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Response to reviewers

Predrag Popovic! and Dorian Abbot!
!'University of Chicago, Dept. of Geophysical sciences

Correspondence to: Predrag Popovic (ppopovic @uchicago.edu)

Dear reviewers and editor,
We found the reviewer’s comments extremely useful and have added text to address each of them.

As a result of the reviewer’s comments we have thoroughly rewritten the paper, changing the fo-
cus from trying to explain a dichotomy in melt pond coverage to developing a simple model for
the evolution of melt pond coverage on permeable sea ice that produces good quantitative agree-
ment with the observations. We kept the main ideas and assumptions from our previous model, but
also made major changes. Major changes include adding topography to our model, and representing
melting near the pond perimeter more accurately. In our simple model, the relationships between
physical parameters are analytically tractable, which allows us to address the behavior of melt ponds
under general environmental conditions. We retain the notion of a fixed point, but only as a possibil-

ity and a discussion point, and leave out the dichotomy altogether.
In response to comments made by both reviewers, we have:

1. Included the topography in the form of the hypsographic curve.

2. Added a discussion on lateral melt and mechanisms that increase the rate of melt near the pond

perimeter.

In addition, in response to reviewer 1, we have added a discussion on internal melt and changed
focus to cases with increased melting near the pond perimeter, k > 1. In response to reviewer 2, we

have described the model development more carefully.

Below we respond in detail to each of the reviewer’s comments, and attach the revised manuscript.
Thank you for your time and help improving this manuscript.
Reviewer 1

Thank you for your review. We found your comments extremely useful, and have added text to the

paper to address each of them.
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We have thoroughly rewritten the paper, and changed the focus from trying to explain a dichotomy
in melt pond coverage to developing a simple model for the evolution of melt pond coverage on
permeable sea ice that produces good quantitative agreement with the observations. We kept the
main ideas and assumptions from our previous model, but also made major changes. Major changes
include adding topography to our model, and representing melting near the pond perimeter more
accurately. We use our model to extract analytical relationships between physical parameters, and
explore pond behavior under general circumstances. We retain the notion of a fixed point, but only

as a possibility and a discussion point, and leave out the dichotomy altogether.

In response to your comments, we have:

1. Changed the focus of the paper from trying to explain the dichotomy in melt pond coverage
to creating a simple model for pond coverage evolution. We now mainly consider cases with

k>1.
2. Included the topography in the form of the hypsographic curve.
3. Added a discussion on internal and lateral melt.

4. Discussed the mechanisms that increase the rate of melt near the pond perimeter.

We respond (in black) in detail to all of your comments (in blue) below.

1) The reviewer feels there is more than ample evidence in the literature to disprove this proposed
mechanism and notes that the authors were aware of this evidence, at several points discuss this evi-
dence, and then follow the discussion by ignoring the contradicting evidence. As such, this reviewer
feels the authors have presented a mechanism that does not explain the pond dichotomy because of a
mismatch in timing and because the mechanism relies on several assumptions very likely to be false.
The reviewer highlights these several major scientific flaws here and then discusses line by line de-
tails below. The authors do, however, have the framework for evaluating and discussing the impacts
of freeboard on pond coverage. The reviewer advises the authors re-write the paper entirely to focus
on what these relationships appear to be, without trying to coax them into showing a particular result,
such as explanation of dichotomous behavior.

Response: Although the nature of the presented mechanism was more a proof of concept, rather
than a claim about explaining the dichotomy, we agree with reviewer’s concerns about the evidence,
and accept their suggestion to change the focus of the paper. The paper has been thoroughly rewritten
to reflect this. Our model is now presented to work as a simple model for evolution of pond coverage
after pond drainage. We focus on determining the relationships between physical parameters, ex-

ploring the types of qualitative behavior of pond coverage, and on obtaining quantitative agreement
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with observations. A fixed point is still mentioned, but as a discussion point, rather than the main
point of the paper. We omitted all mentions of dichotomy in the paper.

2) Topography of the ice is neglected throughout. Topography of the ice is intimately connected to
bare ice area by hydrostatics. Given two floes of the same mean thickness, both ponded at sea level,
the one with the lower bare ice area must necessarily have higher mean bare ice height to maintain
the same volume of ice above sea level. This means the bare ice in the high pond coverage case
is more resistant to flooding or melt. This is a powerful stabilizing feature that resists pond growth
when pond area is high. The neglect of this inherent feedback leads to the dichotomy of behavior.

Response: This was a very useful comment. To address this, we included the ice topography via
the hypsographic curve, chosen in such a way that, for a given ice thickness H, and pond coverage
x, the hypsographic curve above sea level hydrostatically balances the ice floe. If ponds are at sea
level, pond coverage can be found as an intersection between sea level and the curve. We relate
the displacements of ice topography near the pond perimeters, ds, and a corresponding change in
pond coverage, dz, using the hypsographic curve. We explain how we do this between lines 258 and
318. On line 230, we introduce the relationship between the average freeboard height, h, and the ice

thickness and pond coverage

w — Pi H
hzipp P - (1)

This means that for higher initial pond coverage, initial freeboard height will be higher, and ponds
on ice floes with high pond coverage grow more slowly.

3) The reviewer also finds that a few other processes are important enough in controlling hydro-
statics that they probably cannot be neglected and should at least be discussed even if they cannot be

incorporated into the model.

a) Density change both above and below sea level caused by internal melt - a very common mode

of melt accounting for more than 1/3 of total ice melt in most cases.
b) Sub-ice freshwater lenses which commonly form in the Arctic reducing ice buoyancy.

Response: We agree that internal melt can be a significant process. As a result of this comment,
we added a discussion about internal melt (subsection 5.3). We did not include internal melt in our
model but we discussed its effects on pond evolution. We concluded that if there is more internal
melt above sea level than below sea level, a fixed point is more likely to occur.

We also added a sentence in the section about numerical solutions to our model on line 372: “Al-
though water and ice densities can vary due to changes in water salinity, internal ice melt, presence
of air bubbles and brine in the ice, or snowfall we will take these values to be fixed throughout the
paper at p,, = 1000%, and p; = 900%.”

4) Landy et al., 2015 did not provide any evidence to demonstrate that pond coverage should in-

crease in a warming climate. If anything the colder year had more pond coverage. This and several
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other instances throughout the paper seem to indicate a style of citation this reviewer does not sup-
port. Specifically, the authors are citing an offhand statement within the prior work’s introduction,
which is not specifically supported by the prior work’s data or analysis. Proper citation should only
reference the content of a work where that work has actually demonstrated evidence that supports
the assertion being referenced. If the prior work has only conjectured that a trend may exist, it would
be proper to discuss the expected future state of melt ponds as such.

Response: We reconsidered all the citations, and removed or changed those that do not reference
a main point in the cited paper. In doing this, we removed the reference to Landy et al., 2015 entirely.

5)“This should cause... ecosystem.” This is only true where light, rather than nutrients, limit pro-
ductivity. Nutrient limitation is the norm over most of the Arctic basin, so at very least a caveat
clause should be inserted to this effect.

Response: We removed this line from the paper.

6) The reviewer notes that Perovich et al date the photo JULY 15 - not June 15. This is an important
correction. If June is actually correct, the mechanisms being discussed would not have had time
(weeks to months as discussed later) to operate at this stage in the melt season. The dichotomy in
system state would have occurred very early, and potentially prior to freeboard impacts. Though the
reviewer believes this is a simply typo, the timing of when the dichotomy first emerges is important
for evaluating whether this mechanism is an appropriate explanation for the behavior. Webster et al.,
2015 suggest the dichotomy occurs much sooner, perhaps pointing to other causes.

Response: Since there is no more mention of the dichotomy, we removed the reference to this
photo.

7) consider changing ‘pondedness’ to ‘ponding” which would be more consistent with terminology
in prior works.

Response: In the revised paper, we do not use either of these two terms.

8) the authors consider only melt at the interfaces. This ignores that sea ice experiences consid-
erable internal melt. Internal melt causes substantial changes in ice density both above and below
freeboard. This is likely a very important mechanism to add to consideration. Maybe conditions
which favor internal melt above sea level (e.g. dirty ice) dis-favor ponding?

Response: Thanks to this comment, we have added an entire section in the discussion about the
effects of internal melt on pond evolution. We concluded that if there is more internal melt above sea
level than below sea level, it could slow down, or even prevent pond growth, at least for a period of
time.

9) consider adding a caveat that all this discussion is only true if the ponds are hydraulically
connected to the ocean. The current statement makes it seem like this is ALWAYS the case.

Response: As a result of this comment, we added several sentences where we state that we

assume the ponds are hydraulically connected to the ocean:



135

140

145

150

155

160

165

170

1. On line 50: “We will assume that ice is permeable, ponds are at sea level and hydraulically
connected to the ocean, the whole ice floe is in hydrostatic balance, and different points on the

ice surface may melt at different rates.”

2. On line 85: “We will assume that from this point on, the ponds are hydraulically connected
with the ocean, and the only way for pond coverage to increase is for the points on the ice

surface which were above sea level to sink below sea level.”

10) “The larger the pond fraction is, the larger their tendency to grow will be and the smaller their
tendency to shrink will be.” This simplistic description of the implications of pond area on the ease of
additional flooding (due to hydrostatics) ignores the necessary other implication of large pond area.
Assume two floes have the same thickness, but one has greater pond area than the other. The bare ice
on the floe with greater pond area must be topographically steeper and/or higher as required to keep
the floe in hydrostatic equilibrium. Thus it is more resistant to encroachment, providing a very strong
stabilizing effect not included in the model. The one with greater pond area is here asserted to have
much easier potential for flooding additional area, but considering the topography of the remaining
bare ice, it must necessarily become extremely resistant to pond growth at low bare ice area.

Response: We removed this sentence from the paper. The stabilizing mechanism was addressed
by including topography in the form of a hypsographic curve, and by requiring that the topography
be in the state of hydrostatic balance. Using this approach, we extract the dependence of pond growth
rate on initial pond fraction.

11) It would be helpful if the authors consider the practical constraints on this number - while it
is mathematically true that it could be greater than or less than 1, it is likely that thought about the
system could rule out some values.

Response: We placed rough constraints on k by assuming that ice near the pond edge probably
melts at a rate faster than bare ice, but slower than ponded ice. In this way, we found that k& probably
lays between 1, and 1.7.

12) the assumption of constant slope used to turn the model into a ‘one dimensional’ approxima-
tion is invalid for a full range of pond coverage. In order to satisfy hydrostatics, the remaining bare
ice in high pond coverage scenarios must necessarily have higher height and likely greater slope at
the ice-pond interfaces. This invalid assumption results in the dichotomy of behavior.

Response: The assumption of constant slope was made unnecessary by introducing the hypso-
graphic curve to relate displacements with changes in pond coverage.

