of
allowing viscosity to be an order of magnitude less than temperate ice, one could
adjust β2 instead. This would make for a much more straightforward way of inter-
preting a figure like Fig. A1. I recognize that the authors may not wish to add the
additional uncertainty of selecting a sliding law to the model, and I’m certainly fine
with that. However, the notion that the viscosity parameter is aliasing unmodelled
basal processes should at least be addressed.

We refrained from choosing an additional sliding law but rather invoke the
notion that the viscosity parameter is aliased by unaccounted model physics.

Added notion on unaccounted physics aliasing the tuning of the viscosity
parameter.

2 Minor Points and Technical Corrections
NOTE: This paper has a relatively high number of typos and grammatical errors.
I will try to point them out where I see them, but the manuscript would benefit
considerably from detailed copy editing.

P1L4 Please define what ‘performs well’ means.

Reformulated as follows.

‘The approach is applied to a variety of test geometries [...]’



P1L12 ‘Withholding parts’: the paper shows this in a median sense, not a spatially
explicit one, which is an important point.

Corrected by adding the adjective ‘median’.

P1L16 ‘are in fact’−→ ‘is’.

Corrected as suggested.

P2L4 Delete ‘large’ (and non-specific adverbs throughout the manuscript at large).

Done during the copy-edit.

P2L5 ‘thickness of the ice cover’ −→ ‘ice thickness’.

Corrected as suggested.

P2L11 ‘Antarctica Ice Sheet’ −→ ‘Antarctic Ice Sheet’.

Corrected as suggested.

P2L13 ‘thicknesses’ −→ ‘thickness’.

Corrected as suggested throughout the manuscript.

P2L35 Perhaps elaborate on what ‘computationally less favorable’ means.

Reformulated. ‘[...] at the expense of computational costs.’

P3L1 delete ‘physical’.

Done.

P3L7 I don’t understand the implication of this sentence.

Deleted sentence.

P3L14 ‘allows to estimate’−→ ‘allow estimation of’.

Done.

P3L15 Missing period.

Inserted full stop.

P3L15 ‘Much development ...’ needs citation.

Inserted relevant reference.

P4L1 ‘For DEMs and elevation changes...’ this sentence doesn’t really say any-
thing.

Deleted sentence.

P4L18 Citations are needed throughout.

Added relevant citations for remote-sensing based DEM generation
and velocity measurements.



Introduction at large I suggest including a paragraph on the general availability of
thickness observations for consistency.

Added two sentences on the availability of thickness measurements
referring to GlaThiDa 2.0.

P4L2324 This sentence needs a bit more specificity.

Deleted sentence.

General characteristics at large This section should be compressed a bit to ensure
that the information presented is relevant to the conclusions of the paper.

Paragraph was shortened.

Glacier outlines why not use the modern high-res DEM everywhere?

No action taken. High-resolution DEM is not available for Southern
Spitsbergen.

P6L11 ‘For VIC, thickness measurements’ −→ ‘VIC thickness measurements’.

Corrected as suggested.

P6L14 Delete ‘there only’.

Done.

P6L23 Do borehole depths agree with GPR?

Values agree on view. A direct comparison is difficult as the position-
ing of these icecores has an uncertainty of roughly 100m. For the deep
borehole B closest to the ice front (bed contact after 206m; Jania et
al., 1996), the GPR survey line shows a local thickness maximum of
about 200m.

Figure 2 Is ∂th < SMB along ice divides? This was a problem I encountered in IT-
MIX.

No action necessary. Panels (e) and (f) of Fig.2 show that the appar-
ent mass balance is positive over most of the divide areas.

P9L25 Olex needs a citation.

Removed sentence because a co-author also commented that the Olex
system is mentioned too prominently.

P10L8 I think you can delete everything up to ‘incompressibility can be written as
...’.

Corrected as suggested.

All equations The divergence operator is traditionally written as ∇·, rather than just ∇,
which is typically thought to mean the gradient operator.



Corrected as suggested.

P10L28 ‘Inflow boundaries’: I don’t understand this sentence.

Reformulated sentence as follows.
‘Inflow boundaries did not occur in our setup. These would require Dirichlet condi-

tions on the ice flux.’

P11L18 I’m not sure I understand how using the spatial gradient in SMB solves the
problem. Assuming that SMB is only a function of elevation, doesn’t SMB
also reach a maximum where slope goes to zero, i.e. SMB also has a very
small slope where surface elevation does?

Sentence was removed as SMB gradients are in fact only used where
surface slopes become exactly zero. Initially, it was wrongly stated
that the SMB gradients replace the surface slopes where their magni-
tude is less than α0. Actually this emergency strategy is only necessary
for some marine glacier snouts for which the DEM is completely flat
for instance where the DEM and the glacier inventory are inconsis-
tent). The SMB calculations rely on a different geometry and were
therefore free of these artifacts.

P11L24 Not sure what is meant by ‘ice-flux direction is positive’.

Corrected to ‘flux magnitude is positive’.

Eq. 4 I think that the integral should be∫ ∞
F

δ(s)dsdΩ (3)

This means that if F< 0, then the integral crosses the origin, and the δfunction
is activated. As it is, the function penalizes positive flux values. Writing that
integral as a Heaviside function might be more clear.

Corrected by rewriting the integral as a Heaviside function.

P11L30 Maybe just state the parameter values and reasoning behind them, and forego
subjective descriptions like ‘good performance’.

Removed the subjective description.

P12L11 In glaciology, aspect ratios under which the SIA applies are usually referred
to as small, rather than large. This derives from the aspect ratio being the
small paramter in the asymptotic analysis of the SIA.

Corrected.

P12L24 Again, read Kamb and Echelmeyer (1986) for some theoretic basis for how
to smooth for SIA applications.



Corrected. We now consistently use a smoothed surface-slope field
following Brinkerhoff and Johnson (2015).

P12L29 A clearer sentence might read ‘We apply a correction to the computed flux
in order to avoid negative thickness values’.

Corrected as suggested.

P13L2 Would it be possible to explain why these particular functions and parameters
were chosen?

The details of the flux correction is now presented in the Appendix. In
this way, the general reader is not interrupted by the technicalities of
this correction. The appendix now allows more space for explaining
the choice of the functional dependence and the parameter choice.
Paragraph was moved to the Appendix where more specifications are
given.

P13L4 ‘If no observations ...’ I don’t understand this sentence.

Reformulated the passage accordingly.

Formal error estimate There should be at least a mention of additional error induced
by using the SIA. This should include error in the surface gradient norm,
among other things.

Added not on these error sources.

P14L27 ‘to’−→ ‘too’.

Done.

P115L1 Maybe make a reference to L-curve analysis here.

No action undertaken. We refrained from a strict L-curve analysis
because it does neither give an objective criterion for parameter se-
lection. The analysis will not be straight forward as 5 multipliers have
to be considered.

P16L12 ‘geoemetry’ SIC.

Done.

P16L17 Maybe note that for a region bounded by two flowlines, flux is always at a
maximum at the ELA.

No correction necessary. We are not sure if this generally holds when
∂th , 0.

P16L24-26 Is it that the old routing is still dominant on the surface topography, or that
the velocity field and DEM aren’t contemporaneous?



Reformulated paragraph. The VIC surface geometry is from 2010
and our ice velocities from 2015-16 so both explanation hold. Yet
2008 velocities already show that both branches were active (Pohjola
et al., 2011). Therefore, the reason is that the old routing is still dom-
inantly imprinted on the topography.

P17L1 This line makes a strong case that δȧ = 0.2 everywhere might not be right.

We increased the input uncertainty δȧ.

Ice thickness and bedrock elevation at large Is it possible to extend the results of
your error analysis to integrated quantities like total sub-sea level area or
total volume? It would make these numbers considerably more interesting if
we could be sure that they represented a (statistically) significant departure
from previous estimates.

The interpretation of median error-estimates as upper constraints on
the aggregate mismatch can certainly be transferred to the ice vol-
ume and the area fraction below sea-level. Even if error estimates are
rather high, the previous estimate for ice grounded below sea-level on
VIC of 5% falls outside the maximum range of 6 - 23%. We also pro-
vide now maximum ranges for the mean ice thickness. These ranges
are given for both the first and second step in the reconstruction ap-
proach.

Added maximum ranges for the integrated quantities.

P22L26 ‘Therefore ...’ I don’t understand this sentence.

Removed sentence.

Figure 8 A gradient, rather than random colorbar would be useful here. Also, linear
axes would help to get a sense for the sizes of the error bars.

No action undertaken. In the presented way, colours are clearly dis-
tinguishable. ColorBrewer does not advice the usage of a sequential
or divergent (both gradual) colour map with 12 colours. Results clus-
ter and overlap using linear axes .

P24L4 ‘none’−→ ‘any’.

Done.

P25L23 Delete ‘anyhow’.

Done.

Ice thickness at large Much of this section focuses on the differences between the first
and second-step solution. Perhaps a figure showing the differences between
the two predicted thickness fields would help the reader get a sense of how
the differences are distributed?



We refrain from adding a difference plot because its interpretation is
not necessarily more evident than comparing absolute values.

No action undertaken.

Figure 9 The transparency method for delineating which areas were subject to the
second stage isn’t very clear. Maybe switch colormaps or just draw a line
around the areas that were updated. Error estimates at large If error estimates
go up when using the second stage, please convince me why the second stage
is useful. Perhaps a similar plot to Fig. 8 is in order, which would hopefully
show that including velocity observations reduces the actual mismatch for
withheld measurements.

Removed transparency and added median error-estimate/mismatch
plot similar to Fig. 8 (now Fig. 7).

P27L11 There’s no ‘might’ about it: ignoring sliding biases the result towards thicker
ice.

Adjusted as suggested.

P28L14 Perhaps consider reading Brinkerhoff (2016), which discusses this point in
somewhat more detail.

See above corrections.

P29L23 ‘mere’ −→ ‘a mere’.

Done.

P30L6 ‘tend to overestimate mismatch values’ when taken in aggregate, but not
necessarily individually.

Corrected by distinguishing between error estimates in terms of an
aggregate median value and for individual measurements.

P30L7 ‘Error estimates can here be considered upper and lower constraints of in-
ferred thickeness values’ −→ is this not the operational definition of error?
If we knew that error was the exact amount by which our estimates were off,
then we could just subtract it and get perfect results.

Removed sentence.

P33L17 ‘For glaciers ...’ this sentence is pretty awkward.

Removed sentence because it held self-evident content.

Figure A4 This might be better served by displaying a map of the difference in thickness
between the two experiments.

Not adjusted because zero thickness values are well visible in this
map. Difference plots showed no improvement.
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Interactive comment on “Application of a two-step approach for mapping ice
thickness to various glacier types on Svalbard” by Johannes Jakob Fürst et al.

F. Maussion (Referee #2)
fabien.maussion@uibk.ac.at
Received and published: 13 April 2017

First of all we want to thank the reviewer for constructive comments on our manuscript.
All comments have been taken into account and a list of answers and undertaken
actions is given below. Answers are indented and in italic type while a short sum-
marising reply is provided in italic, bold-face type.

General comments
In their manuscript, the authors present a new method to estimate the ice thickness
of glaciers and ice-caps. They rely on an established theoretical background, but
the paper presents innovative ways to deal with limited or inconsistent data input.
The study is solid, comprehensive, and I am confident that many readers will find
the paper useful for their research. I agree with most (if not all) of the issues raised
by D. Brinkerhoff, and there is no point in repeating them here. However, I will
modestly try to offer a different perspective, driven by my personal interests (large
scale glaciology and reproducible science).

Generalisation of the method to other glaciers/regions

The authors state two times (in the abstract and in the conclusion) that their method
has “data requirements which are comparable to other approaches that have already
been applied world-wide”. I have to disagree with this statement, which unneces-
sarily raises the readers expectations. To my knowledge, we are still far away from
a global dataset of surface mass-balance and ∂h/∂t. The most promising method
to estimate geodetic mass-balance (DEM differencing) is rarely applied to regions
larger than a catchment or mountain chain, and the global methods (GRACE, Ice-
sat) suffer from considerable drawbacks (coarse spatial resolution and high uncer-
tainties). Therefore, I suggest to remove this statement from the abstract. My
understanding of the study is that it presents a way to deal with uncertainties in the
boundary conditions and in the observations to which the model is tuned. Most
efforts, it seems, are spent into correcting ȧ to avoid singularities and in defining
a formal way to propagate observational uncertainties. In the end, I feel like the
paper would benefit from a more thorough discussion about the benefits and draw-
backs of their method for large scale experiments, i.e. without any observation
and/or without an observational dataset for ȧ.

We agree with the reviewer that reconstruction approaches that are applied
world-wide comprise an approximation for unknown input fields as SMB and



surface elevation changes. Such a parametersiation is indeed not presented
here. So, our approach is not directly transferable worldwide. We there-
fore rephrased sentences in the abstract and the conclusion. In this way, no
expectations on global applicability are raised. Therefore, a discussion on
benefits and drawbacks of the presented approach in terms of global appli-
cation become dispensable.

Corrected by rephrasing sentences in the abstract and conclusion.

Structure of the paper

Like D. Brinkerhoff, I notice that the paper could gain in readability. I am however
unsure how to proceed. One the one hand, I truly appreciate the authors thorough-
ness, and I am sure that the interested reader will find most of the information s/he
needs to reproduce the steps listed here. On the other hand, the paper is long and
sometimes difficult to follow. A change along the lines proposed by D. Brinker-
hoff will surely improve the papers readability, but I would refrain from cutting
too much text out of the paper: instead, move some details to the appendix or the
suppl. material. (take the paragraph about the slope angle threshold for example: a
specialist will probably be interested in this information, but a more general audi-
ence would rather skip these details).

We restructured the article according to the suggestions by reviewer #1. The
passage on surface slope averaging was removed as we no follow another
approach to determine flux directions. See answers to reviewer #1

Corrected by re-structuring the article.

Case study?

To test a new method, one should rely on the best possible data input for calibra-
tion/validation. When looking at the fields in Fig. 02 I cant really imagine that
this is the case in Svalbard. It is too late for this study, but in the future I would
suggest to look at more appropriate benchmark glaciers (right at our doorstep?),
where data denial experiments can be realised much more easily and with much
more confidence in the boundary conditions.

We understand the reviewers concern on the input data quality on Svalbard.
In ITMIX phase 2, we anticipate test glaciers for which reliable input fields
will be made available in the near future. Once available, the ITMIX setup
will certainly serve as a standardised benchmark for model validation.

No action undertaken.



Specific comments

P2, L2 “virtually complete coverage” none of the cited studies (apart maybe from
Paul et al, which is rather a methodological review paper) states that surface
elevation change products have reached complete coverage. This is related
to my general comment: the method presented in this paper is promising, but
still belongs to the demanding ones in terms of data availability.

The specific passage, the reviewer points at, was misleading as we
tried to condense to many aspects. We therefore reformulated the re-
spective sentences giving more details and trying to be more specific.

Corrected accordingly.

P2 L27 “apparent flux divergence” I also think that this new terminology makes
no sense. One can argue about whether apparent mass-balance is the best
term or not, but “apparent flux divergence” is definitely more confusing than
helping.

Reverted terminology back to ‘apparent mass balance’. For details
see answers to reviewer #1.

Corrected. We now use ‘apparent mass balance’.

Figure 5 Obviously, both the observations and the ice divides (zero flux locations) are
way too visible on the bedrock topography. This calls for a more constrained
tuning, either by changing the way B is allowed to vary or by changing the
way the model is dealing with small slopes?

The slope definition was changed in response to a comment from re-
viewer #1. This new definition will partially accommodate the slope
problem. We do not see a problem with having thickness measure-
ments imprinted in our reconstructed field. If these should be not
consistent or show too high spatial variability, data pre-selection or
a-priori homogenisation could be anticipated. We do not see the ne-
cessity for this here. We refrain from the suggestion to put limits on
the tuning parameter B, as it accommodates for uncertainties and dis-
crepancies in the input data as well as assumption in the approach.
Therefore limits are hard to derive and they are not necessarily en-
countered near the divide. The slope threshold is another adjustable
parameter but it is already chosen rather small as compared to other
reconstruction approaches.

Adjusted slope computation.



Figure 8 I understand the reason for using normalized values here, but from a volume
estimation perspective (e.g. sea level rise), other metrics are much more im-
portant: bias and absolute error (i.e. small relative errors for large thickness
values can be more relevant than large relative errors for small thickness val-
ues). Have you considered looking at absolute values, too?

This comment was very helpful because this figure changed often dur-
ing the writing process. In its final form, it was actually again possible
to present absolute values.

Corrected.

Editorial comments

P3 L15 dot is missing

Removed.

Fig. 02 intuitively, I associate blue values with positive mass-balance / surface change
and red with the opposite. Consider reversing your colortable.

Corrected by inverting colourmap.

All figures consider damping the topographical shading, which is currently very strong
without a clear added value.

Corrected by removing transparency from most figures. Only excep-
tion is the presentation of the second-step results.

All figures consider using another colormap. Rainbow (or “jet” in python) is now con-
sidered by many as being misleading (e.g. https://www.climate-lab-book.ac.uk/2014/end-
of-the-rainbow/ and many further refs online)

Corrected by changing rainbow colourbar to another colourbar pro-
vided by ColorBrewer2.0.
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Abstract. The basal topography is largely unknown beneath most glaciers and ice caps and many attempts have been made

to estimate a thickness field from other more accessible information at the surface. Here, we present a two-step reconstruc-

tion approach for ice thickness that solves mass conservation over single or several connected drainage basins. The approach

performs well for
::
is

::::::
applied

::
to

:
a variety of test geometries with abundant thickness measurements including marine- and land-

terminating glaciers as well as a 2400km2 ice cap on Svalbard. Input requirements
::
are

::::
kept

::
to
::
a
::::::::
minimum

:
for the first stepare5

comparable to other approaches that have already been applied world-wide. In the first .
::
In

::::
this step, a geometrically controlled,

non-local flux solution is converted into thickness values relying on the shallow ice approximation. In a second step, the thick-

ness reconstruction is improved along fast-flowing glacier trunks on the basis of velocity observations. In both steps , thickness

measurementsare assimilated as internal boundary conditions
:::
Both

:::::
steps

:::::::
account

:::
for

::::::::
available

::::::::
thickness

::::::::::::
measurements. Each

thickness field is presented together with a map of error estimates which stem from
::
an

:::::::::::
error-estimate

:::::
map

:::::
based

::
on

:
a for-10

mal propagation of input uncertainties. These
::::
error

:
estimates point out that the thickness field is least constrained near ice

divides or in other stagnant areas. The error-estimate map also highlights key regions for future thickness surveys as well as

a preference for across-flow acquisition. Withholding parts
::::::::::
Withholding

::
a
:::::
share of the thickness measurementsindicates that

error estimates show a tendency to overestimate actual mismatch values . For very sparse or non-existent thickness information,

our reconstruction approach indicates that we ,
:::::
error

::::::::
estimates

::::
tend

::
to

:::::::::::
overestimate

::::::::
mismatch

::::::
values

::
in

::
a

::::::
median

:::::
sense.

::::
We15

:::
also

:
have to accept an average

::::::::
aggregate uncertainty of at least 25% in the reconstructed thickness field

::
for

:::::::
glaciers

::::
with

::::
very

:::::
sparse

::
or

:::
no

::::::::::
observations. For Vestfonna,

:
a previous ice volume estimates have

::::::
estimate

:::::
based

:::
on

:::
the

::::
same

:::::::::::
measurement

::::::
record

::
as

::::
used

::::
here

:::
has to be corrected upward by 22%. We also find that a 12

::
13% area fraction of the ice cap are

:
is

:
in fact grounded

1



below sea-levelas compared to the previous .
::::
The

::::::
former

:
5% -estimate

::::::
estimate

:::::
from

:::
the

:::::
direct

::::::::::::
measurement

:::::::::::
interpolation

::::::
exceeds

:::
the

:::::::::
maximum

:::::
range

::
of

:
6
::
-
::::
23%

::
as

:::::::
inferred

::::
from

:::
the

::::
map

::
of

::::::::
thickness

:::::::::::::
error-estimates.

1 Introduction

For the 210’000 glaciers and ice caps that we find on this planet (Bishop et al., 2004), satellite remote sensing based on optical or

radar instruments has recently enabled us to measure changes in glacier extent and in surface elevation with virtually complete5

coverage (e.g. Zwally et al., 2011; Rankl et al., 2014; Paul et al., 2015; Zwally et al., 2015) . Yet
::::::
enables

:::
us

::
to

:::::::
monitor

::::::
glacier

::::::
surface

::::::::
geometry

::::::::::::::::::::::::::::::::::::::::
(e.g. Farr et al., 2007; Tachikawa et al., 2011) and

::::::
glacier

:::::
extent

::::::::
variations

:::::::::::::::::::::::::::::::::::
(e.g. Raup et al., 2007; Rankl et al., 2014) .

::::::
Recent

:::::
studies

:::::
have

:::::
shown

::::
that

::::::
surface

:::::::
elevation

:::::::
changes

:::
can

::
be

::::::::
produced

:::
on

:
a
:::::::
regional

::::
basis

:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
(e.g. Berthier et al., 2010; Zwally et al., 2011; Gardelle et al., 2013; Paul et al., 2015; Zwally et al., 2015; Rankl and Braun, 2016; Vijay and Braun, 2016) .

:::::::
However, for the large majority of these ice geometries, there is no information available on the thickness of the ice cover

(Gärtner-Roer et al., 2016)
::
on

:::
ice

::::::::
thickness

:::::::::::::::::::::::::::
(Gärtner-Roer et al., 2014, 2016) . Any attempt to predict the glacier demise under10

climatic warming and estimate the future contribution to sea-level rise (Radić and Hock, 2011; Radić et al., 2014; Marzeion

et al., 2012, 2014; Huss and Hock, 2015) is limited as long as the glacier thickness is not well known. Moreover, the ignorance

of the bed topography inhibits the applicability of ice-flow models, which could help to understand dominant processes con-

trolling the ice-front evolution of marine-terminating glaciers. This is because the basal topography exerts a major control on

the dynamic response of grounded ice (Schoof, 2007, 2010; Favier et al., 2014). A reason for further concern is that grounded15

parts of the Antarctica
::::::::
Antarctic Ice Sheet are assumed to respond to climatic warming primarily by outlet glacier acceleration

, as the floating ice-shelves thin (Paolo et al., 2015) and loose their buttressing ability (Fürst et al., 2016). As it is impractical to

measure ice thicknesses everywhere
::::::::
thickness

::
for

:::::
most

:::::::
glaciers, reconstruction approaches have been proposed that can infer

thickness fields from available geometric, climatic and ice-velocity information.

In terms of input requirements, reconstruction approaches always need information on the geometric setting. This nor-20

mally comprises the glacier outline and the surface topography. In the “Ice Thickness Models Intercomparison eXperiment”

(ITMIX; Farinotti et al., 2016), two types of reconstruction approaches rely exclusively on this geometric information. The

first type stems from a perfect plasticityassumption
::::::
assumes

::::::
perfect

::::::::
plasticity, relating ice thicknesses

:::::::
thickness

:
to a glacier-

specific yields
::::
yield

:
stress, which itself is inferred from the elevation range of the glacier (Linsbauer et al., 2012; Frey et al.,

2014; Carrivick et al., 2016). The second type assumes that characteristics of the ice-covered bed topography resemble the25

nearby ice-free landscape (Clarke et al., 2009). Under this premise, an artificial neural network is trained with digital ele-

vation models (DEM) of the surrounding area. Once sufficiently trained, this approach can efficiently compute glacier bed

topographies. Another reconstruction approach (Gantayat et al., 2014) uses additional information on surface velocities and

relies on the shallow ice approximation (SIA; Hutter, 1983; Morland, 1986). Under this assumption, surface velocities directly

translate into ice-thickness values dependent on glacier-surface slopes. Most of the participating approaches rely, however,30

on mass conservation. This implies that they need information on the difference between the actual surface mass balance

(SMB) and the contemporaneous surface elevation changes. This difference is often referred to as the “apparent mass balance”

(Farinotti et al., 2009b)
:::::::::::::::::::::::::
(AMB; Farinotti et al., 2009b) . A large subset of these approaches generates a generic apparent mass

2



balance field
::
the

::::::::::::::
mass-conserving

::::::::::
approaches

::::::
assume

::
a

::::::
generic

:::::
AMB

:
informed by the geographic location and the continen-

tal character of the prevailing climate assuming specific linear relations to the surface elevation below and above a preset

equilibrium line altitude (Farinotti et al., 2009a; Huss and Farinotti, 2012; Clarke et al., 2013). In addition, these approaches

rely on the SIA and require an input ice-discharge value for marine-terminating glaciers. As standard procedure, many of the

above approaches dissect glacier outlines into a number of centrelines along which the actual reconstruction is performed. Con-5

sequently, these approaches are computationally efficient but they require a final interpolation of the thickness values between

::::
these

:
centrelines. To avoid such an interpolation, computationally less favorable mass conservation approaches were adopted

that find a physical
::::
other

::::::::::::::::
mass-conservation

:::::::::
approaches

:::::::::
determine

:
a solution over entire glacier basins (Morlighem et al., 2011;

McNabb et al., 2012; Brinkerhoff et al., 2016)
:
at

:::
the

:::::::
expense

::
of

::::::::::::
computational

::::
costs. Two strategies are pursued for these recon-

struction types. For the one type, ice-flow models are applied in a pseudo-transient way such that the actual surface elevation10

remains close to observations optimising the bed topography (van Pelt et al., 2013). Dependent on the dynamic complexity,

these forward modelling approaches become very expensive in terms of computing resources. For the other type, ice ve-

locities are taken from observations and enter the mass conservation equation, which is then directly solved for ice thickness

(Morlighem et al., 2011; McNabb et al., 2012; Mosbeux et al., 2016). Thickness measurements are more or less well accounted

for in all of the above approaches. Overview map of the Svalbard archipelago showing ice coverage (blue shading). The two15

test sites (red shading and rectangles) are Vestfonna Ice Cap (VIC) on Nordaustlandet and the glacier complex comprising the

marine-terminating Austre Torell-, Hans-, Paierlbreen (THPB) and the land-terminating Werenskioldbreen (WSB) in Wedel

Jarlsberg Land. Background: grey-scale hill-shaded topography based on a 50m from the Norwegian Polar Institute (NPI).

From an observational perspective, operational and regular satellite imagery acquisition has become an indispensable and

continuously growing source of information. Therefore, automated procedures have been brought in place providing products20

such as glacier outlines (Bishop et al., 2004; Atwood et al., 2010; Nuth et al., 2013; Rankl et al., 2014; Paul et al., 2015), dig-

ital elevation models (ArcticDEM; ASTER GDEM2, Tachikawa et al. (2011); SRTM, Farr et al. (2007),TanDEM-X, Rankl and

Braun (2016)) and surface velocities (Joughin et al., 2010; Rignot et al., 2011; Rignot and Mouginot, 2012; Rosenau et al., 2015; Seehaus et al., 2015; Fahnestock et al., 2016; Seehaus et al., 2016) .

DEM differencing then allows to estimate surface elevation changes
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
(Joughin et al., 2010; Rignot et al., 2011; Rignot and Mouginot, 2012; Rankl et al., 2014; Rosenau et al., 2015; Seehaus et al., 2015; Fahnestock et al., 2016; Seehaus et al., 2016) .

::::::
Surface

::::::::
elevation

:::::::
changes

:::
can

::
be

:::::::
inferred

::::
from

:::::
DEM

::::::::::
differencing.

