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Dear Scientific Editor,

We are very grateful to the two referees who really improved the initial version of the paper
and most of their remarks have been taken into account. Nevertheless, regarding the main point of
referee #1 (basal water pressure inferred from values of friction parameters), we make the choice
of conserving this part, but we clearly insist now on the fact that the proposed water pressure
distribution is certainly not unique. The exercise is then more a qualification than a quantification of
the water pressure distribution and evolution. We also discuss the influence of the choice of the
friction law parameters C and As more deeply. Also, regarding the structure point raised by referee
#2, and more specifically the recommendation to make a clear separation of method and results,
we didn't follow her/his recommendation and we explain in detail why in the following response.
Because this point is more an editorial issue, if the Scientific Editor insists to follow this
recommendation, we are ready to propose a modified version of the paper accounting for these
changes. But, to our opinion, it would be less clear than the current version as explained in the
reply to referee #2.

In order to facilitate the reviewing process, please find below the comments we made in
reply to the reviews. Each point raised by the reviewers have been answered and most points lead
to a corresponding change in the new manuscript. The modification from the previous version are
highlighted in red in the corrected manuscript.

Sincerely Yours,
Olivier Gagliardini



Reviewer #1

My recommendation is that this paper should be published in The Cryosphere after some modifications, de-
scribed below.

The study uses inverse methods to investigate the conditions beneath Variegated Glacier in the build up to
one of its surges, and during the surge itself. Observations of the shape of the glacier and its flow-speed are
used to infer the drag at the base of the glacier, and how it changes over time. The main tools used to per-
form this inversion are a previously published set of field observations, collected during 25 separate mea-
surement campaigns, a finite element model of Stokes flow, and a recently published algorithm that allows it-
erative solution for the basal friction parameter. This parameter defines the slipperiness of the subglacial
sediment or rock. By performing the inversion on each of the 25 datasets, a spatio-temporal history of the
changes in basal friction is inferred. These changes in drag are then interpreted in terms of the basal water
pressure beneath the glacier. Finally, a prognostic simulation of the surge is performed in which drag is var-
ied, but the surface of the glacier is allowed to evolve.

Overall, this is a valuable piece of research that represents an advance in quantify- ing what happened at the
base of this glacier in the build up to its surge, and while the glacier was actually surging. The subject matter
is certainly appropriate for the Cryosphere, and the research is timely: even though the data considered here
are now several decades old, and finite element models of Stokes flow have been used to model glaciers be-
fore, this study represents the first application of this particular in- verse method (Arthern and Gudmundsson,
2010) to real glaciological observations. As such, the study is a valuable demonstration that this inversion
technique is applicable in practice. The considerations given here to regularising the inverse problem are
also likely to be of interest to other researchers employing similar methods. The paper is well written and
clear, and the clarity and choice of figures seem appropriate to me, subject to some alterations suggested
below.

The main problems that | can identify occur in the section that converts values of fric- tion parameter into wa-
ter pressure. This is certainly well motivated, because effective pressure plays such a crucial role in most
theories of how subglacial hydrology couples to ice flow to initiate surges. However, | am not convinced that
it is really possible to get all the way to maps of subglacial water pressure as implied here. The fundamen- tal
problem is that one inferred parameter (the basal friction parameter, ) is used to estimate the unknown wa-
ter pressure via a relationship that itself contains unknown parameters (specifically the maximum-slope para-
meter, C, and a parameter related to the drag over the unpressurised subglacial system, As). It is true that
some attempt is made to bound these quantities, but this section is much less convincing than the earlier
sections of the paper.

Substantial modifications
Some specific concerns that need to be addressed are:

1) A value of C = 0.5 is used, but the theoretical range of this parameter is from zero, if obstacles causing
cavitation are extremely flat, to much larger than unity, if they are extremely steep steps. There does not
seem to be any compelling reason to choose C = 0.5 as is done here. If C were doubled, the effective pres-
sures would be different, and so would the water pressures.

2) Even allowing for uncertainty in choice of C, there are further uncertainties introduced by the choice of the
other free parameter As. Here, this is constrained by assuming that the largest effective pressures within the
time series are equal to the normal traction on the bed (i.e. that the water pressure is then zero). While this
does provide a physical constraint upon As, it does not allow it to be identified uniquely. It seems quite pos-
sible that even the largest effective pressures in the time series are actually quite close to zero, relative to
the normal traction (i.e. the glacier is at all times fairly close to floatation). Again, this would change the val-
ues of water pressure plotted in Figure 6.

There are two ways these issues could be addressed.

1) The section on solving for water pressures presented in Figure 6 could be replaced with a qualitative de-
scription of how water pressure would have to vary to explain the changes in the friction parameter, i.e. when
and where it would most likely have to increase, or decrease, without discussing the quantitative values of
pressure. The rest of the paper is strong enough to publish without deriving quantitative values for the water
pressure.