13) This is not an entirely accurate statement, and an odd citation. The major thesis of these and
other recent papers by Perovich et al is that bottom melt can be much greater than surface melt under
certain circumstances. These Perovich papers also include considerable information about the time
offset between surface and bottom melt which may be quite useful in thinking about how top vs.

bottom melt impacts the hydrostatics at different times in the year.
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Response: Instead of rough estimates, we now use the full time-resolved fluxes measured dur-
ing SHEBA. For the shortwave, longwave, sensible, and latent heat fluxes, we use those derived by
Skyllingstadt et al 2009 using SHEBA measurements. For bottom flux, we use the time resolved
flux from obtained from measurements of bottom ablation rates during SHEBA, and described in
Perovich et al 2003. We found that our model results using time-resolved fluxes do not differ sig-
nificantly from the results using the time-averaged fluxes. When comparing our model result with
SHEBA measurements of pond coverage (reported in Perovich et al 2003), we use the full time-
resolved bare ice, ponded ice, and bottom ablation rates reported in Perovich et al 2003.

14) these fluxes are somewhat outdated and based on heavy multiyear ice. Consider updating with
albedo information more recently published, such as Perovich and Polashenski 2012 or papers by
Nicolaus.

Response: We compared our results to model results of Skyllingstadt et al 2009, and with mea-
surements made along the albedo line during the SHEBA mission, as described in Perovich et al
2003. For this reason, we used the same fluxes reported in these two studies.

15) the slope of the pond boundaries is shown and briefly discussed by Landy et al, 2014 and
Polashenski et al. 2012. These slope values appear to be steeper than most of the FYI boundaries
they observe.

Response: Because we now use the hypsographic curve to relate displacements with changes in
pond coverage, we removed all mentions of slope of the pond boundaries.

16) “a potential...” Discarding contrary evidence in this way is not supportable. A disagreement
between the model and established evidence is not necessarily due to just the crudeness of the model
- it could be evidence that the model is wrong and that the mechanisms are not the predominate
ones! A more appropriate statement would be "Flooding due to freeboard loss is observed by Landy
and Polashenski in a manner comparable to what we model. The timescale of the flooding observed,
however, is much shorter than our model suggests (days vs. weeks to months). This discrepancy
could be due to the crudeness of our model or may indicate that other mechanisms not considered
are also important.’

Response: Our model is now changed so that it provides quantitative agreement with the mea-
surements.

17) Albedo set as a function of pond depth. This is OK, but the authors should be aware that this
is a correlative description, not based on the mechanism controlling the radiative transfer. In other
words, there is a modest correlation between pond depth and albedo, but physically speaking there
is no relationship. Albedo is controlled by the properties of the ice underlying the pond, and it just
so happens that thinner, clearer ice has a tendency to be under deeper ponds. Also, bare ice albedo
does show considerable variation when less than about 0.5 m thick, or when it has limited freeboard

(i.e. near a pond edge).
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Response: In the revised paper, we generalized our model to a 1D model, instead of a 2D model
(lines 319 - 341). In the 1D model, we mostly use a constant pond albedo. We also tested the ef-
fects of pond albedo varying with depth by implementing a pond albedo parameterization used in
Skyllingstadt et al 2009, and concluded that varying pond albedo with depth has little effect on pond
coverage evolution. This is probably due to the fact that the pond albedo itself is relatively less
important for pond evolution in our model than other parameters, such as the bare sea ice albedo.

18) “A narrow lip around the pond edge had a slightly higher albedo than bare ice.” The reviewer
is not aware of any supporting evidence for this, and is aware of many observations that suggest
albedo a low freeboard pond-edge sites is lower than elsewhere on the bare ice. The authors must
acknowledge that this assumption runs contrary to observation or present evidence that it does not. In
acknowledging that this assumption is implausible, the authors will find the ability of this mechanism
to produce dichotomous behavior is removed. The paper will have to be re-written to reflect this
reality. It may be that freeboard control of pond coverage can explain some pond evolution after
ponds have drained to freeboard even if it cannot explain the dichotomy. It appears to this reviewer
that the dichotomy is established prior to ponds draining to sea level anyhow, so perhaps the authors
are trying to make this mechanism explain something it should not explain. An honest evaluation of
what freeboard interactions should do to pond coverage would likely still be useful to the modeling
community.

Response: Allowing a narrow lip around the pond edge to have a lower melting rate than bare
ice is equivalent to allowing k < 1. We retained this only as a possibility, and do not include it in the
1D generalization of the simple model. For the most part we now estimate pond coverage evolution
when a narrow lip around the pond edges melts faster, or at the same rate as bare ice on average,
with k varying between 1 and 1.67.

19) The reviewer appreciates these efforts to support the assumption that pond edges melt more
slowly than other bare ice but finds them unconvincing. A. This mechanism may be valid. B. In
practice this reviewer has observed the opposite, with bands of dark algae being washed up on the
perimeter of many advanced ponds. Concentrations of light absorbing aerosols (i.e. Black carbon)
tend to be too small to make much difference. Sediment laden ice may behave as discussed here. C.
The ‘shadowing’ effect of a slope would also be a ‘higher incident radiation’ effect on a slope with
the opposite aspect (i.e. facing the sun). Such a slope would melt more rapidly. With random slope
aspects, the effects of this are a wash.

The authors also fail to consider low albedo at pond edges due to limited surface scattering layer
above freeboard, lateral heat transfer from pond water, mechanical action of pond waves, etc. The
reviewer feels this one-sided examination results in an erroneous conclusion that slower than normal
melt rates at the pond edge are plausible, even likely. The reviewer feels they are plausible only

under very narrow circumstances and very unlikely to be the norm.
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Response: We removed the ‘shadowing’ effect of a slope. Instead, we added a mechanism to
make the melt rate near the boundary lower than the rest of the bare ice, whereby existence of ridge
sails can lead to pond boundary melting slower than bare ice on average. As ridge sails collect more
sunlight, they melt faster than flat bare ice, thereby increasing the average bare ice melting rate. Flat
ice near the pond boundaries would therefore melt slower than bare ice on average.

We added several mechanisms to make the melt rate near the boundary higher than the rest of the
bare ice. For example, we wrote:

“Even a very thin layer of water on top of ice can significantly decrease its albedo due to the
effect of multiple light reflections (Makshtas and Podgorny, 1996). Since pond water could wet the
surrounding ice, this mechanism could lead to ice near the pond boundaries melting faster than bare
ice far away from the ponds.”
and
“Bands of dark algae are often washed up on the perimeter of advanced ponds, accelerating the
melting.”

We also devoted a page to discuss lateral melting by pond water.

20) more recent publications focus on the importance of light transmitted through ponds in areas
of high pond coverage. Frey et al., 2011; Perovich and Polashenski 2012.

Response: This discussion on bottom melting has been removed entirely.

21) The authors repeatedly ignore evidence that contradicts their theory to the considerable frus-
tration and exasperation of this reviewer. This is poor scientific practice. Polashenski et al., 2012
finds similar behavior to that of Landy et al., meaning that both available case studies do not support
a critical aspect of the author’s mechanism. Perhaps all this contrary evidence means the mechanism
needs to be reconsidered?!

Response: The paper has been thoroughly rewritten, hopefully to considerable relief of the re-
viewer.

22) This is entirely speculative and insufficiently addressed. Recommend removing entirely.

Response: Done.

Reviewer 2

Thank you for your time, and your comments!

We have thoroughly rewritten the paper, and changed the focus from trying to explain a dichotomy
in melt pond coverage to developing a simple model for the evolution of melt pond coverage on
permeable sea ice that produces good quantitative agreement with the observations. We kept the
main ideas and assumptions from our previous model, but also made major changes. Major changes

include adding topography to our model, and representing melting near the pond perimeter more
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accurately. We use our model to extract analytical relationships between physical parameters, and
explore pond behavior under general circumstances. We retain the notion of a fixed point, but only

as a possibility and a discussion point, and leave out the dichotomy altogether.

In response to your comments, we have:
1. Described the model development more carefully.
2. Included the topography in the form of the hypsographic curve.
3. Added a discussion about lateral melt.
4. Discussed the mechanisms that increase the rate of melt near the pond perimeter.

We respond (in black) in detail to all of your comments (in blue) below.

1) I liked the idea of the simple model and the authors do a nice job introducing the concepts that
they are trying to simulate. Things get more confusing when the equations are presented in section
3. I had a hard time figuring out what equations 2 and 3 were really representing and I think this
section needs to be thoroughly rewritten to better explain the basis of the model. In particular, the
relationship between bottom and top melting seems quite confusing when dividing between volumes
of ice above or below sea level. For example, the authors state that removing a volume of ice below
sea level reduces the volume above sea level by about 0.1. They then say that reducing a set volume
from above sea level reduces the volume below sea level by about 0.9. These are saying the same
thing in terms of total volume, and both will have the same effect on the freeboard. What I think is
buried in describing the ice behavior is the effect that surface melting has relative to pond melting or
relative to the old location of sea level; this is hard to extract from their description.

Response: Thank you for this comment! We tried to make the derivation of the model equation
more clear. We define s(r) as the topography above sea level (that is elevation of ice surface above
sea level), and split its change into a contribution from local and rigid body movement. We derived
the rigid body movement in a slightly different way. We related the mass of ice above sea level to
mass of ice below sea level through hydrostatics, and split the change in mass above and below sea

level into contributions from melting and rigid body movement:

We can write this hydrostatic balance as

Pw — Pi
Maboves. 1. = MMpelow s. 1. » (2)
w

where Mapove s. 1., ANA Mpejowy 5. 1. Tepresent the mass of ice above and below sea level, and

Pw, and p; represent the densities of water and ice.
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From Eq. (2), we write a relation for the change in mass above sea level relates to the
change in mass below sea level. The mass above and below sea level can change either
because the ice melts or because the floe moves as a rigid body, changing the proportion
of ice above and below sea level. Therefore, differentiating Eq. (2) and splitting into melt

and rigid body contributions, we find

melt rigidbody _ Pw — Pi melt rigid body
dmabove s. 1. + dmabove s. 1. p dmbelow s. L. + dmbelow s.1| (3)
w
melt/rigid body . .
where dm,, . oiow s, 1. TEPTesent changes in mass above and below sea level due to either

ice melting or the entire floe floating up or down.

Then we related dmm" | to fluxes used to melt bare ice, ponded ice, and ice bottom, and

d rigid body

abovelbeiow s, 1. 10 the rigid body displacement, dsigid body- We also removed the discussion about

melting above and below sea level moving the ice surface by different magnitudes, to avoid confu-
sion.

2) Particularly confusing is the statement that melting above sea level has a much greater effect on
rigid body displacement in comparison with bottom melting. I understand that they are referring to a
given point in the ice, but it sounds like surface melting is more ‘effective’ in removing ice volume.
So for example, when surface ice melts, the location of sea level relative to a fixed location in the
ice changes much more than when the bottom melts. This is what I think the authors are trying to
describe, but it is hard to follow in their presentation.

Response: We removed this discussion from the text.

3) After presenting the basic equations relating ice surface motion to heat fluxes, the paper then
jumps to a linear solution relating these rates to pond fraction. I think this derivation needs to be
presented in the paper more explicitly; it is not obvious how they get from equation (4) to 9-10, and
this is the core of their solution. Equation 11 is also not fully explained; where does the upper limit
for x_o come from?