:
Much development effort is now put into reducing associated25

uncertainties in these measurements. Glacier outlines are accessible globally and regular updates can be generated with existing

methods. For DEMs and elevation changes, different data sources and methods exist
:::::::::::
uncertainties

:::::::::
associated

::::
with

::::::
signal

:::::::::
penetration

::::
and

:::
not

::::
well

::::::
known

:::
firn

:::::::::
properties

:::::::::::::::::::::::::::::::::::::::
(e.g. Gardelle et al., 2012; Berthier et al., 2016) . Depending on the missions,

the products
:::::::
mission,

:::::::
surface

:::::::
elevation

:::::::
changes

:
can be generated almost operationally for large areas . Surface velocities are

somewhat more challenging to infer, certainly where magnitudes are smallor
::::::::::::::::::::::::::::::::::::::
(Gardelle et al., 2013; Rankl and Braun, 2016) .30

:::::::::
Concerning

:::::::
surface

::::::::
velocities

:::::
from

::::::
remote

:::::::
sensing,

:
a
:::::

good
::::::::
coverage

::
is

::::::::::
challenging

::
in

:::::
areas

:::::
where

::::::::::::
displacements

:::
are

::::::
small,

where the glacier surface is featureless , such as in the accumulation area, or during periods of rapid changes in surface char-

acteristics(for instance when first melt or snowfall sets in). Consecutive image pairs can then de-correlate leaving gaps in

the measurements. In addition, measurement uncertainties become relatively more important where velocities are small. In

terms of mass conservation, spatial velocity gradients are required which are susceptible to small measurement uncertainties.35

3
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::::::::
Moreover,

:::::::::
associated

:::::::::::
uncertainties

::::::::
generally

:::::::
exceed

:::
10

::
m

::::
yr−1

::::::::::::::::::::::::::::::::::::::
(Seehaus et al., 2015; Schwaizer, 2016, e.g.) ,

:::::
which

::::::
limits

::
the

:::::::::
reliability

::
in

::::
slow

:::::::
moving

:::::
areas.

:
The SMB field is another prerequisite for mass conservation. It is not directly measur-

able by remote sensing techniques. Sparse SMB records can be used to determine elevation gradients that are then extrap-

olated according to a regional DEM (Farinotti et al., 2009b). Otherwise, SMB records are exploited to validate parametric

SMB approaches (Möller et al., 2016) or more physically-based , low-resolution regional climate models could be applied5

(Lang et al., 2015; Aas et al., 2016) .
:::::::::::::::::::::::::::::
(Lang et al., 2015; Aas et al., 2016) .

:::
For

:::::::::::
ice-thickness

::::::::::::
measurements,

::
a
:::::::::::
standardised,

::::::::::
open-access

:::::::
database

:::
has

:::::::
recently

:::::
been

::::::::
launched

:::::::::::::::::::::::::
(Gärtner-Roer et al., 2014) and

:::
its

:::::::
gradual

::::::
growth

:::::::
already

:::::::
justified

::
an

:::::::
updated

:::::::
release

::::::::::::::::::::::
(Gärtner-Roer et al., 2016) .

:::::::
Despite

:::
this

:::::::::::
international

:::::
effort,

:::::
many

::::::::
thickness

::::::::::::
measurements

::::
still

::::::
remain

::::::::::
unpublished.

:

In light of this continuously growing body of information, input fields for relatively complex thickness-reconstruction ap-

proaches are readily
::::::::
becoming

::::
more

:
available. In this regard, we present a two-step approach that provides, in the first step, a10

physically based thickness field over entire glacier basins, ice fields or ice caps with few input requirements (Sect. 2.3). In the

second step, velocity information is exploited to update and improve the thickness reconstruction in specific areas (Sect. 2.1).

A final interpolation of the basal topography is not required. For a set of three test geometries on Svalbard, the necessary input

data were gathered (Sect. 3) and thickness maps were inferred .
::
are

:::::::
inferred

:::::
(Sect.

:::
4).

:
A rich thickness record is available on

these test glaciers and serves to constrain both the ice-thickness distribution and the associated map of error estimates(Sect.15

4). .
:

2 Test geometries
::::::::
Methods

The two-step
:::
The

:
thickness reconstruction approach is tested on three ice geometries on Svalbard where an abundant record of

thickness observations was available (Fig. 1). These three test geometries comprise Vestfonna ice cap (VIC) on Nordaustlandet,

the glacier complex composed of the marine-terminating Austre Torellbreen, Hansbreen, Paierlbreen (THPB) in Wedel Jarlsberg20

Land and in the same region the land-terminating Werenskioldbreen (WSB). This choice allows an assessment of how the

approach performs under different glacier geometries. The reconstruction approach requires as input the glacier outline, the

surface geometry, the surface mass balance as well as surface elevation changes. Optionally, ice velocity information can be

used to improve the thickness reconstruction in a second step. Fjord bathymetry information and thickness measurements are

used to constrain the inferred thickness values.25

2.1 General characteristics

VIC is one of the two major ice caps on Nordaustlandet (Dowdeswell, 1986a) , being the largest in the Svalbard archipelago

(Fig. 1). According to the 2002-2010 glacier inventory, it covers an area of 2366 km2 with its summit area lying at 630m above

sea level (a.s.l.). Ice flow is channeled through several elongate outlet glaciers, which drain radially from a central crest and

export ice to the surrounding ocean (Fig. 2g). For the outlet glaciers on the south side of Vestfonna (Dowdeswell and Collin, 1990) ,30

ice front positions have retreated in the period 1984-2010 (Braun et al., 2011) after more variable terminus fluctuations in the

1970s (Dowdeswell, 1986b) . Despite the steady retreat for most outlet glaciers, Søre and especially Nordre Franklinbreen on
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the west side advanced notably. This re-advance coincided with a strong acceleration reaching far inland. Surface velocities

doubled and now exceed 100 m yr−1 over a large area (Pohjola et al., 2011) . Prior to the speed-up, most of the ice was

exported via the northern branch of Nordre Franklinbreen
::::
based

:::
on

:::::
mass

:::::::::::
conservation

::::
and

::::::
largely

:::::::::
originates

:::::
from

:::::
ideas

::::::::
presented

::
in

:::::::::::::::::::::
Morlighem et al. (2011) .

:::
We

:::::
opted

:::
for

:
a
::::::::

two-step
::::::::
approach

:::::::
because

::::::
surface

:::::::
velocity

::::::::::
information

:::::
from

:::::::
satellite

::::::
remote

::::::
sensing

:::::
often

::::
fails

::
to

:::::
cover

:::::
entire

::::::::
drainage

:::::
basin.

:::::::::
Therefore,

:::
the

:::::::::
first-step,

::::::::::
glacier-wide

::::::::
thickness

::::::::::::
reconstruction

::::
can5

::::::::
optionally

:::
be

:::::::
updated

::
in

::::
areas

::::::
where

:::::::
velocity

::::::::::::
measurements

:::
are

::::::::
available.

::
In

:::
the

::::
first

::::
step,

:::
an

:::
ice

::::
flux

::
is

::::::::
calculated

:::::
from

:::
the

::::::::
difference

:::::::
between

:::::
SMB

:::
and

:::::::
surface

:::::::
elevation

::::::::
changes.

:::
The

::::
flux

:::::::
solution

::
is

::::::::
translated

::::
into

:::::::
thickness

::::::
values

::::::::
assuming

:::
the

::::
SIA

::::::::::::
(Hutter, 1983) . In the meantime, ice velocities indicate that the southern branch is the more prolific export path (Fig. 2g).

The bi-modal pattern in ice dynamics is overprinted by cyclic surges with the last active phase observed in 1952 along

Søre Franklinbreen (Błaszczyk et al., 2009) . Surges are quasi-periodic cycles of an active phase, during which extremely10

fast flow can transfer an immense ice volume downglacier, followed by a quiescent phase during which the ice cover in

the accumulation area gradually regains its former height. Two other surge-type glaciers are known in the eastern part of

Vestfonna. Active phases were reported in 1939 and 1992 for Rijpbreen and during the period 1973-1980 for Bodleybreen

(Dowdeswell, 1986b; Błaszczyk et al., 2009) .
::::::
second

::::
step,

:::
the

:::::
mass

::::::::::
conservation

::::::::
equation

::
is

::::::
directly

::::::
solved

:::
for

:::
ice

::::::::
thickness

::
in

:
a
::::::::::
sub-domain

::::
with

::::::
reliable

:::::::
velocity

:::::::::::
information.15

Austre Torellbreen is a marine-terminating glacier in Wedel Jarlsberg Land, southern Spitsbergen (Fig. 2b). The glacier

drains into Skoddebukta on Hornsundbanken and spans altitudes from sea-level to about 900m a.s.l. The most elevated parts

of the accumulation area belong to Amundsenisen (above 700m a. s.l.) and are drained by Bøygisen and Løveisen. Before

reaching the ocean, Austre Torellbreen is further fed by Vrangpeisbreen from the south, which shares an ice divide with

Hansbreen. Hansbreen, in turn, has a dominant main branch receiving important lateral inflow from two prominent tributaries in20

the southwest, i.e. Deileggbreen and Tuvbreen (Grabiec et al., 2012) . The glacier shows a somewhat reduced elevation range of

only up to 500m a.s.l. Beyond the mountain range to the east lies Paierlbreen covering again the full elevation range. This glacier

also connects to Amundsenisen in the north via Nornebreen. Kvitungisen provides a large passage to Hansbreen in the west.

Lågberisen reaches up to the central divide areas of the glacier complex whereas Perlebreen joins further downstream from the

eastern side, just before the ocean is reached. Paierlbreen was not only classified as marine-terminating in the 2002-2010 glacier25

inventory but the glacier also exhibited surge behaviour in 1993-1999 Błaszczyk et al. (2009); Nuth et al. (2013) . During the

surge, the ice front position was, however, not much affected. The reason might be that the surge event was superimposed on the

well-documented retreat of all marine-terminating glaciers in the Hornsund area over the last century (Błaszczyk et al., 2013) .

Austre Torellbreen, Hansbreen and Paierlbreen cover areas of 141, 64 and 99 km2, respectively. West of the THPB complex

lies Werenskioldbreen (Ignatiuk et al., 2014) . It is land-terminating and somewhat smaller with 27 km2. It covers an elevation30

range from 40 to just above 700m a.s.l.

2.1
::::

Mass
:::::::::::
conservation

5



::::
Over

:::
the

:::
ice

::::::
covered

:::::::
domain

::
Ω,

:::
the

:::::::
material

::::::::::::::
incompressibility

:::
can

::
be

::::::
written

::
as

:::::::
follows

::::::::::::::::::::::::::::::::
(p. 333 in Cuffey and Paterson, 2010) .

∂H

∂t
+ ∇ · (uH) = ḃs + ḃb .

:::::::::::::::::::::::

(1)

::::
Here,

:::
∇

::
is

:::
the

::::::::::
divergence

:::::::
operator

:::
in

::::
two

::::::::::
dimensions,

:::
H

::
is

:::
the

:::
ice

:::::::::
thickness,

:::::::::::
u = (u1,u2)

::::
are

:::
the

:::::::::::::::::
vertically-averaged,

::::::::
horizontal

:::::::
velocity

::::::::::
components

:::
and

::::::
∂H/∂t

:::
are

::::::::
temporal

::::::
surface

::::::::
elevation

:::::::
changes.

::::::
Surface

::::
and

::::
basal

:::::
mass

::::::
balance

:::
are

:::::::
denoted5

::::
with

::
ḃs,:::
ḃb,

::::::::::
respectively.

::::
The

:::
flux

::::::::::
divergence

:::::::::::::
∇ ·F =∇ ·uH

::
is

::::::
a-priori

::::::::
unknown

::::
and

:::
we

::::::::
rearrange

::::::::::
accordingly.

∇ ·F = ȧ.
:::::::::

(2)

2.2 Glacier outlines

Glacier outline information is taken from the 2002-2010 glacier inventory described in Nuth et al. (2013) . As THPB is a

well-connected glacier complex, adjacent glacier boundaries were removed and joined into one single outline. WSB was not10

merged with the THPB complex because the shared ice divide is short and shallow (Kosibapasset has only ∼ 15m depth)

:::
All

:::::
source

::::
and

::::
sink

:::::
terms

:::
are

:::::::::
combined

::
in

:::
the

:
‘apparent mass balance’

::::::
(AMB)

::::
field

::::::::::::::::::
ȧ= ḃs + ḃb− ∂H/∂t.::::::::::

Throughout
::::
this

:::::::::
manuscript,

:::
we

::::::
assume

::::
that

:::
the

::::
basal

:::::
mass

::::::
balance

::
ḃb::

is
::::::::
negligible. VIC is treated as a single entity by merging all its individual

drainage basins. In this way, we avoid discontinuities in the anticipated thickness solution across ice ridges and divides.

2.2 Surface elevation
::::
First

:::::
step:

::::::::::
Flux-based

:::::::
solution15

Concerning the Svalbard surface elevation, we rely on a 50m digital elevation model (DEM) from the 1990s1 provided by the

Norwegian Polar Institute (NPI). This map was produced from areal photos using photogrammetry as well as from contour lines

in earlier elevation maps, which were digitised and interpolated. We refrained from using this DEM on VIC because it mainly

stems from contour-line information resulting in a characteristic wave pattern in the slope field. Therefore, we use a more recent

10m DEM inferred from 2010 radar data acquired by the TanDEM-X mission, operated by the German Aerospance Center20

(DLR; Krieger et al., 2013) . The DEM was processed from bi-static Synthetic Aperture Radar (SAR) data using a differential

interferometric approach (Seehaus et al., 2015; Rankl and Braun, 2016; Vijay and Braun, 2016, ; Saß et al., (in preparation)) .It

was referenced to sea level by means of ICESat (Schutz et al., 2005) .

2.3 Thickness measurements

For VIC, thickness measurements (Fig. 4a) were obtained from 60MHz airborne radio-echo sounding surveys between 198325

and 1986 (Dowdeswell et al., 1986) . Five flightlines run north-south across the ice cap and two from east to west. All profiles

follow centrelines of prominent outlet glaciers. Unfortunately, no bed reflector could be identified for a large portion of

these airborne data, including most of the ice-divide area. There only recently (2008-2009), ground-based pulsed radar data

1Norwegian Polar Institute (2014). Terrengmodell Svalbard (S0 Terrengmodell) Data set. Norwegian Polar Institute. doi:10.21334/npolar.2014.dce53a47
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were collected by (Pettersson et al., 2011) . Following Pettersson et al. (2011) , the early airborne measurements were adjusted

assuming a constant thinning rate of ∼ 0.16m yr−1 over the entire ice cap.30

In the Hornsund area, Hansbreen is well studied and an ice-core drilling team reached the bed at three locations already

in 1994 (Jania et al., 1996) . Between 2004 and 2013, ground-penetrating radar profiles were collected both on THPB and

WSB (Navarro et al., 2014) . These surveys provide a dense grid over most parts of these glaciers (Fig. 4b). For WSB, the

measurement error was analysed in depth even accounting for the often ignored positioning-related ice-thickness uncertainty

(Lapazaran et al., 2016) . Measurement errors fall into a range of 3.3 to 6.8 m with an average value of 4.5 m. The early

ice-core information was ignored for
::
In

:
a
::::

first
::::
step,

::::
the

::::
mass

:::::::::::
conservation

::::
(Eq.

::
2)

::
is
::::::
solved

:::
for

:::
the

:::
ice

::::
flux

::
F

:::::
(Sect.

::::::
2.0.1)5

::::
while

::::::::::
prescribing

:::
the

::::
flux

:::::::
direction

::::::
(Sect.

:::::
2.2.1).

::::
The

::::
flux

:::::::
solution

::
is

::::::::
translated

::::
into

:
a
:::::::::::
glacier-wide

::::::::
thickness

::::
field

::::::
relying

:::
on

::
the

::::
SIA

:::::
(Sect.

::::::
2.0.3).

::
In

:
a
:::
last

:::::
step,

::
the

:::::
error

::::::::
associated

::::
with

:
the thickness reconstruction here because it only gives information

at a few additional points and because it is not evident how the surface elevation has changed since the early 1990s
::
is

::::::::
estimated

:::::
(Sect.

:::::
2.0.4). Input fields to the ice thickness reconstruction for VIC (a,c,e,g) and THPB/WSB (b,d,f,h). Surface mass balance

(SMB) input (a,b) is provided by MAR as an average over the period 1979-2014 (Lang et al., 2015) . Elevations changes10

(c,d) are inferred from 2003-2007 ICESat profiles on VIC and from a 2008 SPOT-HRS DEM in southern Spitsbergen. From

this elevation information, we subtracted the 1990 from the Norwegian Polar Institute (NPI). For VIC, line information on

elevation changes along the ICESat tracks was linearly interpolated (c). The difference between SMB and surface elevation

changes (e,f) is referred to as the apparent mass balance. Surface velocity magnitudes (g,h) were inferred from 2015/2016

Sentinel-1 imagery. Background: grey-scale hill-shaded topography based on a NPI 50m .15

(continued)

2.3 Surface mass balance

For the SMB information, we rely on the regional climate model MAR (Modèle Atmopshérique Régional; Lang et al., 2015) .

MAR combines a hydrostatic model for the atmospheric circulation with a physically based model for snow-pack evolution.

The MAR-SMB simulations cover the entire archipelago (Fig. 2a,b)and were validated by Lang et al. (2015) against available20

climatic variables as well as SMB measurements from Pinglot et al. (1999, 2001) . Simulation were conducted on a regular

7.5km grid but a downscaled output was provided on 200m spacing using an interpolation strategy that distinguishes the various

SMB components (Franco et al., 2012) . The components are interpolated according to locally defined, vertical gradients. For

the reconstruction, the annual SMB record was averaged over 1979-2015.

To assess the sensitivity of the thickness reconstruction to the SMB input (Appendix C1), results from the Weather Research25

and Forecasting (WRF) model were considered (Aas et al., 2016) . The WRF-SMB field represents the period 2003-2013 and

has a 3km resolution. The field could not be downscaled as the above routines were not implemented by ourselves. Therefore,

the SMB sensitivity is only assessed on the large VIC geometry.

2.2.1
::::
Flux

::::::::
direction
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::::
With

:::::
prior

:::::::::
knowledge

::::
only

:::
on

::̇
a,

:::
the

::::::
single

:::::
mass

::::::::::
conservation

::::::::
equation

::
is
::::::::::
insufficient

::
to

:::::::::
determine

:::
the

::::
two

::::::::
unknown

::::
flux

::::::::::
components.

:::
To

::::
close

:::
the

:::::::
system,

:::
ice

:::
flux

::
is

::::::::
separated

::::
into

::
its

:::::::::
magnitude

::
F

::::
and

::
its

::::::::
direction

:::::
vector

::
r.

:
5

F = F · r.
:::::::::

(3)

2.3 Surface elevation changes

Over VIC, 2003-2007 elevation changes (Fig. 2c) were inferred from laser altimetry measurements with the Ice, Cloud, and

Land Elevation Satellite (ICESat). ICESat measurements were referenced to the 1990 20m NPI DEM1 (Moholdt et al., 2010) .

The laser altimetry system has a footprint of 70m diameter with 170m along-track spacing. Across-track spacing is irregular10

and much larger with several kilometres. A Natural-Neighbour Sibsonian interpolation2 (Fan et al., 2005) is used to estimate

elevations changes in between these scattered ICESat measurements.
:::
The

:::::::
direction

::
is

:::::::
specified

:::::::::
following

::::::::::::::::::::::::::::
Brinkerhoff and Johnson (2015) as

::
the

:::::::
solution

::
to
:

τs = ∇
[
(l ·H)2∇ · τs

]
+ τd

:::::::::::::::::::::::
(4)

::::
Here,

:::
τs ::

is
:
a
::::::::
smoothed

:::::::
version

::
of

:::
the

::::::
driving

:::::
stress

::::::::::::::::
τd = (ρg) ·H · ∇h.

:::::
Other

:::::::::
parameters

:::::::
needing

:::::::::::
specification

::::::
include

:::
the

:::
ice15

::::::
density

::::::::::::::
ρ= 917kg m−3,

:::
the

::::::::::
gravitational

::::::::::
acceleration

:::::::::::::
g = 9.18m s−2

::::
and

:::
the

::::::
surface

::::::::
elevation

::
h.

:::
The

::::
flux

::::::::
direction

:::::
vector

::
r

:
is
:::::::::
computed

::
by

::::::::::
normalising

:::
τs.

::::::
Along

:::
the

:::::
lateral

::::::
glacier

::::::
margin

::
Γ,

:::
the

:::::::::
following

::::::::
boundary

::::::::
condition

::
is

:::
set:

(∇ · τs) ·nΓ = 0.
::::::::::::::

(5)

For Wedel Jarlsberg Land, elevation changes were calculated by differencing the NPI 20m DEM1 from 1990 with a 40m

DEM inferred from 2008 imagery acquired by the high resolution stereoscopic (HRS) sensor on-board SPOT 5 (Korona et al., 2009) .20

The DEMs were first co-registered (Nuth and Kääb, 2011) before subsequent differencing and resampling to 100m (Fig. 2d).

::::
Here,

::::
nΓ ::

is
:::::::::::
perpendicular

:::
to

::
Γ.

::::
The

:::::::
solution

::
to

::::
Eq.

:::
(4)

::
is

:::::::::
equivalent

::
to

::
an

:::::::::
averaging

::
of

:::
the

:::::::
driving

:::::
stress

:::::
using

::
a

:::::::
variable

:::::
length

:::::
scale

:::::
(lH).

:::::
This

::::::
scaling

::::::
stems

::::
from

::::::::::
theoretical

:::::
work

::
on

::::
the

::::::::
influence

:::
of

::::::::::
longitudinal

:::::
stress

:::::::::
gradients

::
on

:::::::
glacier

::::
flow

::::::::::::::::::::::::::
(Kamb and Echelmeyer, 1986) .

:::::
These

::::::
stress

::::::::
gradients

:::
are

::::::::::
comparable

::
to
::::::::::

membrane
:::::::
stresses

::
in

::::
thin

:::::
body

:::::::::
mechanics

::::::::::::::::
(Hindmarsh, 2006) .

:::::::::
Membrane

:::::::
stresses

:::
can

::::::::
instantly

:::::::
transmit

:::::::::::
perturbations

::::::::
upglacier

:::
but

:::
this

:::::::::::
transmission

:::
was

::::::
shown

::
to

::
be

::
a25

::::::::
secondary

:::::
factor

::
in

:::::
terms

::
of

:::::::::
centennial

:::::::
ice-sheet

:::::::
volume

::::::::
evolution

::::::::::::::::
(Fürst et al., 2013) .

::::
The

::::::::
associated

::::::
scaling

::::::
length

::
is

::::::
usually

::::::::
expressed

::
as

:
a
:::::::
multiple

::
l
::
of

:::
the

::
ice

::::::::
thickness

:::
H .

:::
For

::::::
l = 10,

:::
we

::::
find

:::
that

:::::::
resultant

::::
flux

::::::::::
streamlines

::
are

:::::::::::::
inappropriately

::::::::
averaged

:::
over

::::::::
adjacent

:::::::
branches

::
of

::
a

:::::
single

:::::
valley

::::::
glacier.

::::
For

::::
l = 1

::::::::
however,

:::
the

::::::
routing

::::::::
remained

::::::
locally

::::::
defined.

:::
We

::::::::
therefore

:::::::
decided

::
to

::::::::
prescribe

:::::
l = 3,

::
in

:::::::::
agreement

::::
with

::::
the

:::::::::
suggestion

:::
by

::::::::::::::::::::::::::
Kamb and Echelmeyer (1986) ,

::::
who

:::::::
expected

::::::::
coupling

:::::::
lengths

:::
for

:::::
valley

:::::::
glaciers

:::::::
between

::::
l = 1

::::
and

:::::
l = 3.30

2.3 Surface velocities

2source code available at
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Using satellite imagery acquired between January 2015 and September 2016 by the C-band Synthetic Aperture Radar (SAR)

onboard Sentinel-1, we apply intensity offset tracking to consecutive image pairs (Strozzi et al., 2002; Seehaus et al., 2016) .

The time series of displacement fields is first filtered for obvious outliers within a certain kernel area in terms of the prevailing

flow direction and magnitude (Seehaus et al., 2016) . Then, fields are stacked using median-averaging to obtain maximum

coverage and to reduce effects from short-term or seasonal fluctuations (Fig. 2g, h). Velocity maps are provided at 100m5

resolution. The uncertainty associated to the inferred velocity maps is estimated on 70 stable reference areas without ice cover.

We find an average uncertainty of 19 m yr−1, which is comparable to independent uncertainty estimates for merged Sentinel-1

imagery with minimum values of ∼ 17m yr−1 (Schwaizer, 2016) .

2.3 Fjord bathymetries

Information on the fjord bathymetry is used to further constrain the thickness reconstruction at marine ice fronts. The new10

International Bathymetric Chart of the Arctic Ocean holds a wealth of new measurements around the Svalbard archipelago

(Jakobsson et al., 2012) . It comprises several recent multibeam surveys that entered deep into some major fjords and collected

high-resolution seafloor information (Ottesen et al., 2007) . Around the archipelago, the new IBCAO map is provided at high

spatial resolution of 500m. To some extent, this fine spacing is possible because of high-resolution input data from the Olex

seabed mapping system.15

3 Methods

The thickness reconstruction approach is ultimately based on mass conservation and largely stems from ideas presented in

Morlighem et al. (2011) . We opted for a two-step approach because surface velocity information from satellite remote sensing

often fails to cover an entire glacier basin. The two-step approach, first provides a thickness field over the entire glacier surface

which can be updated in areas where reliable velocity information is available. In the first step, a balance flux is calculated from20

the difference between SMB and surface elevation changes, i. e. the apparent mass balance. Relying on the SIA (Hutter, 1983) ,

the local
:::
By

::::::::::
construction,

:::
the

:
ice thickness is calculated from the resultant ice-flux field and the surface topography. In a second

step, the mass conservation equation is directly solved for ice thickness in a sub-domain where reliable velocity information is

available. The first step thickness field then serves as lateral boundary condition.

2.1 Mass conservation25

Assuming that ice is an incompressible material, the 3D velocity field v is free of divergent or convergent flow. Any divergence

in the vertically-averaged, horizontal velocity componentsu = (u1,u2) translates directly into thickening or thinning. Accounting

for the kinematics of the upper and lower boundary surfaces (p. 333 in Cuffey and Paterson, 2010) , incompressibility can be

rewritten as follows.

∂H

∂t
+ ∇(uH) = ḃs + ḃb

9



Here, Ω is the 2D ice-covered domain. The flux divergence term is a-priori unknown and we rearrange accordingly.

∇F = ȧ

Here, ∇ is the divergence operator in two dimensions, H is the ice thickness and F = uH is the horizontal ice-flux vector.

Sources and sinks in the flux divergence arise from the surface ḃs and bottom mass balance ḃb, as well as from surface elevation5

changes ∂H/∂t over time. We avoid the terminology of apparent mass balance for the combined effect of all source and sink

terms ȧ= ḃs + ḃb− ∂H/∂t and rather refer to it as apparent mass balance (Fig. 2e, f). Except for glacier geometries that are in

equilibrium with the climatic conditions (∂H/∂t= 0), ȧ is not directly associated with the mass balance neither for a glacier

as a whole nor at the surface. Throughout this manuscript, we assume that the basal mass balance ḃb is negligible as compared

with the other terms in the apparent mass balance
:
a

:::::
priori

::::::::
unknown

:::
and

:::
so

::
is

:::
the

:::::::
coupling

::::::
length

:::::
scale

:::::
(lH).