Response: We added several more steps in deriving the final equation. We derive the displacement

equation step by step, to obtain

ds _ F;
Z(r)=—|(k(r) ~1) » |-
pw—pi 1 = T = 1 =
N [ - E(Fbi + T Fmp+ mFbm)} . ()

From this point on, our model differs from the one described in the previous version of the paper.
Instead of assuming a constant slope at the ice-pond interface, we relate the displacement near the
pond edge to changes in pond coverage by using the hypsographic curve. If ponds are at sea level,
pond coverage can be inferred from a hypsographic curve as an intersection between sea level and
the curve. We first derive the relationship between ds and dz in the case of pure freeboard sinking,

and then in the case when only vertical sidewall melting and no freeboard sinking is occurring. We

10
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then add the two contributions together as if they were independent, and test this assumption on a
model that explicitly evolves the hypsographic curve in time to get pond coverage evolution.

4) Line 50-55. It is also quite possible that the overall pond distribution is tied to sea ice topog-
raphy and snow depth distributions. So flat ice never develops ponds because there are never deep
enough depressions that extend below sea level. There would be no need for a dichotomy if the pond
distribution is determined mostly by ice and snow variability at the start of the melt season.

Response: This is quite plausible. For this reason, we do not try to explain the dichotomy any-
more, but focus on building a simple model of pond evolution where the roles of physical parameters
are tractable.

5) Line 110-125. It is also possible for ponds to grow through increased pond edge melting from
“warm” pond water (from solar heating) that is in contact with the pond edge.

Response: In the paper, we stated that “we focus on the vertical displacements of points on the
surface of the ice in response to melt.” (line 94), and we added a caveat that “In reality, ponds can
also grow through horizontal melting of their sidewalls.” (line 86). Although we did not explicitly
include lateral melting in our model, we added a discussion on it, and suggested how it might be
included in the model. We derived the rate of change of pond coverage due to lateral melting, and
showed its effects on pond coverage distribution. We also compared our model to Skyllingstadt et al
2009 who consider only lateral melting (Fig. 5 a)).

6) Line 130. Isn’t this just the definition of ice-albedo feedback with ponds?

Response: This is not the ice-albedo feedback in the typical sense. In the typical sense, ice-
albedo feedback implies that due to more dark surfaces, more sunlight is absorbed, and therefore
more energy is available for melting additional ice. In this case the feedback is the following: since
ponds are below sea level, and because melting below sea level induces a downward rigid body
motion of the floe, melting ponded ice will increase the area of ice surface below sea level (i.e. pond
area). In this sense melting ponded ice reinforces the pond growth. The feedback in this sense does
not have to do with reflectivity of the ponds.

7) Line 135. Wouldn’t smaller pond fractions require a smoother ice surface, e.g. perfectly flat ice
will not have any ponds, whereas ice with high ice sails could potentially be much more ponded. Ice
surface topography is not a model parameter, but it seems like it would be very important. Can you
comment on this?

Response: It is true that ice surface topography is a very important factor in pond evolution,
and the other reviewer pointed this out several times (comments 2, 10, and 12). For this reason, we
include the surface topography in the form of a hypsographic curve. We use the measurements of
the hypsographic curve by Landy et al 2014, and modify it in order to initialize our model with an
ice thickness and initial pond coverage of our choice.

8) Line 320. It seems unlikely that all ponds would have less melting along the pond edge. What

assumptions in your model formulation are forcing this condition?

11
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Response: As was pointed out by the other reviewer as well, this is likely true (comment 19).
This is one of the reasons why we decided to make the fixed point a minor point in our new paper. It
seems more likely that ice near the pond edge melts faster than bare ice on average, and we mainly
model this effect (which we call vertical sidewall melting). We also added a discussion about the

physical mechanisms that could accelerate the melt near the pond boundary. For example, we stated

“ Wetting the ice surface can also decrease its albedo in another way. If the ice is rough and jagged
on a small scale, it will have a high reflectance. Due to the effects of surface tension increasing
the pressure, ice crystals with a small radius of curvature will be under higher pressure, and will
therefore have a lower melting point than large flat crystals. If a collection of crystals of small but
varying size is submerged in water that is at the crystals’ mean melting temperature, small crystals
will melt, and large crystals will grow at their expense through a process called Ostwald ripening
(Raymond and Tusima, 1979). This process will smooth the ice, lowering its reflectiveness, and
accelerating the rate of melt.”

9) Conclusions. Observations are one way to test your model, especially looking at the albedo near
pond edges. I did not understand the comment on line 396-97 about observations from pond-free ice;
did you mean in addition to the observations from ponded ice? Another way to test the model might
be by applying an explicit meltpond/sea ice model as proposed by Scott and Feltham. This would
allow altering of the pond edge melting rates to see if this does indeed trigger dichotomy.

Response: Although our model now does not attempt to explain the dichotomy, observations
would still be useful to constrain k£ which controls the vertical sidewall melting. On the line 344, we

say

“The vertical sidewall melting strength, S,, however, also depends on the difficult-to-measure
parameters k and & that describe the melt rate near the pond boundary. If we could place some
constraints on these parameters reliably enough, our model would be a useful parameterization in
GCMs for pond growth after ice becomes permeable. Observations and detailed theoretical studies

focusing on ice melt processes near the pond edge could constrain these parameters.”

Other parameters are fairly well constrained, but it would still be useful to test the relationships

between physical parameters that we derived.

12
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A simple model for the evolution of melt pond

coverage on permeable Arctic sea ice

Predrag Popovié! and Dorian S. Abbot!

'Department of Geophysical sciences, University of Chicago, Hinds Geophysical Sciences, 5734 S.
Ellis Ave., Chicago, IL 60637

Correspondence to: Predrag Popovi¢ (ppopovic @uchicago.edu)

Abstract.

As the melt season progresses, sea ice floes in the Arctic often become permeable enough to allow
for nearly complete drainage of meltwater that has collected on the ice surface. Melt ponds that
remain after drainage are hydraulically connected to the ocean, and correspond to regions of sea ice
that are below sea level. We present a simple model for the evolution of melt pond coverage on such
permeable sea ice floes, in which we allow for spatially varying ice melt rates and assume the whole
floe is in hydrostatic balance. The model is represented by two simple ordinary differential equations,
where the rate of change of pond coverage depends on the pond coverage, and all the physical
parameters of the system are summarized by four strengths that control the relative importance of
the terms in the equations. With this model, we are able to fit observations relatively well. Analysis of
the model allows us to understand the behavior of melt ponds in a way that is often not possible using
more complex models. We show that bare ice melting accounts for roughly half the pond growth,
while melting ponded ice and ice bottom contribute less. Furthermore, our analysis demonstrates
the somewhat surprising result that changes in bare ice albedo influence pond evolution roughly 5
times as much as corresponding changes in pond albedo. Performing a similar analysis, we estimate
that under a global warming scenario, pond coverage would increase by at least 1.3% per Wm ™2
per month. Using our model, we are able to extract the dependence of initial pond fraction, and
show how melting different regions of the ice changes the pond coverage distribution differently. We
also show that under certain conditions, ponds can stop growing. Since melt pond coverage is one
of the key parameters controlling the albedo of sea ice, understanding the mechanisms that control
the distribution of pond coverage will help improve large-scale model parameterizations and sea ice

forecasts in a warming climate.

1 Introduction

Over the past forty years, Arctic summer sea ice extent has reduced by 50 percent, making it one of
the most sensitive indicators of man-made climate change (Serreze and Stroeve, 2015} [Stroeve et.
al.,2007; Perovich and Richter-Menge, |2009)). This rapid decrease is at least partially due to the ice-
albedo feedback (Zhang et. al.,|2008;Screen and Simmonds, 2010; |Perovich et. al.,|2007)). Moreover,
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if the ice-albedo feedback is strong enough it could lead to instabilities and abrupt changes in ice
coverage in the future (North, [1984;|Holland et. al., 2006} [Eisenman and Wettlaufer, 2008} /Abbot et
al.L|2011). The albedo of ice is strongly affected by the presence of melt ponds on its surface (Eicken
et. al., |2004; |Perovich and Polashenski, 2012} |Yackel et. al., [2000). Therefore, understanding the
evolution of melt ponds is essential for understanding the ice-albedo feedback, and consequently,
the evolution of Arctic sea ice cover in a warming world. This means that accurate melt pond pa-
rameterizations must be incorporated into Global Climate Models (GCMs) to improve their sea ice
forecasts (Flocco et. al.l 2010; [Holland et. al., 2012; [Pedersen et. al.l [2009). The main difficulties
with including accurate melt pond parameterizations in large scale models are that pond evolution
is nonlinear and that it is the result of a variety of different physical processes operating on a range
of length and time scales. For these reasons, it is important to understand the mechanisms that drive
the evolution of melt ponds.

Typically, the evolution of pond coverage on first-year ice proceeds in a fairly consistent manner
(Polashenski et. al. 2012} |Perovich et. al., 2003} |[Landy et. al.l 2014} Webster et. al., 2015)). First
the ponds grow quickly while the ice is impermeable. Next they drain quickly and pond coverage
shrinks as the ice transitions from impermeable to permeable. Then the ponds grow slowly while the
ice is permeable and pond water remains at sea level. Finally, the ponds either refreeze or the floe
breaks up. The stage when ice is highly permeable is typically the longest, sometimes lasting as long
as the first two stages combined. This stage is particularly suitable to model, since the ponds can be
assumed to be at sea level, and hydraulically connected to the ocean.

In this paper we will present a simple model for the evolution of melt pond coverage on sea ice
floes. We will assume that ice is permeable, ponds are at sea level and hydraulically connected to the
ocean, the whole ice floe is in hydrostatic balance, and different points on the ice surface may melt
at different rates. Furthermore, we will assume that all the melt occurs either on the top surface or on
the bottom surface of the ice, neglecting the possibility of ice melting internally. We will also neglect
the possibility of pond growth by lateral melt of pond walls by the heat flux from the pond water.
Nevertheless, we will discuss and assess the effects of both internal and lateral melt. The purpose
of our model is: i) to clarify the roles played by physical parameters such as energy fluxes, the ice
thickness, and initial pond coverage, in the evolution of pond coverage, ii) to provide a simple, yet
accurate, way to estimate the pond coverage after a certain amount of time, iii) to understand the
behavior of melt ponds under general environmental conditions, and iv) to investigate different types
of qualitative behavior that can arise from differential melting and maintaining hydrostatic balance.

Skyllingstad et. al.| (2009) also describe pond growth on permeable ice, but include only pond
growth by lateral melt of pond walls. This contrasts with our model, which includes includes only
pond growth by vertical changes of the topography (freeboard sinking and vertical sidewall melt-
ing). Our models are different, but complementary, and on several occasions we will draw parallels

between our two models. Aside from |Skyllingstad et. al.| (2009), previous melt pond modeling ef-
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forts include works by [Taylor and Feltham! (2004), Liithje et. al.| (2006), [Scott and Feltham!| (2010),
and [Flocco and Feltham| (2007)), who all created comprehensive models that allowed for more re-
alistic representations of physical processes such as heat and salt balance, and meltwater routing
and drainage. The advantage of our model is its simplicity, and its analytical form, which makes it
possible to clarify the roles of each of the physical parameters involved.