:::::::::
Therefore,

:::
we10

::::::
initially

:::::::
assume

:::::::
H = 100

::
m

::
to

::::::::
compute

:
a
:::
first

::::
flux

::::::::
direction

:::
field

:::
r.

:::::
Then,

:
a
:::
first

::::::::
estimate

:
is
::::::::
available

:::
for

:::
the

:::::::
thickness

::::
field

::::
and

:::
flux

:::::::::
directions

::
are

:::::::
updated

:::::::::::
accordingly.

:::::::::
Thereafter,

::::::::
directions

:::
are

::::
kept

:::::
fixed

:::::
during

:::
the

:::::::::::
optimisation

:::::
(Sect.

::::::
2.0.2).

:::
The

:::::::
reasons

::
for

::::::
fixing

:::
the

:::::::
direction

::::
are

::
to

::::
limit

:::
the

:::::::
degrees

::
of

::::::::
freedom

:::::
during

::::
the

::::::::::
optimisation

::::
and

:::::::
because

:::
the

:::::::
first-step

:::::::::
thickness

::::
field

::::::
already

:::::::
captures

:::
the

::::::
general

:::::::::
magnitude

::
of
:::
the

:::::::::::
observations

::::::
giving

:
a
:::::::::
reasonable

:::::::::
(lH)-field.

2.1 First step: Flux-based solution15

In a first step, the mass conservation is solved for the ice flux (Eq. 2), which itself is assumed to follow the steepest descent in

the surface topography.

F̃ = F̃ · n

Here, n is the normalised negative surface slope vector. Along all land-terminating segments of the glacier outline, we

impose a zero-flux condition. A free boundary condition is chosen across marine ice fronts, providing an ice-discharge estimate20

consistent with the apparent mass balance. Inflow boundaries are avoided because a Dirichlet condition on the ice flux would

become necessary there. To solve Eq.

2.0.1
::::
Flux

::::::::::
magnitude

::
To

:::::::::
determine

:::
the

:::
flux

:::::::::
magnitude

:::
F

::::::::
according

::
to

::::
Eqs. (2)

:::
and

:::
(3), we use the Elmer finite-element software developed at the

Center for Science in Finland (CSC-IT, http://www.csc.fi/elmer/) and more specifically the mass conservation solver imple-25

mented in its glaciological extension Elmer/Ice (Gagliardini and Zwinger, 2008; Gillet-Chaulet et al. , 2012; Gagliardini et

al., 2013).
::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
(Gagliardini and Zwinger, 2008; Gillet-Chaulet et al., 2012; Gagliardini et al., 2013) .

:
For the discretisation of the

problem, we select the stabilised streamline upwind Petrov-Galerkin (SUPG) scheme (Brooks and Hughes, 1982).

The assumption that the ice-flux points into the opposite direction of surface gradients has important consequences for the

solution to Eq. (2). The flux solution becomes highly dependent on the surface elevation information. Independent of the quality30

or the resolution of the input DEM, singular source or sink points are introduced over the entire glacier domain where the DEM

shows local minima or maxima. At these locations, flowlines have to either start or end resulting in a highly partitioned and

10
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erratic flux field. Even a topography smoothing using various kernel sizes could not suppress this effect. Searching for an

effective way to avoid such singular points, we decided to first extract surface elevation contours each 50m intervals. This

contour information is then interpolated and gridded using a Natural Neighbours Sibsonian interpolation (Fan et al., 2005) .5

This decision largely guarantees that the flux solution changes gradually and is free of most singular points.

In areas near the ice divide or near
:::::
Along

:::
all

::::::::::::::
land-terminating

:::::::::
segments

::
of

:::
the

::::::
glacier

:::::::
outline,

:::
we

:::::::
impose

::
a
::::::::
zero-flux

::::::::
condition.

::
A

::::
free

::::::::
boundary

::::::::
condition

::
is

::::::
chosen

::::::
across marine ice fronts, surface slopes can locally become very small. As a

consequence, the ice-flux solution can diverge. Therefore, we decided to introduce a slope threshold α0 of 1◦. If this value

is not reached, the normalisation of the slope vector uses this threshold. The chosen threshold value is small as compared to10

the two-fold values chosen in the original thickness reconstruction approach by Farinotti et al. (2009b) . Both their thresholds

lie higher at 5◦ and 20◦. For VIC, THPB and WSB, the DEM surface slopes do not reach the 5◦-threshold over most of the

respective glaciated area (97.2, 86.3 and 53.1%, respectively).The 1◦-threshold slope implies that this fraction reduces to 18.7,

4.8 and 0.1% of their respective surfaces and that this area disintegrates into many small patches distributed over the domain.

Where the slope magnitude falls below the α0-threshold, the ice-flux direction is taken from the spatial gradient in the input15

SMB. The choice for a smaller threshold value, here, is in agreement with a thickness reconstruction on the Patagonian ice

fields (Carrivick et al., 2016) , for which a value of 1.7◦ was applied
::::::::
providing

::
an

:::::::::::
ice-discharge

::::::::
estimate

::::::::
consistent

:::::
with

:::
the

:::::
AMB.

::::::
Inflow

:::::::::
boundaries

:::
did

:::
not

:::::
occur

::
in

:::
our

::::::
setup.

:::::
These

:::::
would

::::::
require

::::::::
Dirichlet

:::::::::
conditions

::
on

:::
the

:::
ice

::::
flux.

2.0.2 Cost function and single-variate optimisation

The direct flux solution to all input fields often shows wide-spread negative values and high spatial variability. Therefore, we20

chose to iteratively update the apparent mass balance
::::::::
AMB-field

:
ȧ, as control variable, such that undesired characteristics in

the flux field are reduced. We anticipate that the ice-flux direction
:::
flux

:::::::::
magnitude

::
F

:
is positive and that it is smooth. For the

purpose of the iterative optimisation, we introduce the following cost function J.

J = λpos ·
∫
Ω

F 2

F∫
−∞

δ(s)ds·
:
H
[
−F
:::

]
dΩ + λreg ·

∫
Ω

(
∂F

∂x

)2

+

(
∂F

∂y

)2

dΩ + λȧ ·
∫
Ω

(
ȧ− ȧinit)2 dΩ (6)

Here, δ(s) is the Dirac delta functionwith
::::
H[s]

::
is

:::
the

::::::::
Heaviside

::::::::
function,

:::::
being

::::
zero

:::
for

:::::::
negative

:::
and

::::
one

:::
for

:::::::
positive s ∈ IR.25

The first term is
:::
thus

:
zero for positive flux values but penalises negative flux solutions. The second term is a regularisation

:
,

which favours smooth flux solutions. The last term increases the more the iteratively updated apparent mass balance
::::
adds

:::
up

:::::::::
differences

:::::::
between

:::
the

::::::::
iteratively

:::::::
updated

:̇
a deviates from

:::
and

:
the initial input

:::
ȧinit. The cost J should primarily be considered

as a function of ȧ. As the control variable
:::::
AMB

:
is iteratively updated, the cost should decrease. Good performance was

achieved with the following multiplier choice:
:::::::::
Multipliers

::::::
values

:::
are λpos = 102, λreg = 100

:::::::::
λreg = 101 and λȧ = 10−2. The

parameter
::
For

::::::
WSB,

:::
we

:::::
chose

:::::::::
λreg = 100

::
to

::::::::::
compensate

:::
for

::::::::
resolution

::::::::::
differences.

::::
The

::::::::
multiplier

:
choice aimed at a balance

between improving the smoothness of the flux field and reducing areas with negative flux values by adapting λpos and λreg. The

solution showed not much sensitivity to changes in λȧ.
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For the optimisation of the cost function, we rely on the “m1qn3” module (Gilbert and Lemaréchal, 1989) that can solve5

large-scale unconstrained minimisation problems. It requires first derivatives of the cost with respect to the single control

variables ȧ. For a precise calculation of these derivatives, we rely on the adjoint system associated to
::::
with

:
Eq. 2

::
(2). The

stopping criterion for the iterative optimisation is non-dimensional at 10−14 and computed as a ratio between the current and

the initial norm of the cost derivatives.

2.0.3 Inferring ice thickness10

Once a flux field is determined over the glacier domain, the ice thickness is inferred in a post-processing step. Having assumed

that the ice flux follows the surface topography, a natural choice for relating it to ice thickness is the SIA (Hutter, 1983) . This

ice-dynamic approximation
:::
Flux

::::::
values

:::
are

::::::
locally

::::::::
translated

::::
into

:::::::
thickness

::::::
values

::::::::
assuming

:::
the

::::
SIA

:::::::::::::
(Hutter, 1983) .

F ? =
2

n + 2
B−n (ρg)

n ‖∇h‖n · Hn+2

:::::::::::::::::::::::::::::::

(7)

::::
Here,

:::
the

::::
flow

::::
law

:::::::
exponent

::
is
:::::
n= 3

::::
and

:::
the

:::::::::
superscript

:

?
:::::::
denotes

:
a
::::
flux

::::::::
correction

::::
(see

:::::
below

::::
and

::::::::
Appendix

::::
C3).

::::
Note

::::
that15

::
in

:::
this

::::
way,

:::
the

::::::::
first-step

::::::::::::
reconstruction

:::::::
neglects

::::::
effects

::::
from

:::::
basal

:::::::
sliding,

:::::
which

:::::
limits

:::
its

::::::::::
applicability

:::
to

::::
areas

::
of
:::::

slow
:::
ice

::::
flow.

:::
The

::::
SIA

:
is typically applied to geometries with large

::::
small

:
aspect ratios (horizontal vs. vertical scales). It implies that the

ice-flux magnitude is given by the local geometry.

F ? =
2

n+ 2
B−n (ρg)

n ‖∇h‖n · Hn+2

Other parameters needing specification include the ice density ρ= 917kg m−3,
::::::
vertical

:::
vs.

:::::::::
horizontal

::::::
scales),

::::::
which

::
is

:::
not20

:::::::::
necessarily

:::
the

::::
case

:::
for

:::
our

::::
test

::::::::::
geometries.

::::::::::
Accounting

:::
for

:::
the

::::::::
influence

::
of

:::::::::
membrane

:::::::
stresses

:::
on

:::
ice

::::
flow,

:::
we

:::::::
correct

:::
the

::::
local

::::::
surface

:::::
slope

:::::::::
magnitude

::::::
‖∇h‖

::::::::
informed

:::
by

:::
the

::::::::
smoothed

:::::::
driving

:::::
stress

::
τs::::

(Eq.
:::

4),
::::::::
assuming

::::::::::::::::::::
‖τs‖= (ρg)H · ‖∇h‖.

::
In

:::::
areas

::::
near

:::
the

:::
ice

:::::::
divide,

::::::
surface

::::::
slopes

::::
can

::::::
locally

:::::::
become

:::::
very

:::::
small

::::
and

::::::::
thickness

::::::
values

:::::::
diverge.

::::::::::
Therefore,

:::
we

::::::
decided

::
to
:::::::

impose
::
a

::::
slope

:::::::::
threshold

:::::::
α0 = 1◦

::
as

::
a
:::::
lower

::::
limit

:::
on

::::
∇h.

::::
The

:::::::
chosen

::::::::
threshold

::
is

:::::
small

::
as

:::::::::
compared

::
to

:::::
other

:::::::::::
reconstruction

:::::::::::
approaches.

:::
For

::
a

::::::
similar

::::::::::::
reconstruction

::::::::
approach,

::::::::::
combining

::::
mass

:::::::::::
conservation

::::
with

::::
the

:::
SIA

::::::
along

::::::
glacier25

::::::::
flowlines,

:::::::::::::::::::::::
Farinotti et al. (2009b) apply

:
a
:::
5◦

::::
limit.

:::::::::
Assuming

::::::
perfect

::::::::
plasticity

:
to
:::::
infer

:::::
glacier

::::::::
thickness

::
in

:::::::::
Patagonia,

:::::::::::::::::::::
Carrivick et al. (2016) set

:
a
:::::
lower

::::
limit

:::
of

::::
1.7◦.

:::::
Even

::::::
though

:::
our

::::::
choice

:::
for

:::
α0 ::

is
::::::::
somewhat

::::::
lower,

:::
the

::::
limit

::
is

::::
still

::::::
applied

::::
over

::
a

::::
17%

::::
area

::::::
fraction

:::
of

the gravitational acceleration g = 9.18m s−2 and the flow law exponent n= 3.In this way, the ice thickness becomes highly

dependent on gradients in surface elevation ∇h. Note that this assumption implies zero basal sliding and thus limits the

applicability to areas of slow ice flow. This constraint will be reduced during the second step of this reconstruction (Sect. 2.1),30

which is informed by ice velocity measurements.
::::::
ice-cap

:::
test

:::::::::
geometry.

:::
For

:::
the

:::
1.7

::::
and

::
5◦

::::::
limits,

:::
this

::::
area

:::::::
fraction

::::::::
increases

::
to

::::
46%

:::
and

:::::
94%,

::::::::::
respectively.

:

The ice-viscosity parameter B is a-priori unknown. Yet,
:
where thickness measurements are available, B can be computed

from Eq. (7). Thereafter, the scattered information on the ice-viscosity parameter B , at the thickness measurement locations,

is interpolated over the entire glacier domain. To avoid unreliable extrapolation effects, we prescribe a mean value for the35
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viscosity parameter B
::::
value

:::::
from

:::
all

::::::::::::
measurements around the lateral domain margin. Per domain, the mean value is the

average viscosity inferred at all measurement locations. If no thickness measurements had been
::::
were

:
available, an a-priori

choice of the viscosity parameter would have been
::
B

:
is
:
required.

Here, surface slopes are computed from a somewhat smoothed variant of the DEM. First, the original topographic map on

50m resolution (12 m for VIC) is downsampled to 100m (500m for VIC and THPB). Thereafter, a least-square difference5

parabola is fitted to each point, considering neighbouring DEM points within 300m (1500m for THPB and VIC). Local slopes

are then calculated from the parabolic fit. This smoothing is an attempt to account for the SIA assumption on small aspect

ratios.

In
:::
We

:::::
apply

::
a
:::::::::
correction

::
to

:::
the

:::::::::
computed

::::
flux

::::::
before

:::::::::
computing

:::
the

:::
ice

::::::::
thickness

:::::
from

:
Eq. (7), the flux solution does

not enter directly but is corrected to avoid negative thickness values
:
.
::::::
Details

::
of

::::
this

:::
flux

:::::::::
correction

::::
and

:::
the

::::::::
sensitivity

:::
of

:::
the10

:::::
results

:::
are

:::::
given

::
in
:::::::::

Appendix
:::
C3. The reason is that despite the cost term on negative ice flux

:::::
(Sect.

:::::
2.0.2), negative values

persist in some small areas. On VIC and THPB, the area fraction with negative ice flux is 0.5 and 1.7%, respectively. On

WSB however, the flux solution over the main branch is generally very small and shows many zero transitions. Consequently,

the area-fraction is higher at 4.4% . The reason is that the apparent mass balance shows no dominant source area in the

upper glacierranges. The zero
:::::
prevail

::
in
:::::::

limited
:::::
areas,

:::::
which

::::::::
transmit

:::
into

:::
the

:::::::::
thickness

::::
field.

::::::
When

:::
the

::::
input

::̇
a
::::::
shows

::::
only15

:::
few

::::::
source

:::::
areas

::::
with

:::
net

::::::::::::
accumulation,

:::
ice

::::
flux

:::::::
remains

:::::
small

:::
and

:::::::
negative

::::::
values

:::::
were

:::::
found

::::
over

:::
as

:::::
much

::
as

:::
5%

:::
of

:::
the

::::
only

::::::::::::::
land-terminating

:::
test

:::::::
glacier.

::::
Zero

:
transitions in the flux solution would directly transmit into the ice thickness field.

To avoid these oscillations
::::::
prevent

::::
such

::::::::
spurious

::::::::
variations, we correct the flux as follows: F ? = (1−κ) · ‖F‖+κ ·Fcrit with

κ= 1− 2/π · atan(F 2/F 2
crit).Fcrit is equal 10% of the average flux magnitude over the domain. Along the lateral land-terminating

domain margin, we keep F = F ? = 0. In the case of abundant thickness measurements, the effect of this flux correction on20

the inferred thickness is compensated by the ice-viscosity choice
:::::::
solution

::::::::
according

:::
to

:::
Eq.

:::::
(C1),

::::::
which

:::::::::
guarantees

:::::::
positive

::::::
values.

::
In

::::
areas

::
of

:::::
more

::::::::::
pronounced

:::
ice

::::
flux,

:::::
where

:::
the

:::::::::
correction

:
is
::
a

:::::
priori

:::
not

::::::::
necessary,

:::
its

::::
effect

::
is
:::::::::
inherently

:::::::::::
compensated

::
by

:::::::
adapting

:::
the

::::::::
viscosity

:::::::::
parameter

::
B

:::::
where

::::::::
thickness

::::::::::::
measurements

:::::
were

::::::::
collected. If no observations are availableand for

F > Fcrit, the functional dependence implies that the reduction effect on the inferred thickness field remains below
::::::::
thickness

:::::::::::
measurements

:::
are

:::::::::
available,

::::::
inferred

::::::::
thickness

::::::
values

:::
are

:::::::
reduced

::
by

::
at

:::::
most 2% as compared to the uncorrected case. Where25

the ice flux exceed the domain average (10 ·Fcrit), the effect on the ice thickness falls below 0.15%. Below Fcrit, thickness values

are effectively increased. The sensitivity of the results to this flux correction is assessed in Appendix C3.
:::
for

::::::::::
pronounced

:::
ice

::::
flow.

2.0.4 Formal error estimate

Together with the thickness map, we want to present a formal error map. For this purpose, the uncertainty on the input fields, i.e.

the SMB and ∂H/∂t, are propagated in two steps. Uncertainties are first transmitted through the mass conservation equation

(Eq. 2) and the resulting estimate of the flux error is then scaled by a SIA flux-thickness conversion (Eq. 7). For the first step,

we follow the ideas presented in Morlighem et al. (2014), who assume that the inaccurate flux field F + δF also satisfies mass
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conservation.5

∇ [(F + δF ) · (n+ δn)] = ȧ + δȧ (8)

Here,
::
δȧ

::
is

::
the

::::::::::
uncertainty

::
of

:::
the

:::::
AMB

:::
and

:
δn is the error on the prescribed flux direction. Neglecting second order terms and

accounting for the fact that F satisfies Eq. (2), the flux error is a solution of:

∇
[
nδF 1

]
= ‖δȧ −∇ [Fδn]‖ (9)

:::::
Along

:::
the

::::::::::::::
land-terminating

::::::
domain

:::::::
margin,

:::
we

::::::
assume

::::
zero

::::
flux

:::
and

:::
the

::::::::
thickness

:::::
error

:::::::
estimate

::::::::
implicitly

::::::::
becomes

::::
zero.

:
At10

the thickness measurement locations, we assume that the ice flux is known with a precision that is equivalent to the uncertainty

in the thickness measurements δHobs. For this purpose, the above reported 5m
:::
The

:
thickness-measurement uncertainty is trans-

lated into a flux-equivalent value using Eq. (7) without correction
:::
the

:::
flux

:::::::::
correction,

::::
thus

:
F ? = F . Along the land-terminating

domain margin, we assume zero flux and the thickness error estimate implicitly becomes zero.Despite
::::
The

:::::::
solution

::
to

:::
Eq.

:::
(9)

:::::
shows

::
a

:::::::
sawtooth

:::::::
pattern

:::::
along

:::
the

:::
ice

::::
flow,

:::
as

::::
error

::::::::
estimates

::::::::
increase

::::::::::
downglacier

::::
until

:::::::
another

:::::::::::
measurement

::
is
::::::::

reached.15

:::::
There

:::
the

::::
value

:::::
drops

:::
to

:
a
:::::
small

:::::::::
magnitude

:::
and

:::::
starts

:::::
again

::
to

:::::::
increase.

::::
We

:::::::
however

::::::
expect

:::
that

::::::::::::
measurements

::::
also

::::::::
constrain

::
the

:::
ice

::::::::
thickness

:::::::::
upglacier.

:::::::::
Therefore,

:::
we

::::::
assume

::::
that

:::
the

:::::::::
uncertainty

::::
can

::::
also

:::::::
decrease

::
at

:
a
::::::

certain
::::

rate
:::::
along

:::
the

:::::
flow.

::::
This

::::::
generic

:::::::
decrease

::::
rate

::
is

:::
not

::::::
known

:::
but

::
we

:::::::
assume

:::
the

::::
same

:::::::::
magnitude

::
as

:::
for

:::
the

:::::
above

:::::
error

:::::::
increase

:::
rate

::
in
::::
Eq.

:::
(9).

∇ [( n)δF2] = (−1.0) · ‖δȧ + ∇ [Fδn]‖
:::::::::::::::::::::::::::::::::::

(10)

::::
This

:::::::
equation

:::::::
requires

:::::::::
appropriate

::::::::
upstream boundary conditions, the flux error estimate is actually constrained from measurementsupstream20

and downstream. This is readily accounted for by solving the following two problems
::::
such

::::
that

:::
the

::::
error

:::::::
reaches

:::::
δHobs ::

at
:::
the

:::
next

::::::::::
observation

:::::::::::
downglacier.

::::
Yet

:::
this

::
is
::::::::::

impractical
::::
and

:::
we

:::::
rather

::::::
restate

:::
the

::::::::
problem

::
as

:::
an

::::::::
upstream

::::
error

::::::::
increase

::::
well

:::::::::
constrained

::
at

:::
the

::::::::::::
measurements.

∇ [(+n)δF1] = δȧ + ‖∇ [Fδn]‖
∇ [(−n)δF2] = δȧ + ‖∇ [Fδn]‖

These two problems25

∇ [(−n)δF2] = ‖δȧ + ∇ [Fδn]‖
:::::::::::::::::::::::::::::::::::

(11)

:::
The

::::
two

::::::::
problems

::::
Eqs.

:::
(9)

:::
and

::::
(11) are structurally identical to Eq. (1) and thus numerically solved as described in Sect. 2.3.

These
::::
The two formal error estimates δF1, δF2 subsequently enter a linear error propagation within the SIA thickness-flux

relation (Eq.7). This yields:

δHi =
1

n+ 2

1

n + 2
::::

− 2

n+ 2

2

n + 2
::::

B−1/n−1/n
:::

(ρg)nn ‖∇h‖nn

−1/(n+2)−1/(n+2)
::::::

·‖F‖−(n+1)/(n+2)−(n+1)/(n+2)
::::::::::

·‖δFi‖ i ∈ {1,2}

(12)
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Finally, the
:
In

::::
this

::::
way,

:::
the

:::::
error

:::::::
analysis

::
is

::::::
limited

:::
by

:::
the

::::::::::
assumptions

::::::::
inherited

:::::
from

:::
the

::::
SIA.

:::::::::::
Uncertainties

::
in
::::::
B,ρ,g

::::
and

:::
∇h

:::
are

:::
not

:::::::::
accounted

:::
for.

::::
The

::::
final

:
thickness error estimate δH is the minimum of the two values stemming from up- and

downwards propagation min(δH1, δH2)
::::
δH1 :::

and
::::
δH2.

Input fields to the calculation of this formal error map are
::::::::::
uncertainties

:::
for

:::
the

::::
test

:::::::::
geometries

:::
are

::::::::
presented

:::
in

::::
Sect.

::::
3.9.5

:::::
These

:::::::::::
uncertainties

:::
are

::::::
chosen

:::::::
constant

:::::
which

::
is
::::::::::
problematic

::
in
:::::

terms
:::

of
:::
the

::::::
control

:::::::
variable

::̇
a.

::::
This

:::::::
variable

:::::::
changes

::::::
during

::
the

:::::::::::
optimisation

::::
and

:::
all

:::::::::::
uncertainties

::
of

:::::
other

:::::
input

:::::
fields

::::
and

:::::::::
underlying

:::::::::::
assumptions

::
of

:::
the

::::::::::::
reconstruction

:::::::::
approach

:::
are

:::::
placed

::::
into

::̇
a.
::::

Yet,
::

it
::
is
::::

not
::::::
evident

::::
how

:::
to

:::::::::
iteratively

::::::
update the uncertainty associated with the thickness measurements

(Lapazaran et al., 2016) , the flux direction and the apparent mass balance. These uncertainties are assumed to be constant:

δHobs = 5.0m, δn = 0.2 and δȧ = 0.2m i.e. yr−1.
::::::
control

::::::::
parameter

::::
and

:::
we

::::::
accept

:::::
some

:::::::::
limitations

::::
here.

::::
The

::::::::::
importance10

::
of

:::
this

::::::::::
assumption

:::
can

:::
be

:::::::
assessed

:::::
from

:
a
::::::::::
comparison

:::
of

:::
the

:::::
initial

::::
and

:::
the

::::
final

:::::
AMB

::::
field

:::::::::
(Appendix

:::
B).

::::::
Apart

::::
from

::::
this

::::::::
limitation,

:::
the

:::::
error

:::::::
analysis

:::::::
accounts

:::
for

:::::::::::
uncertainties

::
in

:::
the

:::::::::::
observational

::::::
record

:::
but

:::::
does

:::
not

::::::::
comprise

:::
the

::::
error

::::
that

:::::
stems

::::
from

::::::::::::
time-averaging

:::
of

::
the

:::::
input

:::
and

::::::::
temporal

::::::::::::
inconsistencies

::::::::
between

:::::::
different

:::::
fields.

::
A

:::::::
detailed

:::::::::
assessment

::::
and

::::::::
treatment

::
of

::::::
various

::::
input

::::::
errors

:::::
within

::
a

:::::::
Bayesian

::::::::::
framework

:
is
:::::::::
presented

::
in

:::::::::::::::::::::
Brinkerhoff et al. (2016) .

2.1 Second step: Velocity-based solution15

In a second step, the ice thickness map is updated in areas where reliable surface velocity information is available by solving

Eq. (1) directly for the ice thickness. Equation (1) is vertically integrated and
::
the

:
surface velocity information needs to be

translated
:::::::
converted

:
into a vertical mean value. Within the scope of this methodological study, we apply this second step

exclusively where velocity magnitudes exceed 100m yr−1 (details of the sub-domain delineation in Sect. 2.2). In these sub-

domains, basal sliding is assumed to dominate over internal deformation, and therefore vertical mean and surface velocities are20

set equal. We rely on the same Elmer/Ice routine to discretise and solve the mass conservation problem as above (Sect. 2.3).

Thickness measurements are imposed as internal Dirichlet boundary conditions, whereas the previously inferred
:::::::::
Previously

::::::
inferred

::::::::
first-step thickness values are prescribed

::
as

:::::::
Dirichlet

:::::::::
conditions

:
around the lateral domain margin. If the sub-domain

comprises a marine ice front, no boundary conditions are imposed
:
,
:::::::
whereas

::
no

::::::::
condition

::
is
::::::::
imposed

:::::
along

::::::
marine

::
ice

:::::
front.

2.1.1 Cost function & Multi-parameter
::::::::::::::
multi-parameter

:
optimisation25

Again, the
:::
The

:
ice thickness solution is optimised as we cannot anticipate that input fields are consistent in terms of the mass

balance equation. Yet in this step, the optimisation makes use of three control variables. The apparent mass balance
:::::
AMB is

complemented by the
::::
both horizontal velocity components

:
ui. For this second-step optimisation, a new and more elaborate

cost function N is defined.

N = γpos ·
∫
Ω

H2·
:
H
[
−H
:::

]
dΩ
::

+
:
γobs
:::
·
∫

H
−∞δΩ

:
(sH −Hobs

:::::::
)ds2 dΩ + γmarine ·

∫
Γmarine

H2

H∫
−∞

δ(s−Hmin)ds

∞∫
H

δ(s−Hmax)ds·
:
H
[
Hmin−H
:::::::

]
·
:
H
[
H −Hmax
::::::::

]
dΓ +

γreg ·
∫
Ω

(
∂H

∂x

)2

+

(
∂H

∂y

)2

dΩ + γȧ ·
∫
Ω

(
ȧ− ȧinit)2 dΩ + γU ·

2∑
i=1

∫
Ω

(
ui−uinit

i

)2
dΩ (13)
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Most of the terms have equivalents in Eq. (6). As before, we penalise a negative solution, high variability of the control

variables and the control-variable mismatch to initial values. The only new term is the
::::
New

:::::
terms

:::
are

:::
the

::::::
penalty

:::
for

::::::::
thickness

:::::
values

::::
that

::::
differ

:::::
from

:::
the

::::::::::::
measurements

::::
Hobs :::

and
:::
the line integral along any

::
the

:
marine boundary Γmarine. It

::::
The

::::
latter

:::::::
integral5

penalises thickness values outside a certain range. The lower limit of this range stems from the fact that marine-terminating

glacier margins on Svalbard are mostly grounded (Dowdeswell, 1989). Therefore, Hmin is given by the flotation criterion

Hmin = h ·ρwater/(ρwater−ρice). The upper limit is calculated from the IBCAO bathymetry. We assume that the bed topography

does not significantly decrease inland and thus that the bathymetry along the ice front should be shallower than the maximum

depth at all ocean points within a 5-km radius. We mostly experienced that the lower limit is not reached. The multiplier10

choices are motivated as follows. The :
:::::
First,

:::
the

:
most decisive multiplier is γregas it determines the smoothness. If chosen

to high, boundary thickness values and measurements are simply smoothed without much consideration for the ice dynamic

influence. If chosen too low, the thickness solution of adjacent flow lines decouples. The choice γreg = 10−2 represents a trade-

off between the two extremes. Second, we deemed it appropriate to set γpos = γmarine. This multiplier
::::::::::::::::
γpos = γmarine = γobs.::::

The

::::
value

:
was gradually increased until the solution was affected, suggesting

:::::::::::
appropriately

::::::::
affected,

:::::
giving

:
γpos = 102. As before,15

the remaining two multipliers γȧ = 10−4 and γU = 10−8 are not very decisive and they were mostly added to prevent general

divergence
:::::::
divergent

:::::::::
behaviour.

As above (Sect. 2.0.2), cost derivatives with respect to the control variables ȧ and ui ::
ui were computed from the adjoint sys-

tem to Eq. (2). Without further modifications, the iterative optimisation preferentially modifies ȧ because the control variables

have different magnitudes. To align relative change values, a scaling factor of 0.05 for the velocity derivatives was introduced.20

Convergence of this second-step optimisation is reached using the same threshold criterion as above (Sect. 2.0.2).

2.1.2 Error estimate

Errors are again estimated following the ideas presented in Morlighem et al. (2014). As the ice thickness is calculated directly

from mass conservation, errors have only to be propagated through Eq. (1). By analogy with Sect. 2.0.4, two systems of

equations limit the error estimatefrom upstream and downstream.25

∇ [(+u)δH1] = δȧ + ‖∇ [Fδu]‖
∇ [(−u)δH2] = δȧ + ‖∇ [Fδu]‖

(14)

The minimum value of the absolute values of these two error estimates gives the actual thickness error δH = min(‖δH1‖ ,‖δH2‖).

Input uncertainties are δu= 20.0m yr−1 and δȧ= 0.2m i.e. yr−1

2.2 Gridding & Boundary conditions

The individual glacier outlines from Nuth et al. (2013) are first partitioned into marine and land-terminating segments by30

searching if
:::
the

:
surface elevation is zero within 150m

:::
150

:::
m of the outline point. For the THPB complex, the

::::::
Where

:::
the

DEM showed more advanced glacier fronts than in the glacier inventory. For these glaciers, an acceptable choice for detecting

marine termination was to use a 100m
:
,
:
a
::::::
marine

::::::::::
termination

:
is
:::::::
inferred

::::::
within

::
the

:::::
same

:::::
search

::::::
radius

:::
but

::::
with

:::
100

::
m

::
as surface-

16



elevation thresholdinstead. Subsequently, nunataks were
::
are

:
automatically accounted for in the mesh, if resolved by the target

grid spacing. The target mesh resolution was 200m for THPB and VIC and 100m for WSB. In addition, we added grid points

at each location where thickness measurements were available. This was necessary to prescribe internal boundary conditions5

on ice thickness and
::
the

:
error estimates. The observations are very densely spaced and we decided to only keep measurements

that are more than 50m apart, which is half of the minimum grid spacing. The initial 20792, 44921 and 21273 measurements of

VIC, THPB and WSB were thus reduced to 4475, 5945 and 1189 points, respectively.
:::::::::::::
High-resoltuion

::::::::
thickness

::::::::::::
measurements

::::
were

::::::
a-priori

::::::::::
subsampled

::
in

::::::::::
accordance

::::
with

:::
the

:::
grid

:::::::::
resolution.

:
From the outline and measurement locations, a 2D mesh with

triangular elements was generated using the open source finite element grid generator Gmsh (Geuzaine and Remacle, 2009).10

Nodal values for all input fields are determined relying on a standard Natural Neighbours Sibsonsian interpolation procedure

(Fan et al., 2005).

In the first-step reconstruction, two external boundary conditions were
::
are

:
necessary around the glacier domain. At outflow

boundaries along marine ice fronts, no conditions were
:::
are set on either the ice flux or the ice thickness. Also the shared ice

divide between Austre and Vestre Torellbreen is an outflow boundary for Torellbreen. Where glaciers terminate on land, a zero15

flux Dirichlet condition was
::
is imposed. Internal boundary conditions were

::
are

:
applied where measurements were available.

There, flux error estimates δF1, δF2 were
::
are

:
set in accordance to the reported 5m mean error on the thickness measurements

:::::::
reported

:::::::::::
measurement

:::::
errors

:
(Sect. 2.0.4

::
3.9). In the second step reconstruction

::::::::::
second-step, the domain is reduced to sub-

domains with reliable velocity information. In each drainage basin, the largest sub-domain was
:
is
:
chosen from all areas in

which velocity observations exceed 100 m yr−1. At the lateral boundaries of this sub-domain, ice-thickness values as well20

as thickness error estimates were
:::
are prescribed from the first-step reconstruction. No boundary conditions were

::
are

:
imposed

along marine ice fronts. Where thickness measurements were acquired, Dirichlet conditions were
::
are

:
imposed on the thickness

solution (Eq. 2)while valueswithin the up- and downstream error propagation (Eq. 14)were set
:::
up-

::::
and

::::::::::
downstream

:::::
error

::::::::::
propagation.

::::::::
However,

:::
the

::::::::::
uncertainty

:::::
δHobs :::::

varies
::::
with

:::
the

:::::::
inferred

::::::::
thickness

::::
field.

::
It
::
is

::::::
chosen

::
as

:::
the

::::::::
minimum

:::
of

::
the

::::::
actual

::::::::
mismatch

:::::::::
(H −Hobs)::::

and
:::
the

:::::::
reported

:::::::::::
measurement

:::::
error.25

3
:::
Test

::::::::::
geometries

:::
The

::::::::
two-step

::::::::::::
reconstruction

::::::::
approach

::
is

:::::
tested

:::
on

::::
three

::::
ice

:::::::::
geometries

:::
on

:::::::
Svalbard

::::::
where

:::
an

:::::::
abundant

::::::
record

:::
of

::::::::
thickness

::::::::::
observations

::::
was

:::::::
available

::::
(Fig.

:::
1).

:::
The

:::::
three

:::
test

:::::::::
geometries

:::
are

::::::::
Vestfonna

:::
ice

:::
cap

:::::
(VIC)

:::
on

:::::::::::::
Nordaustlandet,

:::
the

:::::::::::::
land-terminating

:::::::::::::::
Werenskioldbreen

::::::
(WSB)

:::
and

::::
the

::::::
glacier

:::::::
complex

:::::::::
composed

::
of

:::
the

:::::::::::::::::
marine-terminating

::::::
Austre

::::::::::
Torellbreen,

:::::::::
Hansbreen

::::
and

:::::::::
Paierlbreen

::::::::
(THPB).

:::
The

:::::
latter

::::
two

:::::::::
geometries

:::
are

:::::::
located

::
in

::::::
Wedel

::::::::
Jarlsberg

:::::
Land.

:::::
Input

:::::::::::
requirements

:::
are

::::::
glacier

:::::::
outline,30

::
the

:::::::
surface

:::::::::
geometry,

:::
the

::::::
surface

:::::
mass

::::::::
balance,

::::::
surface

::::::::
elevation

:::::::
changes

:::
as

::::
well

::
as

:::::::
surface

:::::::::
velocities.

:::::
Fjord

::::::::::
bathymetry

:::::::::
information

::::
and

::::::::
thickness

::::::::::::
measurements

:::
are

::::
used

::
to

::::::::
constrain

:::
the

::::::
inferred

::::::::
thickness

::::::
values.

:

3.1
::::::
General

:::::::::::::
characteristics

17
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Figure 1.
:::::::
Overview

::::
map

::
of

::
the

:::::::
Svalbard

:::::::::
archipelago

::::::
showing

:::
ice

:::::::
coverage

::::
(blue

:::::::
shading).

:::
The

:::
two

:::
test

::::
sites

:::
(red

::::::
shading

:::
and

::::::::
rectangles)

:::
are

:::::::
Vestfonna

:::
Ice

:::
Cap

:::::
(VIC)

::
on

::::::::::::
Nordaustlandet

:::
and

:::
the

:::::
glacier

:::::::
complex

:::::::::
comprising

::
the

:::::::::::::::
marine-terminating

:::::
Austre

::::::
Torell-,

:::::
Hans-,

:::::::::
Paierlbreen

::::::
(THPB)

:::
and

:::
the

::::::::::::
land-terminating

:::::::::::::
Werenskioldbreen

::::::
(WSB)

::
in

:::::
Wedel

:::::::
Jarlsberg

::::
Land.

::::::::::
Background:

::::::::
grey-scale

:::::::::
hill-shaded

::::::::
topography

:::::
based

::
on

:
a
::
50

::
m

:
DEM

::::
from

::
the

:::::::::
Norwegian

::::
Polar

::::::
Institute

:::::
(NPI).

:::
VIC

::
is
::::

the
::::::
second

::::::
largest

:::
ice

::::
caps

:::
on

:::
the

::::::::
Svalbard

::::::::::
archipelago

:::::::::::::::::::::::::
(Fig. 1; Dowdeswell, 1986a) .

:::::::::
According

::
to

:::
the

::::::::::
2002-2010

:::::
glacier

:::::::::
inventory,

::
it
::::::
covers

:::
an

::::
area

::
of

:::::
2366

::::
km2

:::::
with

::
its

:::::::
summit

::::
area

:::::
lying

::
at

::::
630

::
m

::::::
above

:::
sea

:::::
level

::::::
(a.s.l.).

:::
Ice

:::::
flow

::
is

::::::::
channeled

:::::::
through

::::::
several

:::::::
elongate

:::::
outlet

::::::::
glaciers,

:::::
which

:::::
drain

::::::
radially

:::::
from

:
a
::::::
central

:::::
crest

:::
and

::::::
export

::
ice

:::
to

:::
the

::::::::::
surrounding

:::::
ocean

::::
(Fig.

::::
2g).

:::::::
Despite

:::
the

::::::
steady

:::::
retreat

:::
of

::::
most

:::::
outlet

:::::::
glaciers

:::::
since

:::
the

:::::
1970s

:::::::::::::::::::::::::::::::::::
(Dowdeswell, 1986b; Braun et al., 2011) ,5

:
S
:
ø
::
re

:::
and

:::::::::
especially

::::::
Nordre

:::::::::::
Franklinbreen

::::::::
advanced

:::::::
notably.

::::
This

:::::::::
re-advance

:::::::::
coincided

::::
with

:
a
::::::
strong

::::::::::
acceleration

:::::::
reaching

:::
far

::::::
inland.

:::::::
Surface

::::::::
velocities

:::::::
doubled

::::
and

::::
now

::::::
exceed

:::
100

:::::::
m yr−1

::::
over

:
a
:::::
large

:::
area

:::::::::::::::::::
(Pohjola et al., 2011) .

::::
Prior

::
to
:::

the
:::::::::

speed-up,

::::
most

::
of

:::
the

:::
ice

:::
was

::::::::
exported

:::
via

:::
the

:::::::
northern

::::::
branch

::
of

::::::
Nordre

:::::::::::::
Franklinbreen.

::
In

:::
the

::::::::
meantime,

:::
ice

::::::::
velocities

:::::::
indicate

::::
that

:::
the

:::::::
southern

::::::
branch

::
is

:::
the

::::
more

::::::
prolific

::::::
export

::::
path

::::
(Fig.

::::
2g).

:::
The

::::::::
bi-modal

::::::
pattern

::
in

:::
ice

::::::::
dynamics

::
is

:::::::::
overprinted

:::
by

:::::
cyclic

::::::
surges

::::
with

::
the

::::
last

:::::
active

:::::
phase

:::::::
reported

::
in

::::
1952

:::
for

::
S

:
ø
:
re
::::::::::::
Franklinbreen

::::::::::::::::::::
(Błaszczyk et al., 2009) .

::::::
Surges

:::
are

::::::::::::
quasi-periodic

::::::
cycles

::
of10

::
an

:::::
active

::::::
phase,

::::::
during

:::::
which

:::::::::
extremely

:::
fast

::::
flow

::::
can

::::::
transfer

:::
an

::::::::
immense

::
ice

:::::::
volume

:::::::::::
downglacier,

::::::::
followed

::
by

::
a

::::::::
quiescent

:::::
phase

:::::
during

::::::
which

:::
the

:::
ice

:::::
cover

::
in

:::
the

:::::::::::
accumulation

::::
area

::::::::
gradually

:::::::
regains

::
its

::::::
former

::::::
height.

::::
Two

:::::
other

:::::::::
surge-type

:::::::
glaciers

::
are

::::::
known

::
in
:::
the

::::::
eastern

::::
part

::
of

:::::::::
Vestfonna.

::::::
Active

::::::
phases

::::
were

:::::::
reported

::
in
:::::
1939

:::
and

:::::
1992

:::
for

::::::::
Rijpbreen

:::
and

::::::
during

:::
the

::::::
period

:::::::::
1973-1980

::
for

:::::::::::
Bodleybreen

::::::::::::::::::::::::::::::::::::::
(Dowdeswell, 1986b; Błaszczyk et al., 2009) .
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:::::
Austre

::::::::::
Torellbreen

::
is

:
a
::::::::::::::::
marine-terminating

::::::
glacier

::::
(Fig.

::::
2b)

:::
that

::::::
calves

:::
into

:::::::::::
Skoddebukta

::::
and

:::::
spans

:::::::
altitudes

::::
from

::::::::
sea-level

::
to

:::::
about

:::
900

:::
m

::::
a.s.l.

::::
The

::::
most

::::::::
elevated

::::
parts

::
of
::::

the
:::::::::::
accumulation

::::
area

::::::
belong

::
to
:::::::::::::

Amundsenisen
::::::
(above

::::
700

::
m

:::::
a.s.l.).

:::::
This5

:::
area

::
is
:::::::
drained

::
by

::
B
:
ø
::::::
ygisen

:::
and

::
L

:
ø
:::::
veisen.

::::::
Before

::::::::
reaching

:::
the

::::::
ocean,

::::::
Austre

:::::::::
Torellbreen

::
is
:::
fed

:::
by

:::::::::::::
Vrangpeisbreen

:::::
from

:::
the

:::::
south.

::::::
Across

:::
the

::::::
divide

::
in

:::
the

:::::
south

::::
lies

:::::::::
Hansbreen,

::::::
which

:::
has

::
a
::::::::
dominant

:::::
main

::::::
branch

::::::::
receiving

::::::::
important

::::::
lateral

::::::
inflow

::::
from

::::
two

::::::::
prominent

:::::::::
tributaries

:::
in

:::
the

:::::::::
southwest,

:::
i.e.

:::::::::::
Deileggbreen

::::
and

::::::::
Tuvbreen

:::::::::::::::::::
(Grabiec et al., 2012) .

::::
The

::::::
glacier

::::::
shows

:
a
:::::::::
somewhat

:::::::
reduced

::::::::
elevation

:::::
range,

::::
only

:::
up

::
to
::::

500
::
m
:::::

a.s.l.
:::::::
Beyond

:::
the

::::::::
mountain

:::::
range

::
to
::::

the
:::
east

::::
lies

::::::::::
Paierlbreen.

:::::
Both

::::::
glaciers

:::
are

::::
well

:::::::::
connected

:::
via

:::::::::::
Kvitungisen.

::::::::::
Paierlbreeen

::::::::
connects

:::::
again

::::
back

::
to

::::::::::::
Amundsenisen

:::
in

::
the

:::::
north

:::
via

:::::::::::
Nornebreen.10

:::
The

::::::
glacier

::::
was

:::
not

::::
only

:::::::::
classified

::
as

::::::::::::::::
marine-terminating

::
in

:::
the

::::::::::
2002-2010

::::::::
inventory,

:::
but

::
it
::::
also

::::::::
exhibited

:::::
surge

:::::::::
behaviour

::
in

:::::::::
1993-1999

:::::::::::::::::::::::::::::::::::
(Błaszczyk et al., 2009; Nuth et al., 2013) .

:::::::
During

:::
the

:::::
surge,

::::
the

:::
ice

:::::
front

:::::::
position

::::
was,

::::::::
however,

:::
not

::::::
much

:::::::
affected.

:::
The

::::::
reason

:::::
might

:::
be

:::
that

:::
the

:::::
surge

:::::
event

:::
was

::::::::::::
superimposed

::
on

:::
the

:::::::::::::::
well-documented

:::::
retreat

::
of

:::
all

::::::::::::::::
marine-terminating

::::::
glaciers

::
in
::::

the
::::::::
Hornsund

::::
area

::::
over

:::
the

::::
last

::::::
century

:::::::::::::::::::::
(Błaszczyk et al., 2013) .

::::::
Austre

::::::::::
Torellbreen,

:::::::::
Hansbreen

::::
and

::::::::::
Paierlbreen

::::
cover

:::::
areas

::
of

::::
141,

:::
64

:::
and

:::
99

::::
km2,

:::::::::::
respectively.

::::
West

:::
of

:::
the

:::::
THPB

::::::::
complex

:::
lies

:::::::::::::::
Werenskioldbreen

:::::::::::::::::::
(Ignatiuk et al., 2014) .

::
It15

:
is
::::::::::::::
land-terminating

::::
and

::::::::
somewhat

:::::::
smaller

::::
with

::
27

:::::
km2.

3.2
::::::

Glacier
:::::::
outlines

::::::
Glacier

::::::
outline

::::::::::
information

:::
is

:::::
taken

::::
from

:::
the

::::::::::
2002-2010

::::::
glacier

::::::::
inventory

:::::::::
described

::
in

::::::::::::::::
Nuth et al. (2013) .

:::
As

::::::
THPB

::
is

::
a

::::::::::::
well-connected

::::::
glacier

::::::::
complex,

:::::::
adjacent

::::::
glacier

::::::::::
boundaries

::::
were

::::::::
removed

:::
and

::::::
joined

::::
into

:::
one

:::::
single

:::::::
outline.

:::::
WSB

::::
was

:::
not

::::::
merged

::::
with

:::
the

::::::
THPB

:::::::
complex

:::::::
because

:::
the

:::::
shared

:::
ice

::::::
divide

:
is
:::::
short

:::
and

:::::::
shallow

:::::::::::
(Kosibapasset

::::
has

::::
only

::::::
∼ 15m

::::::
depth).

::::
VIC20

:
is
::::::
treated

::
as

::
a
:::::
single

:::::
entity

::
by

::::::::
merging

::
all

::
its

:::::::::
individual

:::::::
drainage

::::::
basins.

::
In

::::
this

::::
way,

:::
we

::::
avoid

:::::::::::::
discontinuities

::
in

::
the

::::::::::
anticipated

:::::::
thickness

:::::::
solution

::::::
across

:::
ice

:::::
ridges

:::
and

:::::::
divides.

:

3.3
::::::
Surface

::::::::
elevation

:::::::::
Concerning

:::
the

::::::::
Svalbard

::::::
surface

::::::::
elevation,

:::
we

::::
rely

::
on

::
a

::
50

::
m

::::::
digital

::::::::
elevation

:::::
model

::::::
(DEM)

:::::
from

:::
the

:::::
1990s1

:::::::
provided

:::
by

:::
the

:::::::::
Norwegian

:::::
Polar

:::::::
Institute

::::::
(NPI).

::::
This

::::
map

::::
was

::::::::
produced

::::
from

:::::
areal

::::::
photos

:::::
using

::::::::::::::
photogrammetry

::
as

::::
well

::
as

:::::
from

:::::::
contour25

::::
lines

::
in

::::::
earlier

:::::::
elevation

::::::
maps,

:::::
which

:::::
were

:::::::
digitised

:::
and

:::::::::::
interpolated.

:::
We

::::::::
refrained

::::
from

:::::
using

::::
this

:::::
DEM

:::
for

::::
VIC

:::::
where

::
it

::
is

:::::
based

::
on

::::::::::
contour-line

::::::::::
information

::::::::
resulting

::
in

:
a
:::::::::::
characteristic

:::::
wave

::::::
pattern

::
in

:::
the

:::::
slope

::::
field.

:::::::::
Therefore,

:::
we

:::
use

::
a
::::
more

::::::
recent

::
10

::
m

:::::
DEM

:::::::
inferred

:::::
from

::::
2010

:::::
radar

::::
data

:::::::
acquired

:::
by

:::
the

::::::::::
TanDEM-X

::::::::
mission,

:::::::
operated

:::
by

:::
the

:::::::
German

::::::::::
Aerospance

::::::
Center

:::::::::::::::::::::::
(DLR; Krieger et al., 2013) .

::::
The

:::::
DEM

:::
was

:::::::::
processed

::::
from

:::::::
bi-static

::::::::
Synthetic

::::::::
Aperture

:::::
Radar

:::::
(SAR)

::::
data

:::::
using

:
a
::::::::::
differential

::::::::::::
interferometric

::::::::
approach

:::::::::::::::::::::::::::::::::::::::::::::::::::::::::
(Seehaus et al., 2015; Rankl and Braun, 2016; Vijay and Braun, 2016) .

::
It

::::
was

::::::::
referenced

::
to
:::
sea

:::::
level30

::
by

::::
laser

::::::::
altimetry

::::::::::::
measurements

::::
with

:::
the

:::
Ice,

::::::
Cloud,

::::
and

::::
Land

::::::::
Elevation

:::::::
Satellite

::::::::
(ICESat)

::::::::::::::::::
(Schutz et al., 2005) .

3.4
::::::::

Thickness
:::::::::::::
measurements

1
:::::::
Norwegian

::::
Polar

:::::
Institute

:::::
(2014).

::::::::::
Terrengmodell

::::::
Svalbard

:::
(S0

::::::::::
Terrengmodell) [

:::
Data

::
set].

::::::::
Norwegian

:::
Polar

::::::
Institute.

::::::::::::::::::::::::
doi:10.21334/npolar.2014.dce53a47
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:::
VIC

:::::::::
thickness

::::::::::::
measurements

:::::
(Fig.

:::
4a)

:::::
were

:::::::
obtained

:::::
from

:::::::
60MHz

:::::::
airborne

::::::::::
radio-echo

::::::::
sounding

:::::
(RES)

:::::::
surveys

::::::::
between

::::
1983

::::
and

::::
1986

::::::::::::::::::::::
(Dowdeswell et al., 1986) .

:::::
Five

::::::::
flightlines

:::
run

::::::::::
north-south

::::::
across

:::
the

:::
ice

:::
cap

::::
and

:::
two

:::::
from

::::
east

::
to

:::::
west.

:::
All

::::::
profiles

::::::
follow

:::::::::
centrelines

::
of

:::::::::
prominent

:::::
outlet

:::::::
glaciers.

:::::::::::::
Unfortunately,

::
no

::::
bed

:::::::
reflector

:::::
could

::
be

::::::::
identified

:::
for

::
a
::::
large

:::::::
portion

::
of

::::
these

::::::::
airborne

::::
data,

::::::::
including

:::::
most

::
of

:::
the

:::::::::
ice-divide

::::
area.

::::::::
Recently

::
in

::::::::::
2008-2009,

:::::::::::
ground-based

::::::
pulsed

:::::
radar

::::::
(GPR)

::::
data

::::
were

::::::::
collected

::
by

::::::::::::::::::::
(Pettersson et al., 2011) .

:::::::::
Following

::::::::::::::::::::
Pettersson et al. (2011) ,

:::
the

::::
early

:::::::
airborne

::::::::::::
measurements

:::::
were

:::::::
adjusted

::::::::
assuming

:
a
:::::::
constant

::::::::
thinning

:::
rate

::
of
:::::::::::::
∼ 0.16m yr−1

::::
over

:::
the

:::::
entire

:::
ice

::::
cap.

::
In

::::::::
addition,

::::
they

:::::::
estimate

:::
the

:::::::::::
measurement

:::::
error

::
for

:::
the

:::::
early

:::::::
airborne

:::::::
surveys

::::
from

:::::::::::::::::::::::
Dowdeswell et al. (1986) to

::
be

::::
23.1

:::
m,

:::::::
whereas

:::
the

:::::
more

:::::
recent

:::::
GPR

::::
data

:::::
shows

::
a

:::
9.3

::
m

:::::::::
uncertainty.

:

::
In

:::
the

::::::::
Hornsund

:::::
area,

:::::::::
Hansbreen

::
is

::::
well

:::::::
studied

:::
and

:::
an

:::::::
ice-core

::::::
drilling

:::::
team

:::::::
reached

:::
the

::::
bed

::
at

::::
three

::::::::
locations

:::::::
already

::
in

::::
1994

:::::::::::::::::
(Jania et al., 1996) .

::::::::
Between

::::
2004

::::
and

:::::
2013,

::::::::::::::::
ground-penetrating

:::::
radar

:::::::
profiles

::::
were

::::::::
collected

:::::
both

::
on

::::::
THPB

::::
and

::::
WSB

:::::::::::::::::::
(Navarro et al., 2014) .

::::::
These

::::::
surveys

:::::::
provide

::
a
:::::
dense

::::
grid

::::
over

:::::
most

::::
parts

::
of
:::::

these
:::::::
glaciers

:::::
(Fig.

::::
4b).

:::::::::
Therefore,

:::
the

::::
early

:::::::
ice-core

::::::::::
information

:::
was

:::::::::
discarded

::::
here

::::::
because

::
it
::::
only

:::::
gives

::::::::::
information

::
at

::::
three

:::::::::
additional

:::::
points

:::
and

:::::::
because

::
it

::
is

:::
not5

::::::
evident

::::
how

::
to

:::::::
reliably

:::::::
estimate

::::::::::::::
surface-elevation

:::::::
changes

:::::
since

:::
the

::::
early

::::::
1990s.

:::
For

::::::
WSB,

:::
the

::::
GPR

::::::::::::
measurement

::::
error

::::
was

:::::::
analysed

::
in

:::::
depth

::::::::::
accounting

:::
for

:::::::::::::::
positioning-related

::::::::::::
ice-thickness

:::::::::
uncertainty

:::::::::::::::::::::
(Lapazaran et al., 2016) .

:::::::::::
Measurement

::::::
errors

:::
fall

:::
into

::
a
:::::
range

::
of

:::
3.3

:
to the 5m measurement uncertainty (Sect. 2.0.4).