This paper is organized in the following way. In section 2 we build a simple model for the evolution
of pond coverage. In section 3 we solve the model numerically using realistic parameters. In section
4 we analyze the model analytically to gain a better understanding of the factors influencing pond
evolution. In section 5 we discuss: the physical processes that can change the rate of melt near the
pond edge; lateral and internal melt; and the possibility of pond growth stopping. Finally in section

6 we summarize our results and conclude.

2 Building the simple model

In this section, we build the model for the evolution of melt pond coverage, and then solve it using
realistic physical parameters. Before we proceed to build the quantitative model, we will first state
the assumptions, and discuss the physical mechanisms driving pond evolution.

Our model focuses on the stage of pond evolution when ice is highly permeable and all the melt-
water created is quickly removed to the ocean. The beginning of this stage can be identified as the
point in time when pond coverage drops to its summer minimum, meaning that all the meltwater
on the ice surface has drained to sea level, and the remaining ponds correspond to places on the ice
surface that are below sea level. We will assume that from this point on, the ponds are hydraulically
connected with the ocean, and the only way for pond coverage to increase is for the points on the ice
surface which were above sea level to sink below sea level. In reality, ponds can also grow through
horizontal melting of their sidewalls. As some observations suggest that this type of growth is small
(Polashenski et. al.,|2012; [Landy et. al.,2014), we neglect it (see section 5.2 for further discussion).
Furthermore, we will assume that all the melt occurs at the surface of the ice. We thereby neglect
the possibility of internal melt, which we discuss in subsection 5.3. We will further assume that new
ponds cannot form, and the only way for pond coverage to change is for existing ponds to change in
size. Finally, we will assume that the entire ice floe is in hydrostatic balance.

The main goal of our model is to determine the fraction of the ice surface above sea level that
falls below sea level after some time. Therefore, we focus on the vertical displacements of points
on the surface of the ice in response to melt. To this end, we define the ice topography, s(r), as the
elevation of the ice surface above sea level at the point r, and we define melt ponds as those regions
where s(r) < 0. There are two main reasons why the topography might change in response to ice

melt:
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a)

b)

First, the topography at a point » changes when ice at that point melts (Fig. 1| a). Here, the
rate of change of topography at a point depends only on local characteristics of that particular
point. For this reason, we will call this type of motion “local.” Points on the surface in this

way move “downwards,” i.e. to lower elevations above sea level.

Second, in order to maintain hydrostatic balance, the entire ice surface can shift up or down
in response to mass being removed above or below sea level. Since we are assuming that the
entire ice floe is in hydrostatic balance, melting any region of ice moves the entire floe as a
rigid body (Fig.[I]b). For this reason, we will call this type of motion the “rigid body” motion.
An ice floe is not a rigid body, but up to its flexural wavelength we can approximate it as such.
Melting above sea level induces an upward rigid body motion, whereas melting below sea

level induces a downward rigid body motion.

At each point on the ice surface, the change in elevation above sea level can be calculated as the sum

of these two contributions.

Since we are assuming that new ponds cannot form, the only way for pond coverage to change is

through changes of topography near the pond boundaries. In our model, ponds grow in two ways:

a)

b)

Ponds can grow as a result of freeboard sinking. For points on bare ice, freeboard sinking
represents a general downward shift of the non-changing topography as a result of overall
thinning of the ice. Both rigid body movement and local melting contribute to freeboard sink-
ing. Only the average local melt matters, since it determines the mass lost above sea level, and

does not change the overall shape of the topography.

The other way ponds can grow is if the topography changes shape without changing its average
height. Ponds can grow in this way if some regions melt faster than average. Therefore, a
positive deviation in the local melt rate can grow ponds. Since we assume that no new ponds
can form, pond growth by this mechanism is restricted to ice around the pond edge. Therefore,
if the points near the pond boundaries melt at a faster rate than average, thereby changing the
topography near the pond boundary, ponds will grow by “vertical sidewall melting.” Vertical
sidewall melting should not be confused with horizontal sidewall melting, (i.e. lateral melting)
which we neglect. Vertical sidewall melting here represents a vertical motion of the ice surface
near the pond boundary as a result of a deviation of the local melt rate from the average and
not the horizontal motion of pond walls possibly induced by the lateral heat flux from the pond

water.

For vertical sidewall melting to be significant, ice near the boundaries needs to, on average, have

different properties than bare ice far away from the ponds. In fact, bare ice near the boundaries of

the ponds is unique for at least two reasons: i) it is near sea level and ii) it is located at the ice-water

interface. This special nature potentially provides it with unique topographical, thermal, and optical
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properties, which can influence its rate of melt. Deviations from the mean melt rate for points far
away from the pond edges do not influence pond evolution, since points at the pond perimeter and
points far away from the pond edges are correlated only through hydrostatic adjustment which is
determined by the average melt rates above and below sea level. Because hydrostatic adjustment can
move the entire floe upwards if there is enough mass removed above sea level, ponds can even shrink
as a response to melt if ice near the pond perimeter melts slowly enough.

We now proceed to build the quantitative model of pond evolution. Following the above ideas, we

divide the total rate of change of vertical position of the point 7 on the surface of the ice, % (r), into

oo . . dseg I . .
a contribution from rigid body motion, “** and a contribution from local melting, d;‘t"“ (r),

ds, . dSigidbody | dSloc
dt (r) = dt dt

Ice above sea level must hydrostatically balance the ice below sea level. We can write this hydro-

(r). (1

static balance as
Pw — Pi

W

Mabove s. 1. = Mbelow s. 1. » ()

where Mapove s. 1., and Mpelow . 1. Fepresent the mass of ice above and below sea level, and py,, and p;
represent the densities of water and ice.

The mass above and below sea level can change either because the ice melts or because the floe
moves as a rigid body, changing the proportion of ice above and below sea level. Therefore, differ-

entiating Eq. () and splitting into melt and rigid body contributions, we find

melt rigid body Pw — Pi melt rigid body
dmabove s dmabove s.l T dmbelow s dmbelow s.1| (3)
w

melt/rigid body

where dmabove/below s. L.

represent changes in mass above and below sea level due to either ice melting
or the entire floe floating up or down.

The mass melted above and below sea level after some time dt is

Fr
dm;rlﬁ)]i/e A _Abinldt s
Fu Fro
dmgle‘ﬂ)lw s. 1L — 7Amprdt —A ; tdt . (4)

where | = 334% is the latent heat of melting, Fy, is the total energy flux used for melting bare ice
averaged over all the regions of bare ice, F'n, is the total energy flux used for melting ponded ice
averaged over all the regions of ponded ice, F is the total energy flux used for melting the ice
bottom averaged over the ice bottom, Ay;, Amp, and A are the area of bare ice, the area of melt
ponds, and the area of the entire floe.

Since floating up or down does not change the total mass of the ice, mass changes above and below

rigidbody _ dmrigid body We

sea level due to rigid body motion are equal with an opposite sign, dm .| = below s. |-

can express dm"€4%°4 in terms of rigid body displacement of the floe as

rigid body
AMiggoves.i = PiAbidSrigid body
rigid body
AMySow s 1. = —PiAbidSrigid body - (5)
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Substituting Egs. (Ef[) and (E]) into Eq. (E]), solving for dsigid boay. and differentiating with respect

to time, we find the rate of change of surface topography due to rigid body motion as

dSrigid body [ﬁfbi] B [Pw — pi Amp Fmp} _ [Pw — pPi ifbot} _ 6)

dt Lpw lp; pw A lpi pw A lp;
The three terms in large square brackets correspond to topography change due to bare ice melting,
ponded ice melting, and ice bottom melting. Rigid body motion depends only on spatially averaged
energy fluxes, which in turn depend on parameters such as the average insolation on the floe, the
average albedo, and the average longwave, sensible, latent and bottom heat fluxes. If bare and ponded
ice melt only from energy absorbed by the upper surface of the ice, the fluxes Fi;, and Fmp can also

be written in terms of albedo as:

Fui = (1—awi)Fy + Fr
Fmp = (1 - CVmp)-Fsol + E > (7)

where ay; and oy, are the average albedos of bare and ponded ice, Fy is the solar flux, and F; is
equal to the sum of net longwave, net sensible, and net latent heat fluxes.

Local displacement, ds,., quantifies how much the ice surface topography changes as a result of
local melt. We can determine the local melt rate from Fy,¢(r), the flux of energy used for melting
the ice surface at a point r
Fyue(r)
Sl

dSioc
dt

(r)=— ; ®)

where the positive direction is defined as upwards. The local flux depends on parameters such as the
local albedo, the local insolation, the local longwave, sensible and latent heat fluxes, and the angle
between ice and incoming radiation at that point.

If all melt happened on the surface of the ice, then the flux Fy,(7) averaged over all the points on

the surface of the ice above sea level would have to equal Fy;
< Fsurf(’l") >= Fbi s (9)

where < ... > represents averaging over all the points on bare ice. For this reason, we will parame-

terize the rate of local melting as

Fbi
l Pi ’

dSioc

dt

(r) =—k(r) (10)

where k(7) is a non-dimensional number that quantifies the deviation of the melt rate at the point
from the mean melt rate of bare ice surface, which depends on the detailed conditions of ice and its
environment. The parameter k could be either greater than or less than one. Here we will take k& to
be constant in time, but in reality it need not be. Finally, according to Eq. (I)) we add Eq. (6) and Eq.

(TO) to get the equation for the evolution of the bare ice topography. We express this in terms of melt
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. _A
pond fraction, x = —*

ds _ _ Fbi _
()= |(k(r) ~1) lm}
w—pi 1 — — 1
_ [p pwp E(Fbi—i——lfomp—i——l_bum)} . (11)

Here, we split the equation into two terms, enclosed by the square brackets. The first term represents
the local deviation from the average surface melt rate, which changes the general shape of the to-
pography while preserving its average height above sea level. The second term represents a global
shift of the average elevation above sea level due to freeboard sinking.

Both terms in Eq. (TI) contribute to pond growth. Since we assume new ponds cannot form, the
first term, which represents the topographic change due to deviation from the mean melt rate, can
only grow the ponds by melting the ice near their boundaries. For this reason, we will identify the
first term with vertical sidewall melting. Far from the pond edge, only the average melt rate matters
by changing the rate of freeboard sinking. Therefore, for the purposes of estimating the evolution
of pond coverage, we will assume that k(r) = 1 far away from the pond boundary on bare ice, and
k(7) # 1 close to the boundary. In particular, we will assume k() # 1 closer than some distance d
from the pond perimeter, and that k() is only a function of the distance from the pond edge. It is
important that this distance is small, such that area where k # 1 is small compared to the total area
of bare ice, since averaged over all the points on bare ice k needs to equal one. This assumption is
reasonable, since close to the pond boundaries ice-water interaction could alter the melt rate.

In this way, the topographic evolution equation can be split into two terms: vertical sidewall melt-

ing, and freeboard sinking:
ds _ dSsm  dSfs

2e , 12
dt dt dt a2
where d;;"‘, and d;tfs are contributions from vertical sidewall melting, and freeboard sinking, and

correspond to the first and second term of Eq. (TT). This equation describes changes of topography
near the perimeter of the ponds.

We now need to relate the vertical displacements near the pond boundaries to the change in area
of the melt ponds. To this end we define the hypsographic curve, s(x},), that relates the elevation
above sea level, s, to the percent of ice surface below that elevation, = (Fig. @ Such curves have
been measured and reported on several occasions (e.g. Fig. 8 of [Eicken et. al.| (2004)), or Fig. 8 of
Landy et. al.|(2014)). If the ice is highly permeable, the melt pond fraction, =, can be inferred from
a hypsographic curve as the intersection of sea level with the curve. Since ponds are hydraulically
connected with the ocean, the average freeboard height, i, depends on the pond fraction. The average
freeboard height, h, can be expressed in terms of the ice thickness H and pond fraction as

pw 1—=z

13)

Here, the average freeboard height is defined as the elevation of the ice surface above sea level

averaged over all the points of bare ice. For two ice floes of the same thickness, the one with higher
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pond coverage will also need to have a higher average freeboard in order to maintain hydrostatic
balance. For this reason we cannot use the hypsographic curves measured in the field if we wish
to initialize our model with a pond coverage different than the one we have observational data for.
We can address this problem by changing the measured hypsographic curve in a controlled way,
so as to preserve the general shape of the measured curve, while satisfying the requirement for
hydrostatic equilibrium for a particular choice of initial pond fraction and ice thickness. To get the
new hypsographic curve for a particular initial pond fraction, xz;, ice thickness, H, and average
pond depth, d, we split the observed hypsographic curve into the part above sea level and the part
below sea level. We then stretch/contract the above sea level part of the curve along the x-axis to
get the desired initial pond fraction, and then rescale it along the y-axis to get a freeboard that
hydrostatically balances a floe of chosen thickness. Since topography below sea level is not important
for the evolution of pond coverage, we replace the below sea level part with a straight line that
satisfies the requirement that the average pond depth is d. We show an example of a measured
hypsographic curve in Fig.2]a), and show how we modify the curve for different initial ice thickness
and initial pond coverage in Fig. 2] b) and c). We note that initial pond fraction, x;, corresponds to
the pond fraction when ice first becomes permeable.

Throughout this paper we use measurements of the hypsographic curve made by [Landy et. al.
(2014) for June 25th of 2011. We believe that such a statistical description of the ice topography
should be general enough across different ice types, however, more measurements of sea ice topog-
raphy would be useful in characterizing the variability in hypsographic curves. Part of the hypso-
graphic curve above sea level measured by [Landy et. al.| (2014)) is relatively well fit with a tangent
function, s(zp,) = atan(bzy, + ¢) + d (Fig. [2| a), red line). This tangent function is determined by
four fitting parameters. If the fit to such a tangent function holds for sea ice hypsographic curves in
general, knowing initial pond coverage, ice thickness, and ice roughness, we can constrain three of
these parameters.

In the case of pure freeboard sinking the overall shape of the hypsographic curve does not change
as the ice melts, but rather the whole curve is shifted following a displacement of dsg. We can
calculate the resulting change in pond coverage as

dj o dzxp,
dt — ds

des
dt ’

(z) (14)

where dsgg is the vertical displacement of the bare ice topography due to freeboard sinking (as de-

termined by the second term in Eq. ), and Zﬁg (x) is the change in pond fraction for a vertical

shift of the ice surface of dsg when the pond fraction is equal to z. It is equal to the reciprocal of the
derivative of the hypsographic curve, s(zy,), evaluated at x;, = x. Substituting d;tfs from Eq. we
find

dr _ dzy 1 ]’ (15)

T
U ds (x) [Sbi + Smpﬁ + Sbotﬁ



265

270

275

280

285

290

295

—_—
wherez7= =, and 1 —x = 11:; are pond and bare ice fraction normalized by initial pond and bare
ice fraction, d;;’ () =7 _h£ d;; () is a non-dimensional slope of a hypsographic curve, and we
;

have defined the strengths of pond growth by freeboard sinking due to melting bare, ponded, and ice

bottom, Spi, Smp, and Spe as

e
Sy = (A=) Foi ’
Hip;
S _ (1 — xi)xifmp
mp — Hlpl s
(1 —2;)Foot
=TTt 1

Shot Hipy (16)

The non-dimensional factors z, 1 — z, and %(m) are chosen to be of the order unity, so that Sy;,
Smp, and Spe; control the strengths of pond growth by melting bare ice, melting ponded ice, and
melting ice bottom. Reciprocals of the strengths represent the timescales of the growth modes.

The set of parameters needed to describe pure freeboard sinking can be further reduced by rewrit-

ing Eq. (T5) as

de  di, z 1

- = ST ST 5 17
| 1T T a7

where S1 = Spp —235pi/(1 — ;) and S1 = Spor+ Spi/ (1 — ;) represent a minimal set of parameters
needed to describe pure freeboard sinking. However, these parameters do not have a clear physical
interpretation, and we will henceforth focus only on Sy, Syp, and Spe;.

In the case of pure vertical sidewall melting, the hypsographic curve only changes close to the
pond boundary. To determine the fraction of ice affected by vertical sidewall melting, we convert
the distance from the pond boundary where there is a significant deviation of the melt rate from
the average, d, to ice fraction, § = d%, where P is the total perimeter of the ponds, and A is the
area of the floe. Although, in general, pond perimeter, P, is a function of pond fraction, we will
approximate it as constant. Let us now assume that the melt rate is only a function of distance from
the pond edge, meaning that k = k(zp,), and k(zp, >z +9d) =1, and k(z+0>ap > )=k > 1,
where k is a constant larger than 1. If there is no topographic variation above sea level, and the
entire ice floe above sea level has the same height, &, the pond coverage would grow by ¢ after a

time At = ﬁ/dt. Therefore, the pond growth rate in this case would be % = % d;;m , where dsgy

is the vertical displacement of ice topography as determined by the first term of Eq. (TT). If there
is non-negligible topography above sea level described by the hypsographic curve, the time At it
takes for pond coverage to grow by &, would be At = “22;7;‘”

hypsographic curve evaluated at z;, = x + 9. We will assume this expression generally holds for

. Here, s(xj, = x+0) is the original

vertical sidewall melting. Thus, we arrive at the expression for pond growth due to pure vertical

sidewall melting

dx ) dSsm

dt — s(x+0) di

(18)
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If § is small compared to variation in the hypsographic curve, we can substitute s(x 4 ) with s(x).
This is only not justified near the beginning of the melt, when s(x) ~ 0. We have made a number of
assumptions in deriving the expression for vertical sidewall melting, such as assuming that k(x5 ) has
a constant value larger than 1, and then suddenly drops to 1. Below we show that these assumptions

are justified. Substituting dj;;“ from Eq. we find

dx 1
@t e) (19)

where §(z) = s(}f) is the non-dimensional hypsographic curve, and the strength of the vertical side-

wall melting, Sy, is defined as

S Pw (1—1‘1‘)(5(]6—1)?1)1
sm pw7pl Hlpl >

(20)

Below we show that if the function describing the local melt rate, k(x}, ), has a non-trivial dependence
on the distance from the pond boundary (or equivalently on z;), the combination 6 (k — 1) is better
replaced with a parameter K = fml (k(zp) —1)dzp.

Finally, we need to estimate pond coverage evolution when both freeboard sinking and vertical
sidewall melting are happening simultaneously. We will assume that in this case, contributions from
each of these processes can be added independently. Therefore, we solve Eq. (I3)) for pure freeboard
sinking, and Eq. for pure vertical sidewall melting independently, and add them together to get

the full evolution of pond coverage, x(t):
x(t) = o5 (t) + zem(t) — 4, (21)

where x(t), and 2y (¢) are solutions to Eq. (15), and Eq. (19), both forced using the same parame-
ters, and initialized with the same initial pond fraction x;.

In order to test the assumption of adding the two contributions independently, we have developed
a “1D” model in which we explicitly determine pond evolution when both freeboard sinking and
vertical sidewall melting are happening simultaneously. Apart from resolving the melt rates in one
dimension, the underlying assumptions for the 1D model are essentially the same as for the simple
model. For this reason, we simply give an outline for this model, without discussing it in much detail.

In the 1D model, we evolve the hypsographic curve by prescribing a melt rate, dsjoc, to each z,
depending on the distance from pond edge. The hypsographic curve above sea level far away from the
pond edge melts at a uniform rate, whereas the hypsographic curve above sea level close to the pond
edge melts at an enhanced rate. Parts of the curve below sea level melt at a uniform rate determined
by the flux used for melting ponded ice, F'y,. Finally, hydrostatic adjustment is calculated by finding
the ice thickness directly at each time step, and placing the floe in hydrostatic balance. The evolution
of pond coverage obtained from this model is shown in Fig. 3] a). The comparison with the simple

model is excellent.

10
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The 1D model allows us some freedom to test the detailed assumptions of the single column
model. First, we can test how the functional form of k(z},) affects the pond evolution (Fig. b). Func-
tions k(xp,) were chosen such that they all have the same integral parameter K = f:l (k(zp)—1)dzxp,.
Figure [3|a) shows that in each of these cases the evolution of pond coverage proceeds nearly iden-
tically. Second, we can test the effects of varying pond albedo. In reality pond albedo decreases as
the ponds deepen. We assume a dependence of pond albedo on pond depth by prescribing a constant
pond bottom albedo and calculating the amount of sunlight absorbed by the pond water using the
radiative properties of water presented in Table 1 of |Skyllingstad et. al.| (2009), and assuming this
energy is used to melt ponded ice uniformly. The red dashed line in Fig.[3]a) shows that allowing for
pond albedo to vary only has a small effect on pond evolution.

Equation (21) represents a sum of solutions to two simple ordinary differential equations, in which
the rate of change of pond fraction depends on the pond fraction. Here, we have reduced the number
of parameters from the original nine (H, x;, Fhots Fsols Fry avi, Amp, K, and 6) to four (Spi, Smp, Sbots
and Sy ). The strengths of freeboard sinking, Sti, Smp, and Spor, depend only on the parameters that
are available in GCM simulations, and are relatively easily measured in observational studies. The
vertical sidewall melting strength, Sy, however, also depends on the difficult-to-measure parameters
k and ¢ that describe the melt rate near the pond boundary. If we could place some constraints on
these parameters reliably enough, our model would be a useful parameterization in GCMs for pond
growth after ice becomes permeable. Observations and detailed theoretical studies focusing on ice

melt processes near the pond edge could constrain these parameters.