::
6.8

::
m

::::
with

:::
an

:::::::
average

:::::
value

::
of

:::
4.5

:::
m.

:::::
These

:::::
error

:::::
values

::::::
ignore,

::::::::
however,

:
a
::::::
known

::::::::::
uncertainty

::::
term

:::::::::
originating

:::::
from

:::
2D

::::
data

::::::::
migration

:::::::::::::::::
(Moran et al., 2000) .

:::::
This

::::::::
migration

::
is

:::::::
common

:::::::
practice

:::
but

::
it

::::::
ignores

::::::::::
transversal

:::::::
bedrock

::::::
slopes.

::::
This

:::::::::
processing

::::::::::
uncertainty

::::::
attains

::
up

:::
to

::
14

::
m
:::

for
::

a
::::::
certain

::::
part10

::
of

:
a
:::::
small

:::
and

:::::::
shallow

:::::::
Alaskan

::::::
valley

::::::
glacier.

::
It

::
is

:::::::::
impossible

::
to

::::::
a-priori

:::::::::
determine

:::
this

::::::::::
uncertainty

:::
for

::::
each

:::::::::::
measurement

:::
on

:::::::
Svalbard

:::
and

:::
we

::::::::
therefore

::::::
ignore

:::
this

::::::
source

::::
term

::::
here.

:

3.5
::::::
Surface

:::::
mass

:::::::
balance

:::
For

:::
the

::::
SMB

:::::::::::
information,

:::
we

:::
rely

:::
on

::
the

:::::::
regional

:::::::
climate

:::::
model

:::::
MAR

:::::::::::::::::::::::::::::::::::::::::::::
(Modèle Atmopshérique Régional; Lang et al., 2015) .

:::::
MAR

::::::::
combines

:
a
::::::::::
hydrostatic

:::::
model

:::
for

:::
the

:::::::::::
atmospheric

:::::::::
circulation

::::
with

:
a
:::::::::

physically
:::::
based

::::::
model

:::
for

:::::::::
snow-pack

:::::::::
evolution.15

:::
The

::::::::::
MAR-SMB

::::::::::
simulations

:::::
cover

:::
the

:::::
entire

:::::::::
archipelago

:::::
(Fig.

::::
2a,b)

::::
and

::::
were

::::::::
validated

::
by

:::::::::::::::::::::
Lang et al. (2015) against

::::::::
available

::::::
climatic

::::::::
variables

:::
as

::::
well

::
as

:::::
SMB

::::::::::::
measurements

:::::
from

:::::::::::::::::::::::
Pinglot et al. (1999, 2001) .

:::
The

:::::::::
difference

::::::::
between

::::::::
modelled

:::::
SMB

:::::
values

::::
and

::
10

:::::
used

::::::::
validation

::::
sites

::::::
shows

::
a

:::
low

::::
bias

::
of

:::::::::::::::
−0.03m i.e. yr−1

::::
with

::
a

:::::::
standard

::::::::
deviation

::
of

::::::::::::::
0.14m i.e. yr−1.

::::
The

::::
latter

:::::
value

::
is

:::::::::
considered

:::
as

::
an

::::::::::
uncertainty

:::::::
estimate

:::
for

:::
the

:::::
SMB

::::
field.

::::::::::
Simulation

::::
were

:::::::::
conducted

:::
on

:
a
:::::::
regular

:::
7.5

:::
km

::::
grid

:::
but

:
a
::::::::::
downscaled

::::::
output

::::
was

:::::::
provided

:::
on

:::
200

:::
m

::::::
spacing

:::::
using

:::
an

:::::::::::
interpolation

:::::::
strategy

:::
that

:::::::::::
distinguishes

:::
the

:::::::
various

:::::
SMB20

::::::::::
components

::::::::::::::::::
(Franco et al., 2012) .

:::
The

:::::::::::
components

:::
are

::::::::::
interpolated

:::::::::
according

::
to

::::::
locally

:::::::
defined,

:::::::
vertical

::::::::
gradients.

::::
For

:::
the

::::::::::::
reconstruction,

:::
the

::::::
annual

::::
SMB

::::::
record

::::
was

:::::::
averaged

::::
over

::::::::::
1979-2015.

::
To

:::::
assess

:::
the

:::::::::
sensitivity

::
of

:::
the

::::::::
thickness

::::::::::::
reconstruction

::
to

:::
the

::::
SMB

:::::
input

:::::::::
(Appendix

::::
C1),

::::::
results

::::
from

:::
the

:::::::
Weather

::::::::
Research

:::
and

::::::::::
Forecasting

::::::
(WRF)

:::::
model

:::::
were

:::::::::
considered

:::::::::::::::
(Aas et al., 2016) .

::::
The

::::::::::
WRF-SMB

::::
field

:::::::::
represents

::
the

::::::
period

:::::::::
2003-2013

::::
and

:::
has

:
a
::
3

:::
km

:::::::::
resolution.

:::
The

::::
field

:::::
could

:::
not

:::
be

:::::::::
downscaled

:::
as

:::::
above

:::
for

::
the

::::::
MAR

::::::
results.

:::::::::
Therefore,

:::
the

::::
SMB

:::::::::
sensitivity

::
is

::::
only25

:::::::
assessed

::
on

:::
the

:::::
large

::::
VIC

::::::::
geometry.

:
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Figure 2.
::::
Input

::::
fields

::
to

:::
the

::
ice

:::::::
thickness

:::::::::::
reconstruction

:::
for

:::
VIC

::::::
(a,c,e,g)

:::
and

::::::::::
THPB/WSB

:::::::
(b,d,f,h).

:::::
Surface

:::::
mass

:::::
balance

::::::
(SMB)

::::
input

::::
(a,b)

:
is
:::::::
provided

:::
by

::::
MAR

::
as
:::

an
::::::
average

::::
over

::
the

:::::
period

:::::::::
1979-2014

:::::::::::::::
(Lang et al., 2015) .

::::::::
Elevations

::::::
changes

::::
(c,d)

:::
are

::::::
inferred

::::
from

:::::::::
2003-2007

:::::
ICESat

::::::
profiles

:::
on

:::
VIC

::::
and

::::
from

:
a
:::::

2008
::::::::
SPOT-HRS

:::::
DEM

::
in

:::::::
southern

::::::::::
Spitsbergen.

::::
From

:::
this

:::::::
elevation

::::::::::
information,

:::
we

::::::::
subtracted

:::
the

::::
1990 DEM

:::
from

:::
the

::::::::
Norwegian

:::::
Polar

::::::
Institute

:::::
(NPI).

:::
For

::::
VIC,

:::
line

:::::::::
information

::
on

:::::::
elevation

:::::::
changes

::::
along

:::
the

::::::
ICESat

::::
tracks

::::
was

::::::
linearly

:::::::::
interpolated

:::
(c).

:::
The

::::::::
difference

::::::
between

:::::
SMB

:::
and

::::::
surface

:::::::
elevation

::::::
changes

::::
(e,f)

:
is
:::::::

referred
::
to

::
as

::
the

:::::
AMB.

:::::::
Surface

::::::
velocity

:::::::::
magnitudes

:::
(g,h)

::::
were

:::::::
inferred

:::
from

:::::::::
2015/2016

:::::::
Sentinel-1

:::::::
imagery.

::::::::::
Background:

::::::::
grey-scale

::::::::
hill-shaded

:::::::::
topography

::::
based

:::
on

:
a
:::
NPI

::
50

::
m
:
DEM.

3.6
::::::

Surface
::::::::
elevation

:::::::
changes
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Figure 2.
:::::::::
(continued)

::::
Over

::::
VIC,

::::::::::
2003-2007

:::::::
elevation

:::::::
changes

:::::
(Fig.

:::
2c)

::::
were

:::::::
inferred

:::::
from

::::::
ICESat

::::::::
altimetry

::::::::::::
measurements

:::::::::::::::::::
(Moholdt et al., 2010) .

:::
The

::::
laser

::::::::
altimetry

::::::
system

:::
has

::
a
:::::::
footprint

:::
of

::
70

::
m

::::::::
diameter

::::
with

:::
170

::
m

::::::::::
along-track

:::::::
spacing.

:::::::::::
Across-track

::::::
spacing

::
is
::::::::
irregular

:::
and

:::::
much

:::::
larger

::::
with

::::::
several

::::::::::
kilometres.

::
A

::::::::::::::::
Natural-Neighbour

::::::::
Sibsonian

:::::::::::
interpolation2

:::::::::::::::
(Fan et al., 2005) is

::::
used

::
to
::::::::

estimate30

::::::::
elevations

:::::::
changes

::
in

:::::::
between

::::
these

::::::::
scattered

::::::
ICESat

::::::::::::
measurements.

:::::::::::::::::::::::
Moholdt et al. (2010) report

:::
that

:::
the

:::::
local

::::::::::::::
root-mean-square

:::::::
deviation

:::
of

::::::
several

:::::::
hundred

::::::::::::
surface-change

::::::::
estimates

::
is

:::::::::
0.3m yr−1.

:

2
::::
source

:::
code

:::::::
available

:
at
:
https://github.com/sakov/nn-c/tree/master/nn
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:::
For

:::::
Wedel

::::::::
Jarlsberg

:::::
Land,

::::::::
elevation

:::::::
changes

:::::
were

::::::::
calculated

:::
by

::::::::::
differencing

:::
the

::::
NPI

::
20

:::
m

:::::
DEM1

:::::
from

::::
1990

:::::
with

:
a
:::
40

::
m

::::
DEM

:::::::
inferred

::::
from

:::::
2008

:::::::
imagery

:::::::
acquired

::
by

:::
the

::::
high

:::::::::
resolution

::::::::::
stereoscopic

:::::
(HRS)

::::::
sensor

:::::::
on-board

::::::
SPOT

:
5
::::::::::::::::::
(Korona et al., 2009) .

:::
The

::::::
DEMs

::::
were

::::
first

:::::::::::
co-registered

::::::::::::::::::::::::
(Nuth and Kääb, 2011) before

::::::::::
subsequent

::::::::::
differencing

:::
and

::::::::::
re-sampling

::
to

::::
100

::
m

::::
(Fig.

::::
2d).5

::
No

::::::::::
information

:::
on

:::
the

:::::
DEM

::::::::::
differencing

:::::::::
uncertainty

::::
was

::::::::
available.

:

3.7
::::::

Surface
::::::::
velocities

:::::
Using

:::::::
satellite

:::::::
imagery

:::::::
acquired

:::::::
between

:::::::
January

:::::
2015

:::
and

:::::::::
September

:::::
2016

::
by

:::
the

:::::::
C-band

::::::::
Synthetic

::::::::
Aperture

:::::
Radar

::::::
(SAR)

:::::::
onboard

:::::::::
Sentinel-1,

:::
we

:::::
apply

:::::::
intensity

:::::
offset

::::::::
tracking

::
to

::::::::::
consecutive

:::::
image

:::::
pairs

:::::::::::::::::::::::::::::::::::
(Strozzi et al., 2002; Seehaus et al., 2016) .

:::
The

::::
time

:::::
series

:::
of

:::::::::::
displacement

:::::
fields

:
is
::::
first

::::::
filtered

:::
for

:::::::
obvious

:::::::
outliers

:::::
within

::
a

:::::
kernel

::::
size

::::::
scaling

::::
with

:::
the

:::::::::
prevailing

::::
flow10

:::::::
direction

:::
and

:::::::::
magnitude

:::::::::::::::::::
(Seehaus et al., 2016) .

:::::
Then,

:::::
fields

:::
are

::::::
stacked

:::::
using

:::::::::::::::
median-averaging

::
to

::::::
obtain

::::::::
maximum

::::::::
coverage

:::
and

::
to

::::::
reduce

::::::
effects

:::::
from

:::::::::
short-term

::
or

:::::::
seasonal

::::::::::
fluctuations

:::::
(Fig.

:::
2g,

:::
h).

:::::::
Velocity

:::::
maps

:::
are

::::::::
provided

::
at

:::
100

:::
m

:::::::::
resolution.

:::
The

::::::::::
uncertainty

:::::::::
associated

::
to

:::
the

:::::::
inferred

:::::::
velocity

::::
maps

::
is
:::::::::
estimated

::
on

:::
70

:::::
stable

::::::::
reference

:::::
areas

:::::::
without

::
ice

::::::
cover.

:::
We

::::
find

::
an

:::::::
average

:::::::::
uncertainty

::
of

:::::::::
19m yr−1,

:::::
which

::
is
::::::::::
comparable

::
to

::::::::::
independent

::::::::::
uncertainty

::::::::
estimates

:::
for

::::::
merged

:::::::::
Sentinel-1

:::::::
imagery

::::
with

::::::::
minimum

:::::
values

:::
of

::::::::::
∼ 17m yr−1

::::::::::::::::
(Schwaizer, 2016) .

:

3.8
::::

Fjord
::::::::::::
bathymetries

::::::::::
Information

::
on

:::
the

:::::
fjord

::::::::::
bathymetry

::
is

::::
used

::
to

::::::
further

::::::::
constrain

::::
the

::::::::
thickness

::::::::::::
reconstruction

::
at

::::::
marine

:::
ice

::::::
fronts.

::::
The

::::
new5

::::::::::
International

:::::::::::
Bathymetric

:::::
Chart

::
of

:::
the

::::::
Arctic

::::::
Ocean (IBCAO Version 3.0)

:::::
holds

:
a
::::::
wealth

::
of

::::
new

::::::::::::
measurements

:::::::
around

:::
the

:::::::
Svalbard

::::::::::
archipelago

::::::::::::::::::::
(Jakobsson et al., 2012) .

::
It

::::::::
comprises

::::::
several

:::::
recent

:::::::::
multibeam

:::::::
surveys

:::
that

::::::
entered

:::::
deep

:::
into

:::::
some

:::::
major

:::::
fjords

:::
and

::::::::
collected

::::::::::::
high-resolution

:::::::
seafloor

::::::::::
information

:::::::::::::::::::
(Ottesen et al., 2007) .

::::::
Around

:::
the

::::::::::
archipelago,

:::
the

::::
new

:::::::
IBCAO

::::
map

:
is
::::::::
provided

::
at

:
a
::::::
spatial

::::::::
resolution

:::
of

:::
500

:::
m.

3.9
::::

Grid
:::::::::::
specifications

:
&

:::::
Input

::::::::::::
uncertainties10

:::
The

:::::
target

:::::::::
resolution

:::
for

::::
the

:::::::
meshing

::
is
:::
set

:::
to

:::
200

:::
m

:::
for

::::::
THPB

:::
and

:::::
VIC

:::
and

::::
100

::
m

:::
for

::::::
WSB.

:::::::::::
Observations

:::
for

:::
all

::::
test

:::::::::
geometries

:::
are

::::
very

::::::
densely

::::::
spaced

::::
and

::
we

:::::::
decided

::
to

::::
only

::::
keep

::::::::::::
measurements

::::
that

:::
are

::::
more

::::
than

:::
50

::
m

:::::
apart,

:::::
which

::
is

::::
half

::
of

::
the

:::::::::
minimum

::::
grid

:::::::
spacing.

:::
The

::::::
initial

::::::
20792,

:::::
44921

::::
and

:::::
21273

::::::::::::
measurements

::::::::
collected

:::
on

::::
VIC,

::::::
THPB

:::
and

:::::
WSB

:::::
were

::::
thus

::::::
reduced

::
to
:::::
4475,

:::::
5945

:::
and

:::::
1189

::::::
points,

::::::::::
respectively.

:

::::
From

:::
the

::::::
above

::::::::::
presentation

::
of

:::
the

:::::
input

:::::
fields

::::::::
available

:::
for

:::
the

:::
test

::::::::::
geometries,

:::
we

:::::
define

::::::::::
appropriate

:::::
input

:::::::::::
uncertainties15

::
for

:::
the

::::::
formal

:::::
error

::::::::::
propagation

::
in

:::::
Sects.

:::::
2.0.4

:::
and

:::::
2.1.2.

:::::
First,

:::
the

::::::::
Dirichlet

:::::::::
conditions

::
on

::::
the

::::
error

:::
on

:::
the

:::::
WSB

:::
and

::::::
THPB

:::::::
thickness

::::::::::::
measurement

:::
δH

::
is

:::
set

::
to

::
5

::
m

::::::::::::::::::::
(Lapazaran et al., 2016) .

::::
For

::::
VIC,

:::
we

::::::::
prescribe

:::
10

::
m

:::
and

:::
25

::
m

:::
for

:::
the

::::::
ground

::::
and

:::::::
airborne

::::
RES

:::::
data,

::::::::::
respectively

::::::::::::::::::::
(Pettersson et al., 2011) .

::::::::
Second,

:::
the

:::::
AMB

::::::::::
uncertainty

::
is

::::::::
estimated

::
to

:::
be

::::::::::::::
δȧ = 0.4m yr−1,

:::::
which

::
is

:::
the

::::
sum

::
of

:::
the

::::::::
individual

:::::
error

:::::::
estimate

:::::::
reported

:::
for

:::::
SMB

:::
and

::::::
surface

::::::::
elevation

:::::::
changes

::::::
(Sects.

:::
3.5

:::
and

::::
3.6).

::::
For

:::
the

:::::::
first-step

::::::::::::
reconstruction,

:::
we

::::::::
estimate

:
a
::::
20%

:::::
error

::
in

:::
the

:::
flux

::::::::
direction

:::
δn.

:::::
Only

:
a
:::::
scalar

::::::::
estimate

:
is
:::::::::
necessary

::::
here

:::::::
because

::
of20
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Figure 3. Ice-flux solution after cost optimisation for VIC (a), THPB and WSB (b). The ice flux gradually increases and converges into several

distinct outlet glaciers.
::
Ice

:::
flux

::::::::
converges

::::
over

::::
major

:::::::
drainage

:::::
basins

:::
and

::
is

::::::::
channeled

::::::
through

:::::
several

:::::
major

:::::
outlet

::::::
glaciers.

:
Flux values at

marine ice fronts are
::::::
therefore

:
part of the solutionwhereas a zero condition is prescribed along the land-terminating margin. Background:

grey-scale hill-shaded topography based on a NPI 50m
::
50

::
m DEM.

::
the

::::::::::::
normalisation

::
of

:::
the

::::::::
direction

::::::
vector

::
n.

::::
The

:::::::::::::
surface-velocity

::::::::::
uncertainty

::
is

:::::::
directly

:::::::
inferred

::::
from

::::::
ground

:::::::
control

::::::
points:

:::::::::::::
δu= 20m yr−1.

4 Results & Discussion

4.1 First step
::::::::
First-step

:
reconstruction

This section covers the presentation and discussion of the ice-flux solution, the reconstructed thickness and bedrock elevation25

fields as well as the error estimates. In the error analysis, actual mismatch values from a fraction of withheld measurements are

compared to the formal error estimate (Sect. 2.0.4). In the appendix, interested readers find a brief discussion of the viscosity

parameter (Appendix A) and a sensitivity assessment with respect to changes in SMB, surface geoemetry and to the flux

correction term
:::::::
geometry

::::
and

::
to

:
a
::::
flux

::::::::
correction

:
(Appendix C).

4.1.1 Ice flux30

For Vestfonna ice cap, the ice-flux field is very instructive (Fig. 3). For many drainage basins, ice flux is small near the ice divide

and gradually increases downglacier. The increase stems
:::::
results from ice accumulated along flow lines as well as from flow
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convergence towards the lateral margin. Often, ice flux is highest at or below
:::
near

:
the equilibrium line altitude. For Gimlebreen,

Frazerbreen, Aldousbreen, Søre and Nordre Franklinbreane
:::::::::::
Braggebreen,

:::::::::
Idunbreen,

:::::::::::
Aldousbreen

::::
and

::::::::::
Bodleybreen, ice flux

remains elevated up to the marine ice fronts. For Gimlebreen,
::::::::::
Braggebreen

::::
abd

:::::::::
Idunbreen, these high values are explained by

an increasingly positive apparent mass balance ȧ towards the ice front (Fig. 2e). Also for Aldousbreen, ȧ stays positive near

the glacier tongue. Unlike these examples, the apparent mass balance
::::
AMB

:
turns negative long before the margin is reached

for Nordre Franklinbreen and Frazerbreen. There, elevated ice-flux values are maintained by strong convergence. For Nordre

Franklinbreen, the ice flux mainly follows the northern branch, whereas the 2015-2016 velocity information indicates that the5

southern branchis currently more active. The reason for this ice-flux deflection is that Franklinebreen was primarily drained

through the northern branch in the 1990s (Schäfer et al., 2012) and that this route is still dominantly imprinted in the surface

geometry. For most of the ice cap, flux values decrease towards the margin and level out to zero in land-terminating areas.

:::::::
southern

::::::
branch.

:

For WSB and THPB, the ice flux is small all along the land-terminating margin and increases towards centrelines. For Austre10

Torellbreen, we find strong flux convergence along Bøygisen and Løveisen. Further downstream, ice-flux magnitudes remain

constant as the apparent mass balance
::::
AMB

:
is close to zero. Unlike this balanced situation, a large surface lowering signal on

Paierlbreen remains unexplained by the SMB, resulting in a positive apparent mass balance
:::::
AMB over the entire catchment

area. This imbalance is compensated by extensive downwasting implying a gradual flux increase up to the marine ice front.

The imbalance itself might partially reflect the long-term geometric adjustment of Paierlbreen to the surge in 1993-1999. Yet,15

we cannot exclude that the SMB model underestimates the magnitude of surface melting or that a bias is introduced by the

DEM differencing (Sect. 3.6). In any case, the Paierlbreen setup is challenging because there is almost no sink in the apparent

mass balance implying that ice mass is largely
:::::
AMB

:::
and

:::
ice

::
is

:::::::
primarily

:
lost via the marine ice front. The tongue of Hansbreen

shows less elevated flux valuesinstead which are explained by the small source area
::::
main

::::::
branch

::
of

:::::
WSB

:::::
shows

::::::::
however

::::
very

::::
small

::::
flux

::::::
values.

::::
The

:::::
reason

::
is
::::
that

::::::
source

::::
areas

:
(ȧ > 0 in Fig. 2f) . The situation is even more extreme on WSB, where such20

source areas are mostly limited to
:::
are

::::
very

::::::
limited

:::
and

:::::::
located

::
on

:
two small glacier branches joining the main branch from the

north. Though they provide a certain in-flux, values along the main branch remain close to zero. Under the imposed
::::
input SMB

and elevation-change fields, no important ice-dynamic balancing is needed. Accepting a certain uncertainty in the imposed

fields, we expect that WSB is stagnant at lower elevations because of the general glacier retreat on Svalbard.
:::::::
required.

:

4.1.2 Ice thickness and bedrock elevation25

The first-step thickness map (Fig. 4) depends on surface slopes, thickness measurements and the ice-flux solution. The latter

reflects both climatological and geometric information. For VIC, we find a mean thickness of 226m
:::
228

::
m (Table A1). This

value is significantly higher than the previously reported 185m
:::
185

::
m, which was inferred from a direct kriging interpolation

of the observations (Pettersson et al., 2011)
:::::::::::::::::::::
(Pettersson et al., 2011) of

::::
the

::::
same

:::::::::::
observations

:::
that

:::::::
entered

:::
our

::::::::::::
reconstruction.

One reasons for differences is that our reconstruction produces thicker ice along outlet glaciers troughs. Such deep and often30

over-deepened channels (Frazerbreen and Franklinbreen in Fig. 5) are explained by convergent ice flow draining large zones of

the ice-cap accumulation area (Dowdeswell and Collin, 1990). For Braggebreen and Gimlebreen, the reconstruction suggests

25



deep troughs which arise from a very positive , apparent mass balance
:::::
AMB. The troughs are absent in the kriging interpolation

as no observations were collected in this region. Another reason for differences is that kriging is expected to underestimate the

ice thickness along the land-terminating margins away from observations because of ice-free conditions outside the domain.35

For our approach, margin thicknesses are
::
the

:::::::
margin

::::::::
thickness

::
is affected by physical quantities such as ice flux and surface

geometry. An illustrative example for this effect is the dome-like surface topography of Forsiusbreen in the southwest of

VIC(Fig. 2a). .
:

This glacier is almost deconnected from the main ice cap and the closest thickness measurements were taken

more than 10km
::
10

::::
km away. As a consequence, Pettersson et al. (2011) generate limited thickness values from kriging.

In our reconstruction, a small ice dome is predicted (Fig. 4a) that is even grounded slightly below sea level in its central

areas (Fig. 5a). In addition, the thickest ice is no longer suspected beneath the main crest but our reconstruction suggests a

maximum east of Frazerbreen, where values locally exceed 450m. In general, the first-step thickness map suggests that more

than 12
::
13% of the ice-covered area is grounded below sea level. Previously, it was thought that only a 5% -area fraction lay5

:::
area

:::::::
fraction

::::
lays below sea-level, due to limited measurements from the outer part of the ice cap. In terms of total ice volume,

the first-step thickness map yields 534.7km3
:::::::::
540.2km3 as compared to the 442km3 from kriging (Pettersson et al., 2011).

Ice thickness (a,c,e) as in Fig. 4 and bedrock topography (b,d,f) as in Fig. 5 for Nordre and Søre Franklinbreen on VIC. To

facilitate visual comparability, the outline of the subdomain of Franklinbreen that is updated in the second-step reconstruction

is highlighted (non-transparent lurid colours). First (a,b) and second rows (c,d) show the inferred geometries using 1% or all10

thickness measurements during the reconstruction respectively. The last row depicts the updated geometry after the second-step.

Partially transparent areas in these maps (unsaturated colours) stem from the associated first-step reconstruction.

For the THPB and WSB systems in southern Spitsbergen (Fig. 4b), an abundant observational record was available. There-

fore
:
, we expect that relative differences between thickness maps from a direct interpolation and the first-step reconstruction

should be small. From a direct kriging interpolation by Navarro et al. (2014), the mean thickness estimate for the THPB system15

is 184 m as compared to 182
:::
176 m, here (Table A1). For the land-terminating WSB, mean thicknesses

:
a

::::
mean

::::::::
thickness

:
of 119

and 109 m are
:::
112

::
m

::
is
:
found, respectively. Relative differences in

:::::::
between these values are small with 1.1% for THPB and

8.4% for WSB
::::::
smaller

::::
than

:::
6%

:::
for

::::
both. The slightly updated volume estimates are then 55.5km3 and 2.9km3

:::::::
53.5km3

::::
and

::::::
3.0km3, respectively. Despite the similarity in these values, we see several systematic differences in the thickness maps from

these two approaches. First, the kriging map shows that the measurements were interpolated ignoring the presence of some20

ice-free nunataks (for example above the confluence of Bøygisen and Løveisen in Fig. 4 in Navarro et al., 2014). Similarly,

ice thickness does not tend to zero along some land-terminating margins. These positive biases are compensated in other areas,

where thickness measurements are not reproduced after kriging. A clear difference is seen along Vrangpeisbreen(Fig. 2b).
:
.

In its upper reaches, the direct interpolation shows values below 100m
:::
100

::
m
:

(Fig. 4 in Navarro et al., 2014), whereas the

thickness measurements along the centreline readily exceed 200m
:::
200

::
m

:
(Fig. 4b). These measurements are by construction25

reproduced here. Turning to the basal topography, we find elongate troughs reaching far upglacier from the marine terminus

(Fig. 5b). The bedrock elevation is below zero over 14
::
12% of the entire THPB area. For Hansbreen, the bed remains below

sea-level almost up to Kvitungisen(Fig. 2b). Even up at Nornebreen, a main tributary of Paierlbreen, the ice is grounded well

below sea-level.
:
.
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We
:::
For

:::::
many

:::::::
glaciers,

:::::
only

:::
few

::
or
:::::

even
::
no

:::::::::
thickness

::::::::::::
measurements

:::
are

:::::::
available

::::
and,

:::::::::
therefore,

:::
we

::::
want

::
to
:::::

asses
::
a
::::
lack30

::
of

::
in

:::
situ

:::::::::::::
measurements.