3 A simple model for the evolution of pond coverage can approximate observations using

realistic parameters

We now solve Eq. (1)) numerically using realistic values for the parameters. For shortwave, long-
wave, latent, and sensible heat fluxes, we use values inferred by [Skyllingstad et. al.| (2009) using
hourly measurements from the SHEBA mission. We use the bottom heat flux inferred from mea-
surements of ice bottom ablation during the SHEBA mission (Perovich et. al.,2003). The albedo of
bare ice can vary between 0.5 and 0.7 (Hanesiak et. al., |2001), while the albedo of melt ponds can
vary between 0.15 and 0.6, depending on pond depth and conditions of ice at the pond bottom (Per-
ovich et. al., [2002b). Here we prescribe a default bare ice albedo of 0.6, and a default pond albedo
of 0.4. Parameters k£ and § depend on the physical mechanisms at play near the pond boundary
such as bare ice wetting and washing away of dark particulates (see section 5). We can place some
rough constraints on these parameters. We might expect that ice near the pond boundaries melts at

some rate faster than bare ice, but slower than ponded ice. Using the average values of the fluxes
and albedo, this puts k£ between 1 and %"‘" ~ 1.67. Here, we use k = 1.2. We can estimate § from

bi

0=d %. From airborne photographs taken during the SHEBA mission, we find that late in the melt
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season % ~ 0.1 m~'. If we assume that there is significant interaction between ice and pond water at
least 10 cm and at most 1 m from the pond edge, we find that § lays between 0.01 and 0.1. Here, we
use 6 = 0.05. This is clearly a rough estimate, but it is likely of the correct order of magnitude. We
use an initial ice thickness of 2m, and use the topography measured by |Landy et. al.[(2014) adjusted
for the prescribed ice thickness and initial pond fraction (usually x; = 0.2). Although water and ice
densities can vary due to changes in water salinity, internal ice melt, and the presence of air bubbles
and brine in the ice, we will take these values to be fixed throughout the paper at p,, = 1000%, and
pi =900

Figure [ a) shows the solution to Eq. (2I)) for different initial conditions. We can see that ponds
grow more rapidly when the initial pond coverage is lower, and the pond evolution curves cluster
together as time progresses. This is because lower initial pond coverage corresponds to lower initial
freeboard height, making the pond growth more rapid. The dashed line corresponds to the solution
using the fluxes time-averaged over the 40 day run. The solutions using the averaged fluxes are very
similar to the ones using time-varying fluxes, meaning that daily, and even monthly variations in the
forcing have little effect on pond growth. Henceforth, we will use the time-averaged fluxes.

Larger ice thickness means a higher freeboard. For this reason, ponds grow more slowly on thicker
ice. Because the pond growth rate is inversely proportional to ice thickness, % x % pond coverage
is more sensitive to variations in ice thickness when the ice is thin @ b). In Fig. @] b) we see that a
0.5m difference in the initial ice thickness (between a floe 1.5 m and a floe 2 m thick) can mean a
30% difference in pond coverage at the end of the melt season.

Figure [ ¢) shows the dependence of pond coverage on albedo. A variation of 0.1 in bare ice
albedo has a much larger effect on pond evolution than the same change in pond albedo. The reason
is that melting ponded ice only affects pond coverage through downward rigid body motion of the
floe, whereas melting bare ice grows the ponds through both vertical sidewall melting and freeboard
sinking. Furthermore, rigid body motion due to ponded ice melting is proportional to the fraction of
melt ponds, whereas freeboard sinking due to bare ice melting is independent of pond fraction.

The parameters k and ¢ are the least constrained parameters in our model. In Fig. |4/ d) we show
the dependence of pond evolution on the rate of melt near the pond boundary, k. Exploring the full
range of realistic values for k, 1 < k < 1.6, we find that the pond fraction at the end of the melt
season can vary by about 20%. This difference would be larger if we chose a larger d. If k is enough
smaller than 1, S, can become negative, and the ponds can shrink. In this case, ice near the pond
boundaries melts slowly enough such that an upward rigid body movement due to melting ice above
sea level pushes the ice around the pond edge upwards. The evolution of shrinking ponds cannot
be represented well in our model, and the blue curve in Fig. @] d) serves therefore simply as an
illustration.

The dotted line in Fig. [5] a) represents the solution to our model with flat topography using the

full time-varying fluxes, ice thickness of 2 m, and vertical sidewall melting parameters k = 1.5,
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and § = 0.1. When the topography above sea level is flat, freeboard sinking does not play a role
in pond growth, while vertical sidewall melting does not depend on the pond fraction, and pond
evolution becomes linear. As we discuss in below in subsection 5.2, assuming a flat topography
above sea level, makes our model analogous to lateral melting. The red line on the same figure
shows the results from the the lateral melting model of Skyllingstad et. al.| (2009). |Skyllingstad
et. al.| (2009)) carefully calculated lateral melt rates from environmental conditions. The fact that
the dotted line almost perfectly fits the results of [Skyllingstad et. al.| (2009) suggests that a single
constant that relates the rate of melt of bare ice to the rate of melt of pond walls, K, is enough to
capture the effects of lateral melting on pond growth. This suggests that the complicated physics
of lateral melting can, to a large extent, be ignored. The dashed line represents the solution to our
model using only vertical sidewall melting (only Sy, # 0) with non-flat topography. Including the
topography significantly speeds up pond growth meaning that topography above sea level plays a
large role in pond evolution. The solid black line represents the solution to the full Eq. (1)), with
both vertical sidewall melting and freeboard sinking included. The parameters k and ¢ are close to
our limiting estimates, meaning that the vertical sidewall melting is strong and close to its upper
limit. Even though vertical sidewall melting is strong, freeboard sinking accounts for nearly half the
pond growth at the end of the melt season. This means that freeboard sinking should not be neglected
even when vertical sidewall melting is strong.

In Fig. 5] b), we compare the results from our model to observations made on an albedo line
during SHEBA. The full line represents a solution to the full Eq. (2I). We use the melt rates of bare
ice and ponded ice measured directly using ablation stakes during SHEBA (Perovich et. al., 2003).
Since the ablation rates were measured directly, the ice thickness and the melt rate near the pond
boundary are the only parameters left unconstrained. Knowing the ice thickness along the albedo line
would make the strength of vertical sidewall melting, Sy, the only fitting parameter. Unfortunately,
no thickness measurements were made along the albedo line. A relatively good fit was obtained
using realistic parameters H = 1.6 m, and k = 1.5. There is a noticeable discrepancy towards the
end of the melt season. Since the measurements were made only along a 200 m albedo line, there
could be a significant disagreement between the topography of the ice along the albedo line and
the hypsographic curve we used, even if the topography of the entire floe corresponds well to the
hypsographic curve we used. This difference in topography could explain the remaining discrepancy

between the measurements and our model.

13



435

440

445

450

455

460

465

4 Analyzing the simple model yields useful insight into factors influencing the pond

evolution

Extracting the dependence of a desired property on physical parameters and understanding its scaling
is the main strength of our model. These types of relationships would be difficult to obtain in a more
complex model.

The parameters Shi, Smp, Shot» and Sy, control the rates of pond growth by melting different
regions of ice. Roughly, they represent the amount of pond growth per unit time by freeboard sinking
due to melting bare ice; freeboard sinking due to melting ponded ice; freeboard sinking due to
melting ice bottom; and vertical sidewall melting. Analyzing these parameters can give useful insight
into the behavior of melt ponds under general circumstances.

Different growth modes yield different pond evolution. Figure [6] shows phase portraits for pond
fraction and solutions to Eq. (21) when only one of the strengths is non-zero. Common to all modes
of growth is the dependence on ice thickness. Each growth mode is inversely proportional to the ice
thickness, H, meaning that ponds grow proportionally slower on thicker ice.

The parameter Sy; is proportional to the flux F';, and controls pond growth by freeboard sinking
due to melting bare ice. This parameter becomes dominant if Fy; is high compared to the bottom
melting flux, Fy,, if initial pond coverage is small, and if k is close to one. Owing to the shape
of the hypsographic curve, the pond growth rate by bare ice melting increases up to a certain pond
coverage which lays roughly half-way between x; and 1 and decreases afterwards (Fig.[6] blue line).
Shi depends on the initial pond coverage as Sp; o< (1 — xi)z. This means that ponds on floes with less
initial pond coverage grow faster. The quadratic dependence on initial bare ice fraction also means
that floes that start off less ponded can at some point become more ponded than floes that start off
more heavily ponded. We can see this in Fig.[7]a), where the pond coverage distribution narrows up
to a certain point, after which it starts to widen again because floes with lower z; overtake the floes
with higher x;. Using the default values of physical parameters of Fi; =73 Wm~2, H = 2 m, and
x; = 0.2, we get Sy = 0.2 month™!.

The parameter Sy, controls pond growth by freeboard sinking due to melting ponded ice. When
Fyyp is large compared to other fluxes and the initial pond coverage is high, this becomes the dom-
inant mode of growth. The pond growth rate due to melting ponded ice increases with pond frac-
tion (Fig. @, green line). The dependence on initial pond coverage is Spp o< (1 — x;). For this
reason the pond coverage distribution widens over time when Sy, is dominant (Fig. [7]b). Using
Fnp = 122 Wm™2, we get Syp ~ 0.08 month ™"

The parameter Spe controls pond growth by freeboard sinking due to melting of the ice bottom,
and is dominant when Fy; is the dominant flux. The pond growth rate due to bottom melting in-
creases with increasing melt pond fraction, although more gradually than in ponded ice melting case

(Fig. @, red line). Since the growth rate is proportional to the bare ice fraction, Sy o< (1 — x;), the

14



470

475

480

485

490

495

500

pond coverage distribution gets concentrated over time (Fig. (7| c). Using Flpo, = 20 Wm™2, we get
Shor 2 0.07 month™*.

The parameter S, controls pond growth by vertical sidewall melting, and is the least constrained
in our model. It becomes dominant if K = (k —1)d is large enough. Because the growth rate by
vertical sidewall melting is inversely proportional to the hypsographic curve, pond growth by vertical
sidewall melting is very fast at the beginning of the melt, and decelerates afterwards (Fig. [6] cyan
line). Like bottom melting, vertical sidewall melting is also proportional to the bare ice fraction,
Ssm o (1 — x;), meaning that the pond coverage distribution gets concentrated at the same rate as in
the case of bottom melting (Fig.[7]d)). Since we cannot reliably estimate K, we can only place rough
constraints on Sgy,. If we assume that 1 < k < 1.67, and that 0.01 < § <0.1, then 0 < K <0.07,
and 0 < S, <0.17 month™!. Even if Ssm 1s small, it can still have a significant effect, since near
the beginning of the melt vertical sidewall melting is strong.

The black dashed line in Fig. [6] shows the total pond evolution using the default physical parame-
ters. The evolution of the pond coverage distribution using the realistic parameters is shown in Fig.
e). The pond growth rate increases with increasing pond fraction, and the pond coverage distribution
slowly narrows with time. Since each growth mode affects the pond coverage distribution in a distinct
way, fitting both the evolution of the mean and the standard deviation of pond coverage distribution
in observational data could add constraints on the relevant strengths. In the realistic simulation we
used k = 1.2 and § = 0.05 which gives Sy, &~ 0.025 month ™!, roughly an order of magnitude less
than Sp;. Using this value, we find that bare ice melting contributes to roughly 50% of pond growth,
ponded ice and ice bottom melting both to around 20%, and vertical sidewall melting to roughly
10%. This would suggest that vertical sidewall melting is insignificant compared to freeboard sink-
ing. Nevertheless, since vertical sidewall melting is strong at the beginning of the melt, it can still
have a noticeable effect if the melt season is short enough.