:::
For

:::
this

::::::::
purpose,

:::
we re-computed the VIC, THPB and WSB

::
all

:
thickness fields relying on a random

1%-sample of all thickness measurements (Fig. 4c,d). The idea is to assess the consequences of a lack of in situ measurements.

For many glaciers around the globe, only few or often even no measurements are available. We therefore briefly discuss

consequences from a lack of measurement constraints. For
:::
For VIC, we find somewhat reduced values

:
a
:::::::
slightly

:::::
larger

:::::
value

for the mean ice thickness of 216m
:::
230

::
m
:
and the total ice volume of 510.6km3

:::::::::
543.3km3 (Table A1). Despite this reduction,

general characteristics of the basal topography are already imprinted in the poorly informed reconstruction (Fig. 5c). Along the

central survey track at the northern branch of Nordre Franklinbreen (Fig. 6a,b,c,d), the reconstruction provides an acceptable

estimate of the withheld thickness measurement profiles. For THPB and WSB, the mean ice-thickness values are reduced to5

129 and 108m from previously 182 and 109m
:::
145

::::
and

:::
100

:::
m

::::
from

:::::::::
previously

::::
176

:::
and

::::::
112m, respectively. For THPB, the

relative thickness reduction is substantial with 29%. As a consequence, this reconstruction only finds a 5% area fraction being

:::::::::
substantial

::::::::
thickness

::::::::
reduction

::::::
implies

::::
that

:::
the

:::::::::::
area-fraction grounded below sea level as compared to 14%, before

:::
falls

:::::
from

::
12

::
to

:::
8%. In many places, the sparsely informed reconstruction underestimates the depth of elongate, narrow bed troughs (e.g.

Nornebreen, Vrangpeisbreen). Hansbreen is
:::
The

::::::
densely

::::::
spaced

:::::
GPR

::::
grid

::::::::
measured

::
on

:::::::::
Hansbreen

::::::::
provides an ideal test case10

to estimate how well the reconstruction performs without much thickness constraints because it is there that the GPR survey net

is densest. Withholding 99% of the thickness measurements, the reconstruction suggest an elongate deep trough . Considering

all measurements, the trough is actually somewhat deeper (especially close to the divide with Vrangpeisbreen) and ice-covered

::::
many

:::::::::::::
measurements.

:::::::
Though

::
an

:::::::::
elongated

:::
bed

::::::
trough

::
is

:::::::::
predicted,

::::::::
thickness

:::::
values

::::
and

:::
the

:::::
slope

::
of

::::::
lateral valley sides are

steeper
::::::::::::
underestimated. Moreover, ice in tributary glaciers is found to be thicker. Despite the magnitude,

::
the

:::::::
patterns

:::
in the15

well-informed thickness reconstruction shows more spatial variability in central areas, which is not produced when almost no

thickness measurements are considered
::::::
bedrock

:::::::::::
topographies

:::::
differ

:::::
(Fig.

:::::
5b,d). This implies that small-scale

::::
some

::::::::
observed

features in the bedrock topography are not necessarily well imprinted in the glacier surface
:::
nor

:::
the

:::
flux

:::::
field. Admittedly, a

certain degree of details has been removed by a-priori smoothing of the surface topography.
:
in
:::
the

:::::
slope

::::
field

::
is

:::::::
removed

:::
by

:::
the

::::::::
geometric

:::::::::
smoothing

:::::
(Sect.

::::::
2.2.1).20

4.1.3 Thickness error estimates

The following error analysis is two-fold: we first present and discuss error-estimate maps from the formal error propagation of

input uncertainties as described in Sect. 2.0.4. Secondly, we split the abundant thickness measurement record into two subsets.

One subset is used in the reconstruction (Sect. 2.0.3), whereas the remainder is withheld for validation. The validation subset is

used to infer actual mismatch values at the respective measurement location. Average values for the actual mismatch are then25

compared with the respective formal error estimates.

4.1.4 Estimates from error propagation

Relying on a formal error propagation (Sect. 2.0.4), it becomes possible to provide an error map (Fig. 7
:
6a,b). Using all thickness

observations, the survey tracks are clearly discernible
::::::
visible

::
as

:::::
small

:::::
values

:
in all error maps. The 5m-constraint along these
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tracks (Lapazaran et al., 2016) is propagated along flux streamlines both upstream and downstream. Consequently
::::
Away

:::::
from30

::::
these

::::::::::::
measurements, error estimates only gradually increase along flow, whereas more abrupt variations appear

::::::::
gradually

:::::::
increase

::
in

::::
both

::::::::
direction

:::::
along

::::::::::
streamlines.

:::::
More

::::::
abrupt

:::::::::
variations

:::
are

:::::
found

:
perpendicular to the inferred flux direction.

Moreover, error estimates
::
We

::::::::
therefore

:::::::
suggest

:::
that

:::::
future

:::::::::::
measurement

:::::::::
campaigns

::::::
should

::::
give

::::::
priority

::
to

::::::::::
across-flow

:::::::
profiles.

:::::
Values

:
are highest in areas where ice flux is small as, for example near unconstrained divides

::::
along

:::
the

:::::::::::
southwestern

::::
part

::
of

:::
the

:::
VIC

::::::
divide and on a large portion of WSB

:::
part

::
of

:::
the

::::::::::::::
land-terminating

:::::
WSB.

:::
For

:::
the

:::::
latter

::::
area,

::::
error

::::::::
estimates

:::
are

::::::
largest. We

therefore suggest that future measurement campaigns should give priority to across-flow profiles as well as to stagnant areas.

From gaps in the available cross profiles, we anticipate that a measurement spacing appropriate for thickness reconstructions

should be in accordance with the target thickness map resolution. Once measurement gaps exceed the nominal resolution, error

streaks start propagating through cross profiles. The by-far largest error estimates amongst all test geometries are found for the5

land-terminating WSB. These extreme values are caused by negligible ice flux over a major part of the domain (Sect. 4.1.1).

The error-estimate map
:
of

::::
VIC

:
also highlights that measurements should ideally be acquired on both sides of an ice divide.

For Idunbreen(Fig. 2a), no measurements were obtained (Fig. 4a), which leads to elevated error estimates over most of this

drainage basin (Fig. 7
:
6a). Thickness measurements collected just across the ice divide were not transmitted over the crest to

the Idunbreen catchment area.10

Considering only 1% of all thickness measurements, the error estimates become larger (Fig. 7c,d). In this case, the
:::
6c).

::::
The

ice-cap setup shows largest errors along the ice divide. The increase in the error estimates are unproportional with respect to

the actual differences in the thickness values
:::::
values

:::::
along

:::
ice

::::::
divides

::::
and

:::::
ridges

::::::
where

:::
flux

::::::
values

:::
are

:::::::
smallest.

:::
On

:::::
WSB

::::
and

:::::
THPB

:
(Fig. 4a,c). Therefore, the fact that error estimates exceed the actual thickness value near the ice divide should not be

overrated. For the valley glaciers THPB and WSB,
:::
6d), maximum error estimates are found in areas with small ice flux. Errors

are most prominent for WSB and Hansbreen , which both were found to exhibit small or even negligible ice flux. In addition,

errors tend to be higher along central flow lines as a result of convergent ice flux. For sparse measurements
::::
again

::::::
found

::
in

::
the

::::::::
stagnant

:::::
areas

::
on

:::::
WSB

:::
but

::::
also

:::
on

:::::::::
Hansbreen

::::
and

::::::
Austre

::::::::::
Torellbreen

::::::
values

:::
are

:::::::
elevated.

:::
In

::::::
critical

:::::
areas on ice caps5

and glaciers, we confirm that local error estimates
::::
error

::::::::
estimates

::::
can readily reach 50% of the inferred thickness values

:::
ice

:::::::
thickness

::
if
::::::::
thickness

::::::::::::
measurements

:::
are

:::::
sparse.

4.1.5 Actual thickness mismatch

A pressing question is whether the magnitude of these error-estimate maps is reliable and falls into a realistic range. For

this purpose, we withheld a random sample of all thickness measurements from the reconstruction and computed an absolute10

thickness mismatch for comparison. The sample size is defined as a fraction of all measurements and we investigated the range

from 1 to 99%.

In a first attempt, we directly compared the formal error estimates to the in situ absolute mismatch values. Ideally, these two

values would show a positive correlation. Yet, no clear dependence was discernible for none
:::
any of the sample sizes. Both data

distributions, for mismatch values and error estimates, are not normaland we therefore
:
.
:::::
Being

::::::
robust

::
to

:::::::
outliers,

:::
we

:
decided15

to quantify them
::::
these

::::::::::
distributions

:
in terms of medians and quartiles . These measures are more robust to outliers than mean
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values and standard deviations. Medians and quartiles are normalised to the average thickness of all withheld observations

(Fig. 8). First and foremost, medians and quartiles suggest that
::
7).

::
In

:::
this

::::::::
aggregate

::::::
sense, error estimates tend to overestimate

the absolute mismatch. For small fractions of withheld measurements, the overestimation is stronger. This bias does not surprise

as formal error estimates cannot fall below a 5m limit Lapazaran et al. (2016)
::::
preset

::::::::::::
measurement

::::
error

:::::
(Sect.

::::
3.9), whereas

high correlation between thicknesses
:::::::
thickness

::::::
values

:
at adjacent location results in very low mismatch values. If only 1%5

of the measurements is withheld, normalised medians of the absolute mismatch range from 0.5 to 1.4%, whereas equivalent

values for the error estimates range between 4 and 22%. As more and more data is withheld, normalised median mismatches

increase
:::::
median

:::::::::
mismatch

:::::
values

:::
do

:::
not

::::::
exceed

:
3
:::
m,

:::::
which

::::::
simply

:::::::
reflects

:::::
spatial

::::
data

::::::::::
correlation.

:::
For

:::
this

:::::
case,

::::::
median

:::::
error

:::::::
estimates

::::
are

:::::
about

::
20

::
m
:::

for
:::::

VIC
:::
and

::::::
THPB.

:::::
Error

::::::::
estimates

:::
are

:::::::::::
problematic

::
on

:::
the

::::::::
stagnant

:::::
WSB

:::::
setup,

:::::
where

:::
we

::::
find

::
a

::::::
median

::
of

::::
149

::
m,

::::::
which

::::::
exceeds

:::
the

:::::
mean

:::
ice

::::::::
thickness. For a withheld data fraction of 99%, we find values of 8%

::::::::
mismatch10

:::::::
medians

::
of

:::
21

::
m

:
for VIC, 24%

::
47

::
m for THPB and 23%

::
36

::
m
:

for WSB. These values could give a first indication of the

maximum overall uncertainty associated to the presented thickness reconstruction for glaciers for which no measurements are

available. The normalised
:::::
Again

:::::
these

::
are

::::::::::::
overestimated

:::
by

:::
the median error estimates are 43%, 11% and 51%

::
of

::::
102

::
m,

:::
66

::
m

:::
and

:::
360

::
m, respectively. Again ,

:::
the

:::::
value

::
on

:
WSB stands outhere because formal error estimates diverge over a large portion

of the glacier area where flux values are very small. From this comparison, we take that .
::::
We

:::::::
conclude

::::
that

:::::::::
aggregated

::::::
values15

::
of formal error estimates show a tendency to exceed mismatch values. This tendency suggests that error estimates, here, can

be interpreted in terms of an upper constraint. Admittedly, magnitudes of these error estimates depend on the choice of te

input uncertainty, which will affect the interpretation . We strongly want to discourage that this error estimates are interpreted

in terms of a standard deviation because of two reasons. First, mismatch values and error estimates are not correlated and,

secondly, both distributions are not normal.20

4.2 Second-step reconstruction

The second step of this reconstruction is optional and depends on the availability of velocity information. Knowing surface

velocities,the mass conservation equation can be solved directly for the unknown ice thickness (Morlighem et al., 2014) .

:::
The

:::::
above

:::::::::
aggregate

:::::::::
assessment

::::::::
suggested

::::
that

:::
the

::::
error

::::::::
estimates

:::::
could

:::::
serve

::
as

:::::
upper

:::::::::
constraints

:::
for

:::
the

:::::
actual

:::::::::
mismatch.

:
It
:::::::
remains

:::::::
however

:::::::
unclear

::::
how

::::::
reliable

::::
this

:::::::::::
interpretation

::
is

::
at

:::::::::
individual

:::::::::::
measurement

::::::::
locations.

:::
We

::::::::
therefore

::::::::
compute

:::
the25

:::
data

:::::::
fraction

::
of

:::
all

:::::::
withheld

::::::::::::
measurements

:::
for

:::::
which

:::
the

::::::
actual

::::::::
mismatch

::
is

:::
less

::::
than

:::
the

::::::::
predicted

::::
error

::::::::
estimate

:::::
(Table

:::
1).

::
If

::::
only

:
a
:::
1%

:::::::
fraction

::
of

:::
the

::::::::::::
measurements

::
is

::::::::
withheld,

:::::
more

::::
than

::::
90%

::
of

:::
the

::::::
actual

::::::::
mismatch

::::::
values

:::
fall

:::
into

:::
the

:::::
error

:::::::
bounds.

::
On

:::::
VIC,

::::
even

:::::
100%

:::
are

:::::::
reached.

:::
As

::::::
before,

::::
these

::::
high

::::::
values

::::::
simply

:::::
reflect

:::
the

::::::
strong

:::::
spatial

:::::::::
correlation

::
in
:::
the

:::::::::::::
measurements.

::::::::::
Withholding

::::::::
gradually

:::::
more

::::
data

::
for

:::::::::
validation,

:::
the

::::
data

:::::::
fraction

:::
for

:::::
which

:::
the

:::::
upper

:::::
error

:::::::::
constraints

:::
are

::::
valid

::::::::
decrease.

:
The

second-step thickness field is anticipated to be an improvement. The reason is that
::::::::
minimum

::
of

:::::
64%

::
is

::::::
reached

:::
for

:::::::
THPB.30

:::::
These

:::::::
numbers

:::::
give

:
a
::::
first

:::::::::
indication

:::
on

:::
the

::::::
spatial

::::::::
reliability

:::
of

:
the flow direction is no longer geometrically prescribed

but follows the observed surface velocity field. In addition, the pattern of velocity magnitudes enters the reconstruction and

modulates the thickness field accordingly. We decided to limit the thickness update to areas in which the observed velocity

magnitude exceeds
:::::::::::
error-estimate

:::::
map.

:::::::
Looking

::
at

:::
the

::::::
spatial

:::::::::
distribution

:::
of

:::::::
violated

::::
error

::::::
bounds

:::::
(Fig.

:::::
6c,d),

:
a
:::::::::
clustering

::
is
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Table 1.
::::::

Fraction
::
of

::
all

:::::::
validation

:::::::::::
measurements

:::
for

:::::
which

::
the

:::::::
absolute

:::::::
mismatch

::
is

:::
less

::::
than

::
the

:::::::
predicted

::::
error

:::::::
estimate.

::::::
Values

::
are

:::::
given

:
in
:::
per

::::
cent.

:::::
fraction

::
of
:::::::
withheld test geometries

::::::::::
measurements

:
[

:
%

:
] VIC THPB WSB

::
99

:::
84.0

:::
63.9

:::
88.7

::
95

:::
89.0

:::
80.0

:::
87.0

::
90

:::
93.0

:::
79.4

:::
91.1

::
80

:::
94.7

:::
82.8

:::
94.1

::
70

:::
96.2

:::
86.0

:::
93.4

::
60

:::
97.3

:::
88.6

:::
96.1

::
50

:::
97.3

:::
88.7

:::
95.6

::
40

:::
97.9

:::
89.2

:::
96.8

::
30

:::
97.9

:::
89.5

:::
96.9

::
20

:::
97.5

:::
89.5

:::
98.0

::
10

:::
98.4

:::
91.2

:::
96.6

:
1

::::
100.0

: :::
93.1

:::
90.9

::::::
visible.

:::
For

:::
the

:::::::
ice-cap

:::::
setup,

:::
we

::::
find

::::::::
violations

:::::
along

:::
the

::::::::::::::
land-terminating

:::::::
margin,

::::::
where

:::::::
inferred

::::::::
thickness

:::::
values

:::::
tend

::
to

:::::::::::
underestimate

:::
the

:::::::::::::
measurements.

::::::::::
Concerning

::::::::
violation

::
in

:::
the

:::::::
interior,

:
a
::::::::

tendency
:::
for

:::::::::::::
overestimating

:::
the

::::::::
thickness

::::::
values

::
is

:::::::::
discernible.

::::
For

::
the

:::::
more

::::::::::
constrained

:::::
valley

::::::
glacier

::::::
setups

::::::
(THPB,

::::::
WSB),

:::::
these

:::::::::
tendencies

:::
are

:::
not

:::::::::
confirmed.

:::
We

::::::::
conclude

:::
that

:::::::
median

:::::::::::::
error-estimates

:::::::::::
overestimate

:::
the

::::::::
mismatch

::::::
values

::::
and

:::::
could

::::::::
therefore

:::::
serve

::
as

:::
an

:::::
upper

:::::
error

::::::::
constraint.

:::::::::
Accepting

::::
this

:::::::::::
interpretation,

:::
we

::::
can

::::::
provide

:::
an

::::::::
aggregate

::::
error

::::::
range.

:::::
Mean

::::::::
thickness

:::::
values

:::
for

:::::
VIC,

:::::
THPB

::::
and

::::
WSB

::::
fall

:::
into

::
a

:::::
range

::
of

:::
172

::
-
:::
320

:::
m,

:::
141

::
-
:::
217

::
m

::::
and

::
46

:
-
::::

508
:::
m,

::::::::::
respectively.

:::
For

:::
the

::::
area

:::::::
fraction

::
of

:::
ice

::::::::
grounded

::::::
below

::::::::
sea-level,

::
we

::::
find

::::::
ranges

::
of

::
7

:
-
::::
23%

:::
for

::::
VIC

:::
and

::
7

:
-
::::
22%

:::
for

::::::
THPB.

::::
This

:::::::::
maximum

:::::
range

::
on

::::
VIC

::
is
::::::
clearly

::::::::
exceeded

:::
by

:::
the5

:::
5%

::::
area

::::::
fraction

:::::::
inferred

:::
by

:
a
:::::
direct

:::::::::::
interpolation

:::
of

::::::::::::
measurements.

:::::::
Despite

:::
this

:::::::::
aggregate

::::::::::
assessment,

:::
the

:::::
spatial

:::::::::
reliability

::
of

:::::::::
interpreting

:::
the

::::::::::::
error-estimate

::::
map

::
in

:::::
terms

::
of

:::
an

:::::
upper

::::::::
constraint

:::
for

::::
local

::::::::::::
measurements

:::::::
become

::::::::::
increasingly

:::::::
difficult

:::
the

:::::
fewer

:::::::::::
measurements

:::
are

:::::::::
available.

4.2
::::::::::

Second-step
:::::::::::::
reconstruction

:::
The

::::::
second

::::
step

:::
of

:::
this

::::::::::::
reconstruction

:::
is

::::::
applied

::
in
::::

one
::::::::::
sub-domain

:::
for

:::::
each

:::
test

:::::::::
geometry,

:::::
where

::::::::
velocity

::::::::::::
measurements10

::::::
exceed 100 m yr−1. Below this threshold, the velocity information becomes increasingly fragmented

::::::
m yr−1 (Fig. 2g,h).

::
In

::::
these

:::::::::::
sub-domains,

:::::
mass

::::::::::
conservation

::
is

::::::
directly

::::::
solved

:::
for

:::
the

:::::::
unknown

:::
ice

:::::::::
thickness.

::
As

:::
this

:::::::
solution

::
is

::::::::::
additionally

::::::::
informed

::
by

:::::::
velocity

:::::::::::
observations,

:::
we

:::::
expect

:::
an

::::::::
improved

::::::::
thickness

::::
field.

:
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4.2.1 Ice thickness

On VIC, ice thickness is updated along 8 fast-flowing outlet glaciers (Figs. 6e and 9
:
8a,c). In these areas, the new thickness15

field can differ considerably from the first-step reconstruction
::::
(Fig.

:::
4), particularly in areas with sparse observational con-

straints as for Idunbreen and Rijpbreen. The reason is that velocity streamlines deviate from the slope-prescribed
:::::::::::
geometrically

::::::::
prescribed

:
flux direction. Consequently, the ice is distributed differently. For Idunbreen and Rijpbreen, deeper troughs are

found somewhat away from the ice front which is explained by a convergent surface velocity field. Therefore, velocity

measurements seem more valuable in areas where no thickness measurements are available. Along the southern branch of

Nordre Franklinbreen, some measurements were collected, constraining the reconstruction. The updated thickness fieldis5

anyhow thicker downstream of the junction between the southern branch and
:::
and

::
a

:::::
larger

:::
ice

::::::
volume

::
is

:::::::
inferred.

::::
For

::
all

:::::
other

:::::
outlet

:::::::
glaciers,

:
the not-updated northern branch

::
ice

:::::::
volume

:::::::
estimate

:::::::::
decreases.

:::
In

:::::::
addition,

::::::::
spurious

:::::::::
along-flow

:::::::::
variations

::
in

:::
the

:::::::::::
geometrically

:::::::::
controlled

::::::::
first-step

::::::::
thickness

:::::
field,

:::
for

:::::::
instance

:::
on

:::::::::::
Bodleybreen

:::
and

:::::::::
Rijpbreen (Fig. 6e). The updated

bedrock topography now shows asomewhat deeper trough (Fig. 6f). The reason for this difference is that ice flow follows

the 2014-2015 surface velocities, which favoured the southern branch, while the geometrically imposed first-step flux direction10

showed a preference for northward outflow (Fig. 3).
::::
4a),

::
are

:::
not

::::::
visible

::
in

:::
the

::::::::::
second-step

::::
field.

::::::::::
Accounting

:::
for

:::
the

::::::::::
second-step

::::::::::::
reconstruction,

::::
both

:::
the

::::
total

:::
ice

:::::::
volume

:::
and

:::
the

:::::
mean

:::
ice

::::::::
thickness

:::::::
slightly

::::::::
decrease

::
to

::::::::
538.8km3

::::
and

:::
227

:::
m,

:::::::::::
respectively.

::::
This

:::
also

:::::::
reduces

:::
the

::::
area

::::::
fraction

::::::::
grounded

::::::
below

:::::::
sea-level

::
to

:::::::
13.0%.

In Wedel Jarlsberg Land, thickness fields are updated for
:::
the three fast-moving frontal areas of each glacier in the THPB

complex. The wealth of thickness observations implies that the first- and second-step reconstructions are very similar (Fig. 9
:
8b).

This is certainly the case for the fast portions of Hansbreen and Paierlbreen. Differences become largest near the calving fronts

because of the free boundary condition. For Hansbreen, the bed trough near the ice front becomes both deeper and widerwhereas

the updated Paierlbreen geometry only shows a wider trough. For Austre Torellbreen, differences are more apparent as only two

along-flow measurement profiles constrain the thickness field at low elevations. Along the centreline of Austre Torellbreen, two5

overdeepened spots
::
its

::::::::
centreline

::
at
:::
the

::::::::::
confluence

::::
with

:::::::::::::
Vrangpeisbreen,

:::
an

:::::::::::
overdeepened

::::
spot

:
in the first-step reconstruction

are flattened out
:
is

::::::::
flattened in the updated basal topography (Fig. 9

:
8d).

:::
The

::::::
frontal

::::
area

::
is

::::
also

::::::
thinner

::::
than

::
in

:::
the

::::::::
first-step

::::::::::::
reconstruction.

:::
For

:::
the

:::::
entire

::::::
THPB

::::::::
complex,

::
we

::::
find

:
a
:::::
small

::::::::
reduction

::
in
:::::::
average

::::::::
thickness

::
to

::::
173

::
m.

:

4.2.2 Error
:::::::::
Mismatch

:
&

::::
error

:
estimates

The updated error-estimate fields are
::::
map

::::
(Fig.

:::
9)

::
is informed by first-step values at lateral boundariesexcept for marine ice10

fronts (Fig. 10). Owing to this inheritance, a repetition of the above error analysis (Sect. 4.1.3) seems redundant . In the

subdomains, error estimates are simply .
::::::

These
::::::::
estimates

:::
are

::::
now propagated along velocity streamlinesand further modified.

For
:
,
:::::
which

::::::::::
themselves

:::
are

:::::::
inferred

::::
from

:::::::::::::
measurements.

:::
On

::::::::::
Frazerbreen

:::
and

::::::::::
Hansbreen,

:::::
large

:::::::
first-step

:::::
error

::::::::
estimates

::::
near

::
the

:::
ice

:::::
front

:::
are

:::::::
reduced

:::::::
because

::
of

:::::
high

::::::::
velocities.

:::
In

:::
the

:::::::::::
sub-domains

::
on

:
VIC, magnitudes of the updated error estimates

tend
:
,
::::::::
however, to increase as compared to the first-step values. This might imply that the

::
A

:::::::
possible

::::::
reason

::
is

:::
the

::::::::
relatively15

::::
large

:
input velocity uncertainty of 20 m yr−1was chosen relatively high. Yet, this tendency is not confirmed for the THPB
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complex. Along the survey tracks, error estimatesare identical as we again prescribe the 5m value associated to the thickness

measurements (Lapazaran et al., 2016) .

:::
We

:::::
repeat

:::
the

::::::::
aggregate

:::::
error

:::::::::
assessment

:::::
from

:::::
above

::::
(Fig.

::::
10).

:::
For

:::::
VIC

:::
and

::::::
THPB,

:::
we

::::
find

:::
that

:::::::
median

::::::::
mismatch

::::::
values

::
are

::::::
higher

::::
than

::
in

:::
the

:::
first

:::::
step.

::
So

::::::
despite

:::
the

:::::::::
additional

::::::
velocity

:::::::::::
information,

:::
the

::::::::::
second-step

::::::::::::
reconstruction

:
is
:::
not

::::::::::
necessarily20

:::
able

::
to
::::::::

produce
:
a
:::::
more

::::::
reliable

::::::::
thickness

:::::
map.

:::::::
Another

:::::
trend

::
is

::::
seen

::
in

:::
the

::::::::::
interquartile

::::::::::::
error-estimate

::::::
range,

:::::
which

::
is

:::::
often

:::::::
reduced,

:::::::
certainly

:::
for

::::::
THPB.

::::
Yet

::
no

:::::
trend

:
is
::::::

visible
::
in
:::
the

:::::::
median

::::
error

:::::::::
estimates,

:::::
which

:::
are

::::::
smaller

:::
for

::::::
THPB

:::
and

::::::
higher

:::
for

:::
VIC

::::
than

::
in
:::
the

::::
first

::::
step.

:::::::::
Following

:::
the

:::::
above

:::::::::::
interpretation

::
of

:::::
these

:::::::::
aggregated

::::
error

::::::::
estimates

::
in

:::::
terms

::
of

::
a
::::::::
maximum

::::::
range,

::
we

::::
can

::::::
update

:::
the

:::::
mean

::::::::
thickness

::::::
ranges

::
to

:::
171

::
-
:::
320

:::
m

:::
and

::::
142

:
-
::::
212

::
m

:::
for

::::
VIC

:::
and

:::::::
THPB,

::::::::::
respectively.

::::
The

:::::::::
maximum

:::::
ranges

:::
for

:::
the

::::
area

:::::::
fraction

:::::
below

:::::::
sea-level

:::::::
become

::
6

:
-
::::
23%

:::
and

::
6
:
-
:::::
18%,

::::::::::
respectively.

:
25

5 General Discussion

In this section, we discuss the central assumptions and caveats of the presented reconstruction approach. For the first step,

sliding is inherently neglected, assuming that ice motion is an exclusive result from internal deformation. In areas without

thickness and velocity information, this assumption is likely the dominant source of uncertainties and might even bias
:::::
biases the

results towards high
:::::
higher thickness values. Other reconstruction approaches use an empirical scaling relation (e.g. Farinotti30

et al., 2009b) or incorporate a transiently resolved relation for basal water availability (van Pelt et al., 2013). In either case,

formulations are basic because of our limited knowledge of basal conditions. Although these approaches are valuable attempts

to address the issue of unknown basal conditions, it remains questionable whether uncertainties in the reconstructed thickness

field are in fact reduced. Here, we instead address basal sliding by relying on direct measurements of the surface velocities

but limited to sub-domains where magnitudes exceed 100m yr−1. These
:::::::
velocity measurements comprise motion arising from35

both internal deformation and basal sliding.
:::
For

:::::
THPB

::::
and

::::
VIC

:::
we

:::
find

:::::::
reduced

::::::
values

:::
for

:::
the

:::::
mean

::::::
glacier

::::::::
thickness

:::::
when

::::
using

:::::::::
velocities.

::::
This

:::::::
concurs

::::
with

:::
the

:::::::
expected

::::
high

::::
bias

::
in

:::
the

::::
first

::::
step.

Another caveat in the first-step reconstruction is the assumption that
::
the

:
ice flux follows the steepest surface slope

:
a

::::::::
smoothed

::::::
version

::
of

:::
the

::::::::::::
surface-slope

::::
field

:
(Sect. 2.3). Although this assumption

:::
The

::::::::::
smoothing

::
is

:::::::
spatially

:::::::
variable

::::::::::
accounting

:::
for

::::::::
non-local

::::
flow

:::::::
coupling

::::
via

:::::::::
membrane

:::::::
stresses.

::::::::
Although

:::
the

::::::::
direction

::::::
choice

:
might be appropriate in slow-moving areas,5

the actual velocity vector can point into a different direction
::::::::
elsewhere. The situation becomes even more complex for surging

glaciers, for which the surface topography is significantly
::::::
notably modified during these short-term events. An examples is

Franklinbreen on VIC. Here, ,
:::
for

::::::
which

:::::::
velocity

::::::::::
information

::::
from

:::
the

:::::
early

:::::
1990s

:::::
show

::::
main

:::::::
outflow

:::
via

:
the geometrically

imposed flux direction prefers the northern outlet branch(Fig. 3) . Although this is consistent with velocities in the early 1990s,

the 2015 state shows that more ice is currently .
:::::
Using

:::
the

:::::
1990

:::::
DEM

:::::
(Sect.

:::
C2)

:::
for

:::
the

:::::::
first-step

::::::::::::
reconstruction,

:::::
most

::
ice

::
is

::::
also10

exported via the southern branch
:::
(not

:::::::
shown). Therefore, the surface topography is not necessarily the best indicator for the flow

direction. In the second step, we were able to update the thickness field in consistency with the recent velocity fields
:::::::::
2015-2016

::::::
velocity

::::::
fields,

::::
with

::::::::::
preferential

:::::::
outflow

::::
also

:::
via

:::
the

:::::::
southern

::::::
branch. Yet even for the second-step

:::
this

:
reconstruction, it is
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not evident how to account for important, non-regular dynamic changes, such as surging, as for instance on Franklinbreen and

Paierlbreen (Błaszczyk et al., 2009).15

From the perspective of mass conservation, uncertainties from temporal inconsistencies could be reduced by contemporaneous

input fields. If some input fields are representative for very different time periods than others, a not-well assessable bias is

introduce in th reconstruction . Despite time consistency, input fields should also be averaged over a certain period. The reason

is that input variables can show strong seasonal and inter-annual variability, which alter the inferred thickness fields. This effect

was also seen for Franklinbreen for which ice preferred different export paths in the two reconstruction steps. Therefore, some20

inherent response time of glacial systems has to be accounted for
:::
The

::::::::
provided

::::::::::::
error-estimate

::::
map

::
is

:::::
shown

::
to
:::
be

:
a
::::::::
practical

:::::::
measure

:::
for

:
a
::::

first
:::::

error
::::::::::
assessment.

::::
The

::::::::::
underlying

::::
error

::::::::
analysis

::::::
inherits

:::
all

:::::::::::
assumptions

:::::
made

::
in

:::
the

:::::::::::::::
mass-conserving

:::::::::::
reconstruction

::::
and

::::::
thereby

::::::::
accounts

:::
for

::::::
various

:::::
input

:::::::::::
uncertainties.

::
A

::::::::::
fundamental

::::::::::
assumption

::
is

:::
that

:::
the

:::::
error

:::::::
estimate

::
is

:::
the

::::::::
minimum

:::::
value

::
of

:::
two

::::::::
solutions

:::::
(Sect.

::::::
2.0.4).

:::::
These

::::
two

::::::::
solutions

::::
stem

::::
from

:::
an

::::
error

:::::::
increase

::
or
:::

an
::::
error

::::::::
decrease

:::::
along

:::
the

::::
flow,

::::
both

::::::::
assumed

::
to

::::::
change

::
at

:::
the

:::::
same

::::
rate.

::::
We

:::::
argue

:::
that

:::
the

:::::
latter

:::::::
solution

::
is
:::::::::
necessary

::
to

::::::::
constrain

:::
the

::::
error

::::::::
estimate25

:::::::
upstream

::
of

:::::::::::::
measurements.

:::
The

::::::::
assumed

:::::::::
magnitude

::
of

:::
the

:::::::
decrease

:::
rate

::
is
:::::::
however

::::::::::
disputable.

:::::::::::
Furthermore,

::
the

:::::
error

:::::::
analysis

:::::::
neglects

::::
other

::::::
sources

::
of

::::::::::
uncertainty.

:::::
First,

:::
not

::
all

:::::
input

::::
fields

:::
are

:::::::::::::::
contemporaneous

:::
and

::::::::
therefore

::
an

:::::::::::
inconsistency

::
is

:::::::::
introduced

::
in

:::
the

::::
mass

:::::::::::
conservation

::::::::
equation.

:::::::
Second,

:::
the

:::::::
control

:::::::::
parameters

:::::
ȧ,u1 :::

and
:::
u2:::

are
:::::::
updated

::::::
during

:::
the

:::::::::::
optimisation.

::::::
These

::::::
changes

:::
are

:::::::::::
unaccounted

:::
for

:
in the averaging. For the test cases described in this manuscript, time consistency could not be

prioritised because of limited data availability. Resultant time inconsistencies therefore add to the uncertainties associated with30

the presented thickness fields.
:::::::
constant

::::
input

::::::::::::
uncertainties.

:::::
Third,

:::::
input

:::::
fields

:::
are

::::
time

::::::::
averaged.

:::::
Such

:::::::::
averaging

:::::::::
suppresses

:::::::
seasonal

::::::
signals

:::
for

:::::::
instance

::
in
::::

the
:::::::
velocity

::::::::::::
measurements

::
or

::
is

::::::
simply

::
a
::::::::
necessity

::
to

::::::
obtain

:
a
::::::::::::::
climatologically

::::::::::
meaningful

::::
SMB

:::::
field.

::::
Yet,

:::
the

:::::::::
averaging

::::
adds

::::::
further

:::
to

:::
the

::::::::::
uncertainty.

:::::::
Finally,

:::::::::::
uncertainties

::
in

:::::
some

::::
SIA

:::::::::
parameters

::::
and

::::::::
variables

::::::
remain

:::::::::::
unconsidered,

:::::::::
including

:::::::::::
surface-slope

:::::::::
magnitude

::::
and

:::
the

:::::::
viscosity

:::::::::
parameter.

::::
The

:::::
latter

::
is

::::
even

::::::::::::
unconstrained

::
if
:::
no

:::::::
thickness

::::::::::::
measurement

::
is

::::::::
available.

:::
All

::::
these

::::::::::::
unconsidered

:::::
source

:::::
terms

::::::
reduce

:::
the

:::::::::
reliability

::
of

:::
the

::::::::
presented

::::::::::::
error-estimate

::::
map.

::
In

:
a
::::::::
stringent

::::::::
Bayesian

::::::::::
framework,

::::::::::::::::::::::::
Brinkerhoff et al. (2016) were

::::
able

::
to

:::::::
account

::
for

:::
the

::::::
above

:::::
terms.

:

Concerning the sensitivity of the thickness map of VIC to changes in the input fields
::::
SMB

::::
and

::
the

:::::
input

:::::
DEM (Appendix C),

we find that integrated values as mean ice thickness and ice volumes are rather insensitive. On VIC, relative differences in our5

analysis remain below 3
:::::
within

::
5% (Table A1). Differences in these integrated values reduce as more and more thickness

measurements are available. Locally, differences can however become largeand the explanation is not always evident. Without

thickness measurements for correction, we found that an offset in the specific SMB directly translates into a thickness bias.

Concerning the flux correction, we confirm that it is most influential for stagnating areas. Ice flux values on Werenskioldbreen

are very small and the relative volume difference when applying the flux correction reaches 8%. Yet the effect reduces both10

with the
::::
14%.

::::::::::
Differences

:::::
again

::::::
reduce

:::::
with

::::::::
increasing

:
availability of thickness measurementsand with an increasing mass

overturning as prescribed by the apparent mass balance. For VIC, ice-volume or mean-thickness estimates change by less than

0.3
::

2.0% after applying the flux correction. For THBP, the relative difference is slightly larger at 2.4
::
5.0%. For these cases

::::
VIC

:::
and

:::::
WSB, these relative differences are comarably small as compared to

::::
often

:::::::
smaller

::::
than

:
the sensitivity to measurement
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availability. Using either all or only 1% of all available measuremetns in the reconstruction results in larger relative changes in15

the mean ice thickness by 5% for VIC and 29
::::
11%

:::
for

:::::
WSB

:::
and

:::
17% for THPB.

For
::::
The

::::::
central

::::::::::
assumption

::
in the second-step in this reconstruction , we found that it is impractical to use the velocity

observations over entire drainage basins. The primary reason is that the reconstruction approach is very sensitive to inconsistencies

:::::::::::
reconstruction

::
is
::::
that

::::::
surface

::::::::
velocities

:::::
equal

::::::
vertical

:::::
mean

::::::
values.

::::
This

:::::::::
assumption

::
is

:::::::
justified

::
as

:::
this

::::
step

::
is

::::
only

::::::
applied

:
in ar-

eas where velocity magnitudes are small. Therefore, we decided to spatially limit the reconstruction using a 100m yr−1 velocity20

threshold. This choice ensured that fragmented areas in the velocity field were avoided and that relative input uncertainties

remain below 20%. Another reason was that the ice thickness reconstruction can only perform well where ice flow is linked

to a designated source area. Sources can either be an area of dominant surface accumulation or an important upstream

inflow boundary. When applied to entire drainage basins on VIC, some isolated flow systems (e.g. the northern branch of

Nordre Franklinbreen) were not linked to any source area. As a consequence,
::::::
surface

::::::::
velocities

::::::
exceed

::::
100

::
m

:::::
yr−1.

::::::
There,25

::::
basal

::::::
sliding

::
is
::::::

likely
:::::::::
dominant.

:::
An

::::::::
aggregate

::::::::::
assessment

::
of
::::

the
::::::::
thickness

:::::::::
mismatch

:::::::
indicates

::::
that

:
the velocity informed

thickness reconstructionproduced almost no ice cover in these areas. We are convinced that
::::::::::
second-step

::::::::
thickness

::::::
update

::
is

:::
not

:::::::::
necessarily

:::::
more

:::::::
reliable

::::
than

:::
the

:::
first

:::::
step.

:::::::
Though

:::
the

:::::::
updated

::::
field

::
is

:::::::::
consistent

::::
with

:::
the

:::::
actual

:::::
flow

::::
field,

:::::::::
mismatch

:::::
values

::::
tend

::
to

:::
be

:::::
larger

::::
than

::
in

:::
the

::::::::
first-step

:::::::::::::
reconstruction.

:::::::
Reasons

:::
for

:
a
::::::
worse

:::::
match

:::
are

::::
that

:::::::
velocity

::::::::::::
measurements

::::
also

::::::::
introduce

:::::
further

::::::::::
uncertainty

:::
and

::::
that

::::::::
thickness

::::::::::::
measurements

::::
enter

:
a
::::
cost

::::
term

::::::
during the second-step reconstruction could be30

extended to larger sub-domains. We think that such an extension is possible by lowering the velocity threshold while assuring

that most velocity streamlines connect to an upstream inflow boundary. Yet, the actual choices involved are not evident and

need further investigation which exceeds the scope of this study
::::::::::
optimisation

:::::
rather

::::
than

:::::
being

:::::::
imposed

::
in

:::
the

::::
first.

::
In

::::::::
addition,

::
the

::::::::::
sub-domain

::::::::::
delineation

:::::
might

:::
not

::
be

:::::::
optimal.

6 Conclusions

We have presented
:::::
present

:
a two-step, mass-conserving reconstruction approach to infer ice

::::::
glacier thickness maps with prior

knowledge on source and sink terms in the mass budget. The first step is intended for glaciers for which input information

is limited. Requirements are comparable to other reconstruction approaches that have been applied successfully to glaciers

world-wide (Huss and Farinotti, 2012) . In fast-flowing areas, available velocity information is used, in a second step, to5

improve the thickness field along outlet glacier sub-domains
:::
two

:::::
steps

::::::::
guarantee

::::::::::
applicability

::
in

:::::::
absence

::
of

:::::::
velocity

::::::::::::
measurements.

::
In

:::
the

:::
first

:::::
step,

:
a
:::::::::::
glacier-wide

::::::::
thickness

::::
field

::
is

:::::::
inferred

::::
from

::
a
:::::::
balance

:::
flux

::::::::::
calculation

::
on

:::
the

:::::
basis

::
of

:::
an

::::
input

::::::
AMB.

::::
The

::::::
second

:::
step

:::::::
requires

:::::::
velocity

::::::::::::
measurements,

::::::
which

:::
are

::::
often

:::
not

:::::::
reliable

::
all

::::
over

:::
the

::::::
glacier.

:::::::::
Therefore,

:::
the

::::::
glacier

::::::::
thickness

::
is

::::
only

::::::
updated

::::
over

::
a
::::::::::
sub-domain.

::::
This

:::::::
updated

::::
field

::
is
:::::::::
consistent

::::
with

:::
the

::::::::
observed

::::
flow

::::
field

:::
and

::::::
shows

:
a
::::::::
seamless

::::::::
transition

:::
into

:::
the

:::::::::::
glacier-wide

::::::::
first-step

::::
map. In both steps, available thickness measurements are readily assimilated to constrain10

the reconstruction. The approach is tested on different
::::::::
Moreover,

:::
the

:::::::
inferred

::::::::
thickness

:::::
field

::
is

:::::::
provided

::::::::
together

::::
with

:::
an

:::::::::::
error-estimate

:::::
map,

:::::
based

::
on

::
a

:::::
formal

:::::::::::
propagation

::
of

::::
input

::::::::::::
uncertainties.

:::::
Here,

::
we

:::::::
present

:::
and

:::::
apply

:::
this

::::::::
approach

::
to
:::::::
various
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glacier geometries on Svalbard where an abundant thickness record was available. On these test geometries, we show that the

approach performs well for entire ice caps as well as for marine- and land-terminating glaciers.

For the land-terminating Werenskioldbreen in southern Spitsbergen, measurement tracks are densely spaced. Therefore,15

average thickness values from a direct interpolation (Navarro et al., 2014) and from the first-step reconstruction are very

similar at 119 and 109m, respectively. Dense measurement tracks were also acquired on the adjacent Austre Torellbreen,

Hansbreen and Paierlbreen complex for which the average thickness value of 186m deviates by mere 2% from the direct

interpolation. However, reconstructed thickness values along the land terminated margin are somewhat smaller than from

the direct interpolation whereas ice tends to be thicker along central flow lines and away from constraining observations .20

For the three marine-terminating glaciers, the mean ice-front thickness is just above 100m, which is loosely confirmed by

the rough archipelago-wide estimate of 100m which was necessary as no measurements or reconstructions were available

(Błaszczyk et al., 2009) . The thickness field of an ice cap is considered a more challenging task for reconstruction because of

an increasingly flat topography near the ice divide. For Vestfonna ice cap, we find a mean first-step thickness value of 226m,

about 22% larger than the previously reported glacier-mean of 186m (Pettersson et al., 2011) . In addition, the fraction of ice

grounded below sea-level needs substantial upward correction, from 5% to 14%. Consequently, ice loss under future climatic

warming will be intensified by iceberg calving to the surrounding oceans over a much larger area. In
::::
The

::::::::
approach

:
is
::::::

found5

::
to

::
be

::::
most

:::::::::
beneficial

::
in

::::
areas

::::::
where

::::::::
thickness

::::::::::
observations

:::
are

::::::
sparse

::
or

::::::::::
unavailable.

:::::
There,

::::
our

::::::::::::
reconstruction

:
is
::::::::
informed

:::
by

:::::
glacier

::::::::
geometry

::::
and the second step of our approach, the ice thickness field was updated using ice velocity measurements over

prominent marine-terminating glaciers. The resultant thickness field is more consistent with the actual
::::
AMB

::::
both

:::::::::::
constraining

::
the

::::::::
produced

::::::::
thickness

:::::::
values.

::
A

:::::
direct

:::::::::::
measurement

:::::::::::
interpolation

::::::
ignores

:::::
such

::::::::::
information

:::
and

::::
fills

::::
such

::::
gaps

:::::::::
according

::
to

:::::
distant

::::::::
thickness

:::::::::::
information.

::::
The

::::::::
associated

:::::
error

::::
map

::::::::
estimated

:::::
from

:::
our

::::::::::::
reconstruction

::::::::::
additionally

:::::::::
highlights

:::::
areas

::::
with10

::::
least

:::::::::
constrained

:::
ice

:::::::::
thickness,

::::::
namely

:::::
away

::::
from

::::::::::
observations

::::
and

::::::::
especially

::::::
where ice-flow pattern and therefore considered

an improvement. In areas without thickness measurements, the second step reconstruction can produce thicker ice in confluence

areas.

The reconstructed thickness field is provided together with an error-estimate map, which stems from a formal propagation of

input uncertainties through the underlying equations. For the first-step reconstruction, the magnitude of these error estimates15

was validated against mismatch values computed from withheld measurements. We find that formal error estimates tend to

overestimate mismatch values. Analysing their distribution, error estimates can here be considered upper and lower constraints

of inferred thickness values. The error-estimate maps highlight that survey tracks should preferentially be planned in across-flow

direction. The error map is also valuable as it points out the regions that were thickness values are least well constrained

and should therefore be target areas when planning future surveys. Generally error estimates diverge over ice divides and in5

stagnant areas. The fact that we withheld fractions of all thickness measurements could further be exploited in terms of a

first overall uncertainty estimate for glacier for which not many or even no thickness observations are available. From the

analysis of resultant mismatch values, we expect a
:
is

:::::
small

::
or

::::
even

::::::::
stagnates.

::
In

:::
an

::::::::
aggregate,

:
glacier-wide median uncertainty

in the reconstructed thickness field of about
:::::
sense,

:::
the

::::::
actual

::::::::
thickness

::::::::
mismatch

::
is
::::::
shown

::
to

:::::
reach

:
25%, normalised to the
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mean glacier thickness
:
%

:::
for

:::::::
glaciers

::::
with

::::
only

:::
few

::::::::
thickness

:::::::::::::
measurements.

::
In

:::::::
absence

::
of

::::
such

:::::::::::::
measurements,

::
the

:::::::::
aggregate10

::::::::
mismatch

:::::
freely

:::::
scales

::::
with

:::::::
a-priori

::::::
choices

:::
for

:::
not

::::::::::::::
well-constrained

::::::::::
parameters.

::
In

::::
light

::
of

:::
the

:::::::
growing

:::::
body

::
of

::::::::::
information

::
on

::::::
glacier

:::::::
changes

::::
with

:::::::
satellite

::::::
remote

:::::::
sensing,

::::::::::::
reconstruction

::::::::::
approaches

:::
for

:::::::
mapping

::::::
glacier

:::
ice

::::::::
thickness

:::
are

::::
less

::::
and

:::
less

:::::::
limited

::::
from

:::
the

:::::
input

:::::
side.

:::::::::
Therefore,

:::
2D

:::::::::
approaches

:::::::
become

:::::::::::
increasingly

:::::::
attractive

::::
and

:::::::::
favourable

::::::::
because

:
a
:::::

final
:::::::::::
interpolation,

::::::
which

::::
fills

:::::
gaps

:::::::
between

::::::::::::
reconstruction

::::::::
profiles,

:::
can

:::
be

::::::::
avoided.

::::::::
However,

:::
the

::::::
largest

::::::::
limitation

:::
on

:::
the

:::::::::::
applicability

::
of

:::
2D

::::::::::
approaches

::
is

:::
the

::::::::::
availability

::
of

:::::::
regional

:::::::::::
information

::
on

:::::::
surface15

:::::::
elevation

:::::::
changes

::::
and

::::::
surface

::::
mass

::::::::
balance.

::::::::
Elevation

::::::
change

:::::
maps

::::
from

::::::
stellite

::::::
remote

:::::::
sensing

::::
have

::::::
already

:::::
been

::::::::
presented

::
for

:::::::
several

::::::
regions

:::
but

:::::::
further

:::::::::::
development

::
is

::::::::
necessary

::
to

::::::
reduce

:::::::::::
uncertainties

:::::::::
associated

::::
with

::::::
signal

::::::::::
penetration

:::
and

::::
firn

::::::::
properties.

::::::::::
Concerning

::::::::
regional

:::::
SMB

:::::
fields,

:::
we

:::
can

::::::
either

:::
rely

:::
on

:::::::::
parametric

::::::::::
approaches

::
or

:::
on

:::::::
regional

::::::
climate

:::::::
models.

:::
In

::::::
absence

:::
of

::::
both

:::::
SMB

:::
and

::::
∂th,

::
a

::::
most

:::::
basic

:::::::::
parametric

::::::::
approach

::::
was

::::::
already

:::::::::
forwarded

::
to

:::::
infer

:::::::::
distributed

::::::::
thickness

:::::
fields

:::::
world

::::
wide

::::::::::::::::::::::
(Huss and Farinotti, 2012) .
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Appendix A: Viscosity parameter

To translate the ice-flux solution into an ice-thickness field, the ice-viscosity parameterB has to be defined (Fig. A1). Parameter5

values are inferred at locations where thickness measurements are available via Eq. (7). The resultant point information is

then interpolated over the entire glacier domain (Sect. 2.0.3). For VIC, we find values covering a spectrum from 0.02 to

0.54 MPa yr1/3
::::::::::::::
0.55 · 106Pa yr1/3, which corresponds to a rate-factor range from 1.97 · 10−25 to 1.98 · 10−21

::::::::::
1.90 · 10−25

::
to

::::::::::
3.07 · 10−21 Pa−3s−1. For ice temperatures between -20 and 0◦C, we would expect rate-factor values between 1.0 · 10−25 and

2.4·10−24 Pa−3s−1 (e.g. p. 75, in Cuffey and Paterson, 2010). The inferred values for VIC clearly exceed this meaningful range10

and should therefore not be interpreted in terms of a material property. The ice viscosity is a tuning factor, which compensates

for any deficiencies or inconsistencies
::::::::::
assumptions in the reconstruction

::
or

::::::::::
deficiencies

:::
and

:::::::::::::
inconsistencies

::
of

:::::
input

:::::
fields.

The parameter is also affected by the flux correction in stagnant areas
::::::
further

::::::
aliased

::
by

::::
not

:::::::::
accounting

:::
for

:::::
basal

::::::
sliding. The

highest viscosities are inferred in areas next to land-terminating boundaries. These areas are also characterised by small flux

values. As observations show some non-negligible thickness values there, B has to be high. The lowest values are seen in the

northern part of the ice cap and along the lower trunk of Aldousbreen. For this glacier, one might interpret these low values in

terms of sliding. However, for other outlet glaciers, the viscosity parameter is not necessarily decreased as compared with the

surrounding area. This inconsistency also suggests that a physical interpretation of the viscosity parameter is delicate.

For the THPB and WSB area, the B-field also shows strong variations (Fig. A1). Values cover a range from 0.03 to 1.955

MPa yr1/3
::::
0.02

::
to

:::::::::::::::
2.20 · 106 Pa yr1/3, corresponding to a rate factor range between 4.26 · 10−27 and 2.61 · 10−21 Pa−3s−1

::::::::::
2.97 · 10−27

:::
and

:::::::::::::::::
2.28 · 10−21 Pa−3s−1. The inferred range is even larger than for VIC and

::::
again

:
exceeds the physical range. Yet for these

glaciers, a pattern might be discernible. High viscosities are often concentrated along central glacier flowlines. One explana-

tion could be that the flux solution shows a low bias along these trunks as a result of systematic inconsistencies between the

input SMB and the surface elevation changes. Such a systematic effect would naturally cumulate as ice flow converges towards10

centrelines. This explanation is certainly supported on Hansbreen and Werenskioldbreen. There, the ice-flux solution shows

comparatively small magnitudes, which likely explains unproportionally elevated viscosity values. Lowest viscosity values are

concentrated along the ridges and in the flat area between the nunataks separating Paierlbreen and Austre Torellbreen.

In summary, the interpretation of this viscosity field B in terms of ice dynamics is rather limited because values exceed the

physical range. The field should rather be seen as a multiplier for tuning purposes as it can compensate for uncertainties in15

and inconsistencies between input fields as well as for assumptions within this first-step reconstruction. B is presented here

to visualise that a single viscosity parameter might not be sufficient to capture all spatial variations in the thickness field.

Initially, a best-fit single viscosity value over entire drainage basins was used, but the thickness pattern could not be explained

by variations in ice flux and surface slopes alone (Eq. 7). A single viscosity parameter resulted in underestimated thicknesses

::
ice

::::::::
thickness

:
for the thick parts of the glacier and overestimated values for shallower parts (not shown). Other comparable

state-of-the-art approaches often use a constant value for entire glacier basins (Farinotti et al., 2009b; Huss and Farinotti, 2012;

van Pelt et al., 2013).
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Appendix B:
::::::::
Apparent

:::::
mass

:::::::
balance

::
In

:::
this

:::::::
section,

:::
we

::::
will

::::::
briefly

::::::
discuss

::::
how

:::
the

:::::::::
AMB-field

::̇
a
::
is

:::::::
adapted

::::::
during

:::
the

:::::::
first-step

:::::::::::
optimisation

:::::
when

:::
all

::::::::
thickness

:::::::::::
measurements

:::
are

:::::
taken

::::
into

::::::
account

::::::
(Figs.

:::
2e,f

:::
and

:::::
A2).

::
On

:::
the

:::
ice

:::
cap

:::::::::
geometry,

:::::::::
differences

:::::::
between

:::
the

:::::
initial

::::
and

:::
the

::::
final

:::::
AMB

::::
field

:::
are

::::
most

::::::::
expressed

:::::
along

:::
the

:::
ice

::::::
divide

:::
and

:::::
ridges

:::
but

::::
also

:::::
along

:::::
some

::::::::::
centrelines,

::
as

:::
for

:::::::
instance

::
on

:::::::::::
Frazerbreen.5

:::
The

::::::
reason

:::
for

::::::::::
pronounced

::::::
changes

:::::
along

:::::
these

:::::::
features

::
is

:::
that

::::
they

:::
are

::::
focal

:::::
areas

::
in

:::::
terms

::
of

::::
flux

::::::::::
convergence

::
or

::::::::::
divergence.