We can use the strengths to estimate how pond evolution would be affected if the conditions were
different. We can estimate the change in magnitude of the strength of each of the growth modes
when a physical parameters p changes by Ap as
05

AS; =
dp

Ap, (22)

where AS; is the change in magnitude of the strength of the ith growth mode. This equation holds
so long as the change in the physical parameter is not too large. A change in pond growth rate can
then be estimated as AR =) ; AS;. We can roughly estimate a change in pond fraction, Az, after
some time, At, following a change in physical parameter, p, as Az ~ A RA¢. This provides a means
to estimate changes in pond coverage under different environmental conditions without solving the

model numerically.
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We will illustrate this on an example of varying ice and pond albedo. If the bare ice albedo changes

by Aay,, the change in growth rate would be roughly

Pw (1 - Ii)Fﬂol
AR=—[(1—az)+ L2 (k—1)5] = —Z5 N s ~
R [( x;) + o — pi( )5} Hip: o

(23)

On the other hand, if the melt pond albedo changes by Ay, the first and third modes do not change,

the change in growth rate would be roughly

% 1- i F< 1
Ar= -tz BN 0151 Aap, . (24)

Hip; month

The initial pond fraction used was z; = 0.2. It follows from these estimates that after a month, the
pond fraction would differ by roughly 7.5% for a bare ice albedo difference of 0.1, and by around
1.5% for a ponded ice albedo difference of 0.1. Therefore, variation in pond albedo affects pond
evolution roughly 5 times less than variation in bare ice albedo. This explains our observation from
Fig. 4 c) that pond evolution is much more sensitive to variation in bare ice albedo than to variation
in pond albedo. In this way, we also extract the dependence of sensitivity on physical parameters.
Therefore, we can see that the sensitivity to pond albedo is highest when pond coverage is 50%, and
the sensitivity to bare ice albedo is highest when a floe is pond-free.

In the high latitudes, feedbacks due to changes in albedo, the atmospheric lapse rate, and clouds
can amplify the forcing due to global warming (Holland and Bitz, 2006). For this reason forcing in
the high latitudes is generally going to be larger than direct radiative forcing due to an increase in
CO; concentration. In a global warming scenario, pond growth rate would increase because the ice
melts faster, but also the because ice at the beginning of the melt would be thinner. We can emulate a
global warming scenario by increasing the flux F;. by a certain amount, AF,., and by assuming that
the initial ice thickness decreases by AH = g ;I AF,, where 2 S F is the ice thinning per 1 Wm~2
of warming. Therefore, we split the change in pond growth rate due to global warming, AR, into a
contribution from direct forcing, A R, and a contribution from ice thinning, ARy . Using the above

formalism, we find that

6Si 1-— ZT; 038%
A = =1 -1 AF, ~ ————————
Fr OF. " [ + Pw — Pi (k >6} Hlip; "7 W/m2xmonth "’
0S; OH 1 0H 0.96%
A = — A —————————
i OH OF, — [Sbi + Smp + Shot + Ssm) = HOF.~ " W/m2xmonth "’
1.34%

AR=ARr+ARgp~ ———————
Pt W/m2 x month

(25)

The numbers in Eq were obtained using the default values of the parameters, and g?H =

—0.05 m>W ™1 roughly estimated using the [Eisenman and Wettlaufer (2008) model. This means
that after a month’s growth global warming would increase pond coverage by roughly 1.3% per

1 Wm~2 of warming. Simulating a 30 day melt numerically using our model predicts an increase in
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pond coverage with forcing at a rate of 1.1% per 1 Wm™2 of warming for small forcing (AF;. ~ 0),
increasing up to 5.6% per 1 Wm~2 for large forcing (AF, ~ 15 Wm~2). This convex dependence
is due to increased sensitivity to forcing on thinner ice, and can be reproduced by evaluating AR at
F.+ AF, and H + g—gAFr. Our simple estimate, Eq. , which is only valid for small forcing,
gives reasonable results without having to run numerical simulations. It also gives the dependence of
sensitivity on physical parameters. Therefore pond coverage on thinner ice with less pond coverage
is more sensitive to forcing. In a likely scenario where forcing is around 10 Wm ™2, our estimate pre-
dicts that after a month pond coverage would increase by around 13%. In a global warming scenario
increased forcing could also lead changes in initial pond coverage or changes in K. We ignored these

feedbacks, as we have no way of reliably estimating g}ff and g?K.

5 Discussion
5.1 Physical processes that influence the rate of melt near the pond boundary
Several mechanisms can accelerate ice melting near the boundaries of melt ponds:

a) Even a very thin layer of water on top of ice can significantly decrease its albedo due to the
effect of multiple light reflections (Makshtas and Podgorny, [1996). Since pond water could
wet the surrounding ice, this mechanism could lead to ice near the pond boundaries melting

faster than bare ice far away from the ponds.

b) Wetting the ice surface can also decrease its albedo in another way. If the ice is rough and
jagged on a small scale, it will have a high reflectance. Due to the effects of surface tension
increasing the pressure, ice crystals with a small radius of curvature will be under higher
pressure, and will therefore have a lower melting point than large flat crystals. If a collection
of crystals of small but varying size is submerged in water that is at the crystals’ mean melting
temperature, small crystals will melt, and large crystals will grow at their expense through a
process called Ostwald ripening (Raymond and Tusimal [1979). This process will smooth the

ice, lowering its reflectiveness, and accelerating the rate of melt.

¢) Bands of dark algae are often washed up on the perimeter of advanced ponds, accelerating the

melting.

d) If all points on the surface of bare ice melt at similar rates that fluctuate slightly around the av-
erage, points near sea level would have a higher probability of falling below sea level through
these random fluctuations. Ice that falls below sea level would become flooded and start melt-
ing faster, preventing it from returning to its previous position above sea level. Therefore,
simply because they are closer to sea level, points near the pond boundary would effectively

melt faster than points far away that have a higher elevation.
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All of the above mechanisms that rely on decreasing the albedo will have a lesser effect if the con-
ditions are cloudy. Even though we expect the pond boundary to melt faster than bare ice on average,
there are some straightforward mechanisms that could cause a slower melt rate at the pond edge, and,

under the right conditions, these could possibly even outweigh the accelerating mechanisms:

a) The diurnal cycle could be such that ice melts during some part of the day and freezes during
another, with net melting occurring on average. Since ice is permeable, meltwater created
during the melting part of the day above bare ice could seep through the ice. During the
freezing part of the day, there would be no water to freeze on bare ice, but there would be an
abundance of water at the pond edge which could freeze, thus making the net melting rate at

the pond boundary lower than the average net melting rate on bare ice.

b) Arctic sea ice is often loaded with dark impurities, such as dust, black carbon or sediments
(Nurnberg et. al.L[1994; [Pfirman et. al.,|1990; Perovich et. al.,|1998; Light et. al., [1998}; |[Tucker
et. al., [1999). Dark particulates can significantly lower the albedo of ice. If the ice has a
significant amount of impurities, bare ice could stay covered in dirt, whereas water could
wash away the dust on the edge of the ponds, exposing the more reflective white ice. In this

way, the pond edge could have a lower albedo than the rest of the bare ice.

c) Pressure ridges correspond to regions of thick ice and pronounced topography. For this reason
ridge sails can collect more sunlight, and melt faster than other regions on the ice surface.
Therefore, ridges can enhance the average melt rate of bare ice compared to ice near the pond

edge, effectively decreasing the melt rate of ice near the pond boundary.

As of yet, we do not have enough information to make a reliable estimate of vertical sidewall
melting. However, studies by [Landy et. al.[(2014)) and |Polashenski et. al.[(2012)) suggest that ponds
grow mostly by freeboard sinking, meaning that K = 0. These are, however, only two case studies
of very limited spatial coverage. It would be best if more such observations were made in different

regions of the Arctic, and under varying environmental conditions.
5.2 Lateral melting of pond walls by pond water

In our model, we focused on vertical changes of the topography, and neglected pond growth by
lateral melting of pond sidewalls by pond water. We will now briefly discuss this possibility.

This type of melt was the main focus of |Skyllingstad et. al.| (2009), who carefully calculated the
lateral melt rates of pond sidewalls by pond water. The rate of change of pond fraction due to a
lateral melt flux F'p, is
drw _ P Fiy

d¢ AL~

where P is the total perimeter of the ponds and A is the area of the floe. If F, is constant, pond

(26)

growth is linear, which explains the the apparently linear pond coverage evolution in|Skyllingstad et.
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al.[{(2009). As we have suggested in section 3, lateral melt flux can likely be assumed proportional to
the bare ice melting flux, Fla = K Fyi, where K, is a constant. It is important to note that lateral
melt does not depend on ice thickness, H, or on initial pond coverage, x;. Assuming a flat topography
above sea level in our model makes vertical sidewall melting the only means of pond growth. In this
case the pond growth rate is independent of pond fraction, and in that sense is analogous to lateral
melting. Nevertheless, vertical sidewall melting with flat topography still depends on ice thickness
and initial pond coverage.

When ponds grow by lateral melt, the growth rate is constant, and the growth is linear (Fig. [6]
dashed magenta line). Furthermore, the pond growth rate does not depend on the ice thickness or on
initial pond coverage. For this reason, the pond coverage distribution width does not change in time,
while the mean increases linearly (Fig.[7]f).

Each point along the pond boundary can either expand by lateral melting or by vertical melting,
but not by both. This is because when a point along the pond boundary melts laterally, it creates a
completely vertical slope at that point. Therefore a small vertical shift will not grow the ponds, and
a large vertical shift will outgrow the lateral expansion. Having this in mind, a potential model for

pond evolution that includes both lateral, and vertical melt could read
2(t) = faven(t) + (1 — faalt) — z; . 27

where Zyer(t) is the solution to our simple model (Eq. ), Z1a(t) is the solution Eq. , and f
is the fraction of the points on the ice surface that sink below sea level via vertical motions of the
topography. It should be possible to estimate f observationally by observing the slope of ice at the
pond boundaries. Regions of very steep topography along the pond boundaries should correspond to
regions of lateral melt, whereas regions of growth by vertical melt should correspond to more gently
sloped regions. Some field measurements indicate that ponds grow mostly by freeboard sinking

(Polashenski et. al.,2012; |Landy et. al., 2014}, meaning that that f should be close to 1.
5.3 Internal melt

So far, we have assumed that all the melt occurs either on the top or the bottom surface of the ice.
However, some of the melt can happen internally, in the bulk of the ice. Internal melt occurs when
trapped brine pockets with high salt content expand and dilute in order to reach a thermodynamic
equilibrium with the surrounding ice. This phenomenon has been reported to occur both above and
below sea level. Accounting for internal melt correctly can be quite challenging as it requires detailed
knowledge of the vertical structure of internal melt. For this reason, we do not include internal melt
in our model, but only briefly discuss the qualitative effects.

Internal melt induces rigid body motion by melting mass above and below sea level, without

changing the ice surface. It therefore only enters the pond evolution equation by changing the mass
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lost above and below sea level, Eq @)

F i €above s
dmg&e = —Abindt _ Abiheabole L dt
F F Coclon
Ay o1 = —Amp—72dt — A% dt — AH, 221 g (28)
where Hy = pijpi h(1—z) is the ice draft depth defined as the volume of ice below sea level divided

by the area of the ice floe, and €;povevelow s. 1. 1S the energy density used for internal melting, averaged
over all ice above or below sea level. Here, the fluxes Fly;, fmp, and Flo represent energy fluxes
used for melting the ice surface.