:::::
AMB

:::::::::::
modifications

:::::
there

:::
can

:::::::::
efficiently

::::::
correct

:::
for

::::
flux

::::::::::
deficiencies

:::
(as

:::::::
defined

:::
by

:::
the

::::
cost

::::::::
function)

::::
over

::
a

::::
large

::::
area

:::
of

:::::::
influence

::::::
(either

:::
up-

::
or

:::::::::::
downstream).

::::
The

:::::
initial

:::::
AMB

:::::
shows

::::
only

:::::::
negative

::::::
values

::::
over

::
the

:::::
little

::
ice

:::::
dome

:::::::
feeding

:::::::::::
Forsiusbreen.

:::
Yet

::::
after

:::::::::::
optimisation

:
a
:::::

small
::::::

source
::::

area
::::

was
:::::::
created

:::::
which

::::::::
explains

:::
the

::::::::
presence

::
of

:::
ice

::
in

::::
this

::::
area.

:::::::
Despite

:::::
these

:::::
most

:::::::::
pronounced

::::::::
changes,

:::
the

:::::::
average

:::::
AMB

::::
over

:::
the

:::
ice

::::
cap

::
is

::::::
initially

::::::::::
0.02myr−1

:::::
while

::::::
finally

:::
we

::::
find

::::::::::
0.03myr−1.

::::
This

::
is
:::
an10

:::::::
increase

::
of

::::
35%.

::::
For

:::::
WSB,

::::
even

:::
the

::::
sign

::
of

:::
the

:::::
AMB

:::::::
average

::::::
changes

:::
as

::::::
initially

:::
the

:::::
main

::::::
branch

::
of

:::
the

::::::
glacier

:::::
shows

::::::
hardly

:::
any

::::::
source

::::::
region

::::
with

:::::::
positive

::::::
AMB.

:::
As

:::
ice

:::
flux

:::
is

:::::::
expected

:::
to

::
be

:::::::
positive

::::
and

::
as

:::
no

::::::
inflow

::
is

:::::::
possible

:::::
along

:::
the

::::::
upper

:::::::::::::
land-terminated

::::::
margin,

::::
the

::::::::::
optimisation

::::::
guides

:::
the

::::::
system

:::
to

:
a
:::::
more

::::::::::
equilibrated

:::::
AMB

:::::
state

::::
over

::::
this

::::::
glacier.

:::
For

:::::::
THPB,

::
the

:::::
input

:::::
AMB

::::::
shows

::
an

::::
area

:::::::
average

:::
of

:::::::::
4.1m yr−1,

::::::::
differing

:::
by

:::
less

::::
than

::::
one

:::::::
permille

:::::
from

:::
the

::::
final

:::::::
average.

:::
For

:::::::
THPB,

:::::::::
differences

:::::::
between

:::
the

::::
final

:::
and

:::
the

:::::
initial

::::::
AMB

::::
field

:::
are

::::
again

:::::
most

::::::::
expressed

:::::
along

::::::
certain

::::::::
flowlines.

:
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Appendix C: Sensitivity analysis

C1 Surface mass balance

Here, the sensitivity of the first-step reconstruction to the SMB input is briefly discussed for VIC (Fig. 9
:
8). For this purpose,

we exchange the 1975-2015 MAR-SMB with the 2003-2013 WRF-SMB (Sect. 3.5). A fundamental discrepancy between the5

simulated time periods becomes apparent when integrating the SMB fields over the ice cap. We obtain mean SMB values of

-0.08 for MAR and -0.3 m i.e. yr−1
::::::::::::::
−0.3m i.e. yr−1 per unit area for WRF. For the WRF-SMB, more ice is removed at low

elevations consistent with the warmer climatic conditions of the more recent period. When using all thickness measurements,

the new thickness field (Fig. A1a) is very similar (Fig. 4a) showing a slightly reduced mean value of 222m
:::
225

::
m

::
as

:::::::::
compared

::
to

:::
228

::
m
:

(Table A1). Consequently, the new volume estimate is also reduced to 525.2km3
::::::::
531.9km3

:
(about 2%). Reduced10

thickness values are visible
:::
best

::::::::::
discernible

:
near the ice fronts of Gimlebreen, Idunbreen and Bodleybreen. Due to a lack

of observations in these regions, the reconstruction is not well constrained and as the WRF-SMB removes more ice, glacier

thickness estimates become smaller. This reduction is important as the ice cliff height determines the unknown ice discharge.

The frontal reduction is less clear for the land-terminating margin because steeper surface slopes limit the ablation-zone extent.

The reduction becomes even more evident when only 1% of the thickness measurements is used (Fig. A1b). Thickness values15

near the ice divide are however not necessarily smaller. On average, the ice volume estimate is reduced to 497.9km3
:::::::::
515.9km3

and a mean thickness value of 210m
:::
218

::
m is found (-3%).

::
as

::::::::
compared

::
to

::::
230

:::
m).

:
In general, the reconstruction is capable of compensating poorly constrained SMB data where the

thickness record has high
::::
good spatial coverage. For glaciers where no information is available neither on ice thickness nor on

surface mass balance or elevation changes, the reconstruction is largely unconstrained. Without thickness information, the error20

estimates can be reduced by investing in consistent, contemporaneous and well-informed fields for SMB and surface elevation

changes.
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C2 Surface topography

The sensitivity of the first-step thickness field to the DEM choice is somewhat smaller for VIC
::::::
smaller

::
as

::::::::
compared

::
to

:::
the

:::::
SMB

::::::::
sensitivity. The exchange of the 2010 DEM (Sect. 3.3) with the NPI 1990 DEM results in mean

:::::
relative

:
thickness and ice-25

volume reduction
::::::::
difference of less than 3

:::
1.3% (Table A1). The difference reduces below 1% if all thickness measurements

are used during the reconstruction. Moreover, the reduction in maximum thickness values is comparably larger with more

than 10%. This latter reduction is symptomatic for an overall less variable thickness field
::::::::
Maximum

::::::::
thickness

::::::
values

:::::::
increase

::::::
slightly.

::::
The

::::
new

::::::::
thickness

::::
field

:
is
::::::::::
comparably

:::::::
smooth because the NPI DEM

::
on

:::
VIC

:
was computed from contour lines and is

therefore rather smooth. In the
:::
line

::::::::::
information.

:::
As

:
a
:::::::::::
consequence,

:::::
some

::::::
pattern

::::::
change

::
in

:::
the

:::::::::::
reconstructed

:
ice thickness map30

(Fig. A4), there are many small changes in the pattern. One more prominent difference is that the lower trunk of Franklinbreen

becomes more elongate and deep. Pattern differences are again more expressed in the case that
::::
when less thickness observations

were
:::
are used. Locallyrelative

:
, thickness differences can become very high. Therefore, the DEM choice is certainly important

for inferring local thickness values. Yet relative differences in the total ice-volume estimates are small
::::::::
important

:::
for

:
a
:::::::
reliable

::::::::::::
reconstruction.

::::::::
However,

:::::::
volume

:::::::::
differences

:::
are

::::::::
relatively

:::::
small

:::::::
(<1.3%)

:
as compared to expected mismatch values of more

than 25%, if no observations were available.
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C3 Negative ice flux

The flux correction applied during the first-step reconstruction (Sect. 2.0.3) could be considered an important bias. Note

howeverthat, the correction is not added to the flux solution itself (Fig. 3) and that it does not enter the error calculations (Sect.5

2.0.4). The correction is only applied when inferring ice thickness values for the purpose of avoiding
::
On

::::
VIC

::::
and

::::::
THPB,

:::
the

:::
area

:::::::
fraction

::::
with

:::::::
negative

:::
ice

::::
flux

::
is

:::
1.2

:::
and

::::::
3.1%,

::::::::::
respectively.

:::
On

:::::
WSB

::::::::
however,

:::
the

:::
flux

:::::::
solution

::::
over

:::
the

:::::
main

::::::
branch

::
is

:::::::
generally

::::
very

:::::
small

::::
and

:::::
shows

:::::
many

::::
zero

:::::::::
transitions.

::::::::::::
Consequently,

:::
the

:::::::::::
area-fraction

::
is

:::::
higher

::
at

:::::
4.1%.

::::
The

:::::
reason

::
is
::::
that

:::
the

:::::
AMB

:::::
shows

::
no

::::::::
dominant

::::::
source

::::
area

::
in

:::
the

:::::
upper

::::::
glacier

::::::
ranges.

::::
The zero transitions in areas where flux values turn negative.

In this way, it only affect
:::
the

::::
flux

:::::::
solution

:::::
would

:::::::
directly

:::::::
transmit

:::
into

:
the ice thickness and the viscosity parameter. For VIC,10

negative flux values occur on a 0.5% area fraction. For THPB and WSB , this values is more elevated with 1.5 and 4.4%,

respectively. In these areas, the flux solution and the geometrically imposed flux direction cannot be reconciled. The negative

values prevail despite the penalty in the cost function during the optimisation (Sect. 2.0.2). An increase of the respective

multiplier in the cost function resulted only in a limited improvement on WSB and came at the expense of a more variable flux

field on all geometries. Therefore we rather decided to introduce a correction term that guarantees positive flux values in the15

SIA equation (Eq. 7). The correction is primarily required for WSB for which magnitudes of the flux solution are very small.

Anyhow, we applied it to all geometries to keep uniformity in the approach.

::::
field.

:::
To

::::
avoid

:::::
such

:::::::::
transitions,

:::
we

::::::
correct

:::
the

:::
flux

:::
as

:::::::
follows:

F ? = (1−κ) · ‖F‖+κ ·Fcrit, with κ= 1− 2/π · atan(F 2/F 2
crit)

::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
(C1)

:::
The

:::::
exact

:::::::::
functional

::::::::::
dependence

:::
for

::
κ

::
is

:::
not

:::::::
decisive

::::
but

:::
the

::::::
choice

:::
has

::
to
::::::

assure
::
a
::::::
smooth

:::::::::
transition.

::::
Fcrit::

is
:::
set

::
to

:::::
10%

::
of

:::
the

:::::::
average

::::
flux

:::::::::
magnitude

::::
over

:::
the

:::::::
domain.

:::::
This

:::::
value

::::::
proved

:::::::::
reasonable

:::
for

::::
the

:::::
WSB

:::::
setup.

::::
For

::::::
smaller

:::::::
values,

:::
the

:::
flux

::::
field

:::
in

:::
the

:::::::
vicinity

::
of

:::::::
negative

::::::
values

::
is

::::
less

:::
and

::::
less

:::::::
affected

::::::::
resulting

::
in

::
a
:::::
more

:::::
abrupt

:::::::::
transition.

::::::
Along

:::
the

::::::
lateral

:::::::::::::
land-terminating

:::::::
domain

:::::::
margin,

:::
we

::::
keep

:::::::::::
F = F ? = 0.

::::::
When

::::::::
thickness

::::::::::::
measurements

:::
are

:::::::::
available,

:::
the

:::::
effect

::
of

::::
this

::::
flux

::::::::
correction

:::
on

:::
the

:::::::
inferred

::::::::
thickness

::
is
:::::::::::

compensated
:::

by
:::
the

::::::::::
calculation

::
of

:::
the

::::::::::::
ice-viscosity.

:::::::
Without

::::::::::::
measurements

::::
and

:::
for

::::::::
F > Fcrit,:::

the
::::::::
functional

::::::::::
dependence

:::::::
implies

:::
that

:::
the

::::::::
reduction

:::::
effect

::
on

:::
the

:::::::
inferred

::::::::
thickness

::::
field

:::::::
remains

:::::
below

::::
2%.

::::::
Where

:::
flux

::::::::::
magnitudes

::::::
exceed

::
the

:::::::
domain

::::::
average

:::::::::
(10 ·Fcrit),:::

the
:::::
effect

::
on

:::
the

:::
ice

::::::::
thickness

:::
falls

::::::
below

::::::
0.15%.

:::
For

::::::::
F < Fcrit,::::::::

thickness5

:::::
values

:::
are

:::::::::
effectively

:::::::::
increased. Here, we want to present the thickness solution in the case that no flux correction is applied

(Fig. A5). For VIC and THPB, differences in the thickness maps are spatially very confined and thus difficult to discern.

:::
The

::::
flux

:::::::::
correction

::::::
applied

::::::
during

:::
the

::::::::
first-step

::::::::::::
reconstruction

:::::
(Sect.

::::::
2.0.3)

:::::
could

::
be

::::::::::
considered

::
an

:::::::::
important

::::
bias.

:::::
Note

:::::::
however

:::
that

::::
the

::::::::
correction

::
is
::::

not
:::::
added

::
to
::::

the
:::
flux

::::::::
solution

::::
itself

:::::
(Fig.

::
3)

::::
and

::::
that

:
it
:::::

does
:::
not

:::::
enter

:::
the

::::
error

:::::::::::
calculations

:::::
(Sect.

:::::
2.0.4).

::::
The

:::::::::
correction

:
is
::::
only

:::::::
applied

:::::
when

:::::::
inferring

:::
ice

::::::::
thickness

::::::
values

::
for

:::
the

:::::::
purpose

::
of

::::::::
avoiding

::::
zero

:::::::::
transitions

::
in10

::::
areas

:::::
where

::::
flux

::::::
values

:::
turn

::::::::
negative.

::
In

::::
this

::::
way,

:
it
::::
only

::::::
affects

:::
the

:::
ice

::::::::
thickness

:::
and

:::
the

::::::::
viscosity

:::::::::
parameter.

::::::
Where

:::::::
negative

:::::
values

:::::
occur,

:::
the

::::
flux

:::::::
solution

::::
and

::
the

::::::::::::
geometrically

:::::::
imposed

::::
flux

::::::::
direction

:::::
cannot

:::
be

:::::::::
reconciled.

::::
The

:::::::
negative

::::::
values

::::::
prevail

::::::
despite

:::
the

::::::
penalty

::
in

:::
the

::::
cost

:::::::
function

:::::
during

:::
the

:::::::::::
optimisation

:::::
(Sect.

:::::
2.0.2).

:::
An

:::::::
increase

::
of

:::
the

:::::::::
respective

::::::::
multiplier

::
in

:::
the

::::
cost

:::::::
function

::::::
resulted

::::
only

::
in

::
a

::::::
limited

:::::::::::
improvement

::
on

:::::
WSB

:::
and

:::::
came

::
at

::
the

:::::::
expense

::
of

::
a

::::
more

:::::::
variable

:::
flux

::::
field

:::
on

::
all

::::::::::
geometries.

::::::::
Therefore

:::
we

:::::
rather

:::::::
decided

::
to

::::::::
introduce

::
a
:::::::::
correction

::::
term

::::
that

:::::::::
guarantees

:::::::
positive

::::
flux

:::::
values

::
in
:::

the
::::

SIA
::::::::
equation

::::
(Eq.

:::
7).15
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Table A1. Reconstruction sensitivity as quantified by the mean and maximum ice thickness, the ice volume and the area fraction grounded

below sea-level. The ‡-symbol separates values stemming from a reconstruction using either all or only a 1% fraction of the available

thickness measurements.

setting glacier mean thickness maximum thickness ice volume area fraction

geometry thickness thickness below sea-level

abbr. [ m ] [ m ] [ km3] [ % ]

reference VIC 226.0
::::
228.3 ‡ 215.8

::::
229.6 452.6

::::
448.5 ‡ 461.3

::::
452.7 534.7

::::
540.2 ‡ 510.6

::::
543.3 12.4

:::
13.3 ‡ 10.0

:::
13.4

:

THPB 182.0
::::
175.7 ‡ 129.2

::::
145.3 642.8

::::
611.1 ‡ 564.9

::::
563.6 55.5

:::
53.5 ‡ 39.4

:::
44.3 14.4

:::
12.2 ‡ 4.77

:::
7.84

:

WSB 109.2
::::
112.1 ‡ 108.0

::::
100.3 378.3

::::
279.0 ‡ 301.9

::::
210.8 2.92

:::
3.00 ‡ 2.89

:::
2.68 0.27

:::
0.25 ‡ 0.56

:::
0.08

:

WRF-SMB VIC 222.0
::::
224.8 ‡ 210.4

::::
218.0 467.2

::::
467.0 ‡ 454.4

::::
424.7 525.2

::::
531.9 ‡ 497.9

::::
515.9 10.7

:::
12.0 ‡ 7.65

:::
10.2

:

NPI 50m
::
50

:
m
:
DEM VIC 224.0

::::
225.5 ‡ 211.1

::::
230.5 425.2

::::
451.0 ‡ 413.7

::::
475.7 530.1

::::
533.6 ‡ 499.4

::::
545.5 12.2

:::
12.5 ‡ 8.95

:::
13.0

:

no flux correction VIC 226.1 ‡ 215.2
::::
223.2

:
490.6

::::
451.6 ‡ 582.0

::::
440.2 534.9 ‡ 509.1

::::
528.1

:
12.5

:::
13.2 ‡ 9.41

:::
12.2

:

THPB 180.8
::::
166.4 ‡ 126.2

::::
125.6 664.0

::::
614.1 ‡ 598.7

::::
567.1 55.1

:::
50.7 ‡ 38.5

:::
38.3 14.6

:::
10.5 ‡ 6.38

:::
4.56

:

WSB 109.7
::::
106.0 ‡ 116.5

::::
87.76 408.3

::::
282.2 ‡ 385.8

::::
210.8 2.94

:::
2.84 ‡ 3.12

:::
2.35 1.45

:::
0.32 ‡ 1.07

:::
0.09

:

:::
The

:::::::::
correction

::
is

::::::::
primarily

:::::::
required

:::
for

:::::
WSB,

:::
for

::::::
which

:::::::::
magnitudes

:::
of

:::
the

:::
flux

:::::::
solution

:::
are

::::
very

::::::
small.

:::::::
Anyhow,

:::
we

:::::::
applied

:
it
::
to

:::
all

:::::::::
geometries

::
to

:::::
keep

:
a
:::::::::
uniformity

:::::::::
approach.

:::
The

:::::::
first-step

::::::::
thickness

:::::::
solution

::
is
:::::
most

:::::::
sensitive

::
to

:::
the

::::
flux

:::::::::
correction

::
in

::::
small

:::::
areas

:::::
along

:::::::
divides

:::
and

::::::
ridges

::::
(Fig.

::::
A5).

:
For VIC, streak features with small thickness values appear for instance on

Braggebreen (in the southwest) . A similar feature is seen on Hansbreen just north of the confluence with Staszelbreen.
:::
and

:::::::
northeast

:::
of

:::::::::::
Bodleybreen.

::::::
Similar

:::::::
features

:::
are

:::::::
difficult

::
to

::::::
discern

:::
for

:::::::
THPB. More prominent are the effects on WSB. There,20

a noise pattern of near-zero values appears on
::
for

:
the thickness field of the main trunk where flux values are small (Fig. 3).

The bogus noise pattern is not acceptable as we expect that the thickness field shows more gradual changes. For VIC, changes

::
all

:::
test

::::::::::
geometries,

:::::::::
differences

:
in mean ice thickness and ice volume remain below 1

::::
reach

::
5% (Table A1). This also holds for

all test geometries
:
, when all available thickness measurements were used during the first-step reconstruction

::
are

:::::::::
considered.

Using only 1% of the thickness measurements, relative differences increase to 2.5% on THPB and 7.9
:::
5%

:::
on

::::
VIC,

:::::::
14%on25

:::::
THPB

:::
and

::::
13.0% on WSB. For THPB, a reduction of ice volume is found without flux correction while thicker ice is predicted

for WSB. A welcome side-effect of
:
In

:::
all

::::
cases

:
the flux correction is a general decrease in the maximum thicknessvalues which

also appear in stagnant areas. Ice thickness for VIC (a,c) and THPB/WSB (b,d) as in Fig. 4. Here, the first-step flux solution is

not corrected to avoid negative flux values in the SIA-equation used to infer the ice thickness (Sect. 2.0.3). For WSB, you see

that many patches appear with very small thickness values. These bogus variations are a consequence of zero transitions in the30

flux field. For VIC and THPB such bogus variations are limited to some few small areas.
:::::
results

::
in
::
a
::::::::
reduction

::
of

:::
the

:::::
mean

:::
ice

::::::::
thickness.
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In summary, the effect of the flux correction can lead to a considerable difference in ice volume in the case that no thickness

measurements are available and that small flux values prevail over a large area. Yet, the correction results not necessarily in

an increase of ice volume because of possible compensating changes in the ice-viscosity parameter . In addition, the effect of

this
::::
where

:::::::::::::
measurements

:::
are

::::::::
available,

:
a
::::::::::::

compensation
::
is
:::::::
possible

:::
via

::::
the

::
ice

::::::::
viscosity

:::::::::
parameter

:::
B.

:::
The

::::::
effect

::
of

:::
the

::::
flux

correction is expected to be large
:::::
largest

:
for stagnating glaciers whereas for dynamically active glaciers, consequences will5

be negligible. The ice-flux field gives an indication on if consequences are expected to be large and where they will be most

expressed. In any case, the error-estimate map will highlight areas in which this correction is
:::::
where

:::
the

:::::::::
correction

::
is
:::::
most

important. For the main trunk of WSB, error estimates exceed by far the inferred thickness values (Fig. 7
:
6b).
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Figure 4. Ice thickness map for VIC (a,c) and THPB/WSB (b,d) as suggested by the first-step reconstruction approach. Thickness values

for marine ice fronts are non-zero and a natural outcome of the underlying mass budget calculation. For VIC, thickness measurements

(coloured dots) were collected with airborne radio-echo sounding instruments (Dowdeswell et al., 1986) as well as with ground-based pulsed

radar systems (Pettersson et al., 2011; Navarro et al., 2014). For THPB/WSB, measurements were collected during several GPR campaigns

between 2004-2012 (Navarro et al., 2014). The upper (a,b) and lower (c, d) panels show the respective thickness fields when all or only

1% of all thickness measurements were used in the first-step reconstruction, respectively.
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Figure 5. Bedrock topography associated to the thickness field in Fig. 4 for VIC (a,c) and THPB/WSB (b,d).
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Figure 6. Error-estimate map based on the error propagation presented in Sect. (2.0.4) for VIC (a,c) and THPB/WSB (b,d).
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Figure 7. Normalised median
::::::
Median values for the absolute thickness mismatches and the error estimates at measurement locations not

included during the reconstruction. Medians are normalised to the average thickness value of the withheld measurements. Marker colours

indicate the respective fraction of all measurements withheld from the reconstruction. Dashed crosses span the interquartile range of all

mismatch values (horizontal) and all formal error estimates (vertical). For orientation, the grey background shading was added to highlight

the identity line.
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Figure 8. Ice thickness (a,b) as in Fig. 4 and
:::::::
associated

:
bedrock topography (c,d) as in Fig. 5 for VIC (a,c) and THPB (b,d).
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outlet

::::::
glaciers

:::::::::::::
(non-transparent

::::
lurid

:::::::
colours),

:::
the

:::
two

::::
fields

::::
were

:::::::
updated

::
in

:::
the

:::::::::
second-step

::::::::
accounting

:::
for

::::::
velocity

::::::::::
observations

::
in

:::
the

::::
mass

::::::::::
conservation. Partially transparent areas in these maps (unsaturated colours) stem from the first-step reconstruction, for which values

are inferred from the apparent flux solution.Along the outlet glaciers (non-transparent lurid colours), the two fields were updated accounting

for velocity observations in the mass conservation.
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Figure 9. Error estimate map as in Fig. 7
:
6 for VIC (a) and THPB (b). Partially transparent areas in the thickness maps (unsaturated colours)

stem from the first-step reconstruction, for which ice thicknesses are
::::::
thickness

::
is inferred from the apparent flux

:::::
ice-flux

:
solution. Along the

outlet glaciers (non-transparent lurid colours), error estimates are updated relying on velocity observations (Fig. 2c, d).
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Figure 10.
::::::
Median

:::::
values

::
for

:::
the

::::::
absolute

::::::::
thickness

:::::::::
mismatches

:::
and

::
the

::::
error

:::::::
estimates

::
as
::
in
::::
Fig.

:::
(7).

:::::
Values

:::
are

:::
only

::::::::
calculated

:::::
within

:::
the

::::::::::
sub-domains.

::::::
Symbols

::::
with

::::
black

:::::
edges

:::::::
represent

::
the

::::::
results

::::
from

::
the

:::
first

::::
step.

:::::::
Symbols

::::::
without

::::
edge

:::
line

:::::::
indicates

::
the

:::::::::
second-step

::::::
results.

62



Figure A1. The ice-viscosity parameter B for VIC (a) and THPB/WSB (b) is inferred during the first-step of the reconstruction as explained

in Sect. 2.0.3. This parameter is used to match observed and reconstructed thickness values. An interpretation in terms of material prop-

erty is delicate because the parameter compensates for input uncertainties and inconsistencies as well as for assumptions in the first-step

reconstruction. Background: grey-scale hill-shaded topography based on a NPI 50m
::
50

::
m DEM.

Figure A2.
:::::::
Apparent

::::
mass

::::::
balance

:̇
a
:::
for

:::
VIC

::::
(a,c)

:::
and

::::::::::
THPB/WSB

::::
(b,d).

::::::
Panels

:::
(a,b)

::::
give

:::
the

:::::
initial

::::
input

::
as

::::
given

:::
by

::
the

:::::
SMB

:::
and

:::
the

:::::::
measured

:::::
surface

:::::::
elevation

:::::::
changes.

:::::
Panels

::::
(c,d)

::::
show

:::
the

:::
final

::::
field

::::
after

::::::::
adaptation

:
of
::̇

a
:::::
during

::
the

::::::::::
optimisation

::
in

::::::::
accordance

::::
with

::
the

::::
cost

::::::
function.

::::::::::
Background:

::::::::
grey-scale

::::::::
hill-shaded

:::::::::
topography

:::::
based

::
on

:
a
::::
NPI

::
50

::
m DEM

:
.
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Figure A3. Ice thickness map for VIC as in Fig. 4 based on the 2003-2013 WRF-SMB field using all (a) or only 1% (b) of the thickness

measurements.

Figure A4. Ice thickness map for VIC as in Fig. 4. Here, the reconstruction is conducted with the NPI 50m
:
50

::
m
:
DEM as surface topography

using either all (a) or only 1% (b) of the thickness measurements.
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Figure A5.
::
Ice

:::::::
thickness

:::
for

:::
VIC

::::
(a,c)

:::
and

:::::::::
THPB/WSB

::::
(b,d)

::
as

::
in

:::
Fig.

::
4.

:::::
Here,

::
the

:::::::
first-step

:::
flux

::::::
solution

::
is
:::
not

:::::::
corrected

::
to

::::
avoid

:::::::
negative

:::
flux

:::::
values

::
in

:::
the

::::::::::
SIA-equation

::::
used

::
to

::::
infer

:::
the

::
ice

:::::::
thickness

:::::
(Sect.

:::::
2.0.3).

:::
For

:::::
WSB,

::::
you

:::
see

:::
that

::::
many

::::::
patches

::::::
appear

::::
with

:::
very

:::::
small

:::::::
thickness

:::::
values.

:::::
These

:::::
bogus

:::::::
variations

:::
are

:
a
::::::::::
consequence

:
of
::::
zero

::::::::
transitions

::
in

::
the

::::
flux

::::
field.

:::
For

:::
VIC

:::
and

:::::
THPB

::::
such

:::::
bogus

:::::::
variations

:::
are

:::::
limited

::
to

::::
some

:::
few

:::::
small

::::
areas.
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