With this change, we can find the equation for pond coverage evolution straightforwardly, by
repeating all of the steps from section 2. We first derive the equation for the vertical motion of points

near the pond perimeter

ds _ _ Fbi _
pw—pi 1 = T = I = pi
_ [ — E(Fb, Pt 7 (Fow =% HAe))] , (29)

where Ae = €apove s. 1. — Ebelow s. 1. 18 the difference in average energy density used for internal melting
above and below sea level, and the two terms in square brackets correspond to vertical sidewall
melting and freeboard sinking. Then we repeat the procedure to relate Eq. (29) to the change in pond
coverage. The resulting equation has the same form as Eq. (2I), with only the strength of freeboard

sinking due to ice bottom melting modified

(1—a;) (Fbol — %HAe)
Hip;

In the absence of internal melt, Eqgs. (I6), (20), (ZI), and are enough to describe pond evo-

lution. However, when internal melt occurs, another equation for evolution of bulk ice density is

Sbot — Sbol+int =

(30)

required. This requires a detailed knowledge of the vertical structure of internal melt, e(z), which
makes it too complicated to include in our model. We proceed to simply discuss the qualitative

effects of internal melt. In this discussion, we assume z is increasing upwards.

a) If internal melt is uniform throughout the floe, the energy density difference above and below
sea level is zero, Ae = 0. For this reason, internal melt has no effect on rigid body motion.
The only effect of internal melt in this case is the reduction in ice density. This effect always

accelerates pond growth.

b) If internal melt decreases with z, Ae < 0. Pond growth in this case is accelerated both by the

effect of internal melt on freeboard, and by a reduction in density.

¢) If internal melt increases with z, Ae > 0. In this case the freeboard effect of internal melt

would decelerate pond growth, while the density effect would accelerate it. Internal melt,
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therefore, could either accelerate or decelerate pond growth. At the beginning of the melt, the
effect is always decelerating, since the bulk ice density has not had enough time to change
substantially. However, if enough time passes, the density will have decreased enough to actu-
ally accelerate pond growth. If Ae is positive enough, pond growth can even be reversed, and

the ponds can start shrinking.

5.4 Under certain conditions, ponds can stop growing

Equation (29) for the evolution of topography near the pond edge including effects of internal melt
allows for % > (0, meaning that points near the pond perimeter can move upwards, so that ponds can
stop growing, or even shrink. This happens when there is enough mass removed above sea level to
induce an upward freeboard motion that is able to compensate for the effects of local melting near
the pond edge.

The relationships between vertical displacement of a point near the pond perimeter and change in
pond coverage are not captured well in our model when the displacement is upwards, meaning that
it cannot accurately describe the pond shrinking scenario. Nevertheless, we can use Eq. (29) to find

the exact condition for points near the pond boundary to move upwards. Setting % () > 0 for any

x, we find
k<p<1+h€)—pwpb°t, &)
Pw bi pw  Fy

where h is the initial freeboard height. If &k = 1, the internal melt difference needs to be at least
hAe > %fha ~ 2.2% in order to satisfy Eq. . If Ae =0, k has to be less than 0.87 to
to satisfy Eq. , that is, ice near the pond boundary needs to melt 13% slower than bare ice on
average.

Condition Eq. (3T) means that there exists at least some x for which the ponds shrink (or at
least stop growing through vertical motions of the topography). Nevertheless, for high enough pond
coverage ponds would still grow, since an upward rigid body motion due to melting bare ice would
be insufficient to overcome the downward tendencies of melting ice below sea level. There exists
a pond coverage, g, for which ponds neither shrink nor grow. We can find its value by requiring

% (20) =0

(ﬂ — k‘)Fbi + LipAe — L’p:pi Fbot

P Pw
(;% — k)Fbi + %hAe + L'p:pi Fmp '

(32)

x is a fixed point of the Eq. , and lays between 0 and 1 if Eq. 1; is satisfied. Since ‘fi—f < 0 for
T < x0, and % > 0 for © > x¢, the fixed point is unstable (Strogatz, 2000).

Even if x < z¢, pond growth will be stopped only for a period of time if Ae > 0. As internal melt
reduces the ice density above sea level, surface melting becomes more potent. If the surface density
becomes low enough, surface melt could become strong enough to overcome the upward rigid body

movement, allowing for pond growth.
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It seems unlikely that ponds would actually shrink, as ponded ice melts quickly. Therefore, when
x < xp, we expect ponds to stop growing by vertical motion of the topography. In this case it is likely
that slower growth by lateral melt would take over, and pond growth could be described by Eq. (26).
When z > z(, pond growth by vertical motion of the topography would be possible. It would still
be quite slow compared to when Eq. (31)) is not satisfied, which means that ponds would likely still

grow mostly by lateral melt.

6 Conclusions

We present a simple analytical model for melt pond evolution on permeable Arctic sea ice. The
model is represented by two ordinary differential equations in which the rate of change of pond
coverage depends on pond coverage. In our model, we reduce a cohort of physical parameters to just
four Spi, Smp, Sbot>» and Ssm, which govern the strength of pond growth by bare ice melting, ponded
ice melting, ice bottom melting, and vertical sidewall melting. Here, all of the physical parameters
combine in a known way, which allows us to assess the behavior of ponds under general conditions.
In this way, we find the dependence of pond growth rate on ice thickness, and initial pond coverage.
We also find the surprising result that bare ice albedo has a much higher effect on pond coverage than
pond albedo. Using the same formalism, we find that in a global warming scenario, pond coverage
would change by at least 1.3% per 1 Wm™2 of warming per month.

The four modes of growth drive pond evolution in different ways: growth rate due to vertical
sidewall melting decreases with pond coverage, growth rate due to ponded ice and ice bottom melt-
ing increases with pond coverage, and growth rate due to melting bare ice first increases, and then
decreases with pond coverage. Each of these modes leaves a characteristic signature on the pond
coverage distribution, so fitting the evolution of pond coverage distribution, instead of fitting the
evolution of pond coverage on a single floe, could lead to tighter constraints on the four parameters.
The least constrained parameter controls the ice melt near the pond boundary. The rate of ice melt
near the pond boundary can significantly affect pond growth, and under certain conditions even pre-
vent it. It follows that a narrow boundary between bare ice and melt ponds can significantly influence
the subsequent evolution of the entire ice floe. For this reason it is important that more experiments,

field observations, or detailed analysis of the physics at this boundary layer be made.
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a) Local Displacement
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b) Rigid body displacement
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Figure 1. a) Local displacement represents the movement of a point on the ice surface as a result of ice melting
at that particular point. It is a function only of local ice characteristics at that point. For both local and hydrostatic
displacements the positive direction is defined as upwards. b) Hydrostatic adjustment represents the motion of
a floe as a whole in an effort to maintain hydrostatic balance because melting removes mass above or below sea
level. Melting above sea level induces an upward motion of the floe, whereas melting below sea level induces a

downward motion.
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Figure 2. Hypsographic curves show the percentage of the sea ice surface that is lower than a particular el-
evation. Pond coverage on highly permeable sea ice can be inferred from here as an intersection of sea level
(horizontal blue line) with the hypsographic curve. a) Hypsographic curve measured by |[Landy et. al.|(2014)
for June 25th of 2011. The vertical dashed line represents the pond coverage, assuming that ice is permeable
enough. The red line represents a fit to the part of the hypsographic curve above sea level with a function
s(zp) = atan(bxy +¢) +d. b) Three hypsographic curves for different initial pond coverage, and the same ice

thickness. ¢) Three hypsographic curves for the same initial pond coverage, and different ice thickness.
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Figure 3. a) A comparison between pond evolution in the simple model and the 1D model. Solid black
curve represents the simple model. The dashed blue, green, and red lines represent the 1D model for differ-
ent functions k(xy) shown in panel b). These different functions were chosen such that the integral parameter
K = [(k(zn)—1)dzs, is the same as for the simple model. The dashed magenta curve represents the 1D model
with pond albedo varying with depth. There is significant agreement between all the curves, suggesting that the
simplifications made in the simple model were justified. Since including the variable pond albedo does not
change the pond evolution significantly, this detail can most likely be ignored when estimating the pond cov-
erage on permeable ice. b) Dashed blue, green, and red lines represent functions k(zp) — 1 used to run the 1D

model. Thick black line represents the hypsographic curve near the pond edge.
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Figure 4. Numerical solutions to Eq. (ZI) using varying parameters around the defaults described in the text.
a) Varying initial pond coverage. Solid lines represent solutions using full time-varying fluxes, while dashed
lines represent solutions using time-averaged fluxes. The two solutions are very similar, and for this reason we
subsequently use only the time-averaged fluxes. b) Varying ice thickness. Ponds grow slower on thicker floes.
¢) Varying pond and bare ice albedo. Different colors represent different bare ice albedo, and full, dotted, and
dashed lines represent different pond albedo. A change in bare ice albedo has a much larger effect on pond frac-
tion than the same change in pond albedo. d) Varying the constant k. For k = 0.8, the ponds shrink. However,

pond evolution for k£ < 1 is not represented well in our model, so this curve serves only as an illustration.
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Figure 5. a) A comparison between different variations of our model. The red line is the results of |Skyllingstad
et. al.| (2009). The dashed line represents our model with only vertical sidewall melting included. The dotted
line represents only vertical sidewall melting using a flat topography. The full line represents our model when
freeboard sinking is included. b) A comparison between measurements of pond fraction made during SHEBA

along the albedo line (red line), and our model (black line).
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Figure 6. a) Phase portraits for different modes of pond growth. The growth rate for each of the growth modes
is normalized for visual clarity. Pond growth rate for bare ice melting (blue line) first increases up to a certain
pond coverage that lays roughly at the midpoint between x; and 1, and decreases afterwards. Ponded ice melting
(green line), and ice bottom melting rates (red line) both increase with pond coverage. Vertical sidewall melting
rate (cyan line) decreases with pond coverage. The black line represents a realistic combination of the four
growth modes, and shows a slowly increasing pond growth rate over much of the phase space. The dashed
magenta line represents lateral melting. b) Solutions to Eq. (ZI) when only one of the growth modes is active.

The time axis is normalized for visual clarity.
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Figure 7. In this figure we have evolved an ensemble of 10° floes with varying initial pond coverage according
to Eq. (ZI) when only one of the growth modes is active. Red curves represent the initial pond fraction dis-
tribution, blue curves represent the pond fraction distribution after 25 days, while the green curves represent
the pond fraction distribution after 50 days. We show how different growth modes have differing effects on the
pond fraction distribution. a) Bare ice melting first narrows the distribution, and then widens it. b) Ponded ice
melting widens the distribution. c) Bottom ice melting narrows the distribution, while the mean of the distribu-
tion increases at an increasing rate. d) Vertical sidewall melting narrows the distribution, while the mean of the
distribution increases at a decreasing rate. e) Using realistic parameters, the pond distribution slowly narrows
and accelerates. f) If there exists a physical fixed point, 0 < x¢ < 1, ponds likely grow via lateral melting. In

this way, pond coverage distribution does not change width, and the growth is linear.
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