2) If estimates of water pressure are to be included | think the inversion needs to be much more sophistic-



ated than it is at present. Since the problem of recovering water pressures is ill-posed, due to the uncon-
strained parameters (C and As), it should be treated as a formal inverse problem. Prior information regarding
the distribution of these parameters should be incorporated into the inversion for pressure. It would be much
better to acknowledge that there are a range of pressure maps consistent with the available observations
and prior parametric uncertainties, rather than just present- ing one map. In a more complete inversion, other
information such as the observations of water pressure recorded in boreholes (Kamb, 1985) should also play
a role. | suspect that a full investigation along these lines would contain enough extra material for another
paper, but it could perhaps be included here if presented succinctly. In that case | would not consider the
changes to be minor, and a further review would be appropriate.

We agree that the choice of C=0.5 done here is open to criticism and is arbitrary, but as now ex-
plained in the paper, it is easy to quantify its influence. First, the second parameter As is independ-
ent of C (see Equation 17 of the new version). Therefore, the effective pressure is simply inversely
proportional to the parameter C. Anyway, we agree that the initial version of the paper was awk-
ward since it was suggested that the inferred water pressure was the actual one, whereas the dis-
cussion of the results is more on the general trend of the evolution in space and time of the water
pressure. In the corrected version, this is clearly stated and the arbitrariness regarding the choice
of the parameters C and As is discussed. So, in summary, we adopt the option 1 proposed by ref-
eree #1.

Option 2 proposed above is a much more difficult exercise and we are not even sure that it is well
posed. As suggested, adding other data in the inverse procedure would be the solution to better
constrain all these parameters. But, regarding water pressure recorded in boreholes, the compar-
ison with the estimated water pressure from the inversion seems very difficult. Indeed, water pres-
sure from borehole measurements is representative of few tens of days at a particular point,
whereas the water pressure inferred from our inversion should be seen as a mean value over
months (the duration between two surface measurements) and over a given distance (at least, the
distance between surface measurements, which is 250m).

Minor changes

P 1462, Line 4. Replace ‘consisting in’ with ‘consisting of’.
Done

P 1462, Line 11. Replace ‘wave length’ with ‘wavelength’.
Done

P 1462, Line 13. Replace ‘periodical’ with ‘periodic’.
Done

P1464, Line 2. ‘When a threshold amount of geometry change’ could be clearer. Does this refer to thickness
change, or slope change?

From Eisen et al., 2005, the drainage lost is explained using a simple model which tells that the
conduit stay open as long as the water flux is larger than the shear stress to a certain power. In
other words, because it depends on the basal shear stress, changes of the surface elevation
and/or the surface slope can lead to the closure of the efficient drainage system. This is now
clearly stated in the new version.

P1465, Line 24. Repeated ‘the’. Both occurrences should be deleted.
Done

P1466, Line 13. Replace ‘agreements’ with ‘agreement’.

Done

P1470, Line 1. This cost function does not just penalise mismatch on the surface, but throughout the volume
(see alternative expression given by Equation 3 in Arthern and Gudmundsson, 2010), better just to say ‘ex-
presses the mismatch between the two models’.



Done

P1470, Equation 12. Typographical error in equation: should be o', not '. Also, notation of intermediate step
is ambiguous.

Done for the correction in Equation 12. We do not see why intermediate step is ambiguous.
P1471, Line 6. Replace ‘now writes’ with ‘is now’.
Done

P1471, Line 11. ‘The addition of a regularisation term ensures existence of a global minimum’. Not sure why.
If JO is unbounded below surely Jtot could be too? This statement needs to be clearer, or deleted.

The statement is correct. Indeed, Jo is positive, and therefore it has a lower bound. However, it
may not have a minimum (think e.g. of exp(-x*2)). Adding a regularization term Jreg ensures that
Jtot tends to infinity when the norm of beta tends to infinity. Therefore, as Jtot is continuous, it ad-
mits a global minimum.

P1473, Line 7. Arthern and Gudmundsson (2010) showed that noise could also produce oscillations that are
not on finest resolvable scale, depending when iterations are stopped.

The sentence does not appear anymore in the corrected version.

P1473, Line 20. When the regularisation parameter is increased from 0 to 105, the mismatch with surface ve-
locities increases from 5% to 10%. One choice for the regularisation parameter would be to maintain this dis -
crepancy within the error on the surface velocity observations. Are there any estimates for this accuracy? If
so, they should be included, and could perhaps be used to guide selection of the regularisation parameter.

The measurement error on the surface velocity was estimated by Raymond and Harrison (1988) to
be +/-0.02 m/d, which is roughly +/-10 m/a. Figure 2 has been modified and a +/- 10 m/a error
band has been added. From this, one can see that excepted for the larger penalization, all the
modelled surface velocities lie within the error bar, so that a maximal error criteria is not a good
constraint to choose the regularisation parameter. This point has been added in the text.

P1473, Line 25. Hansen advocates (fairly strongly) the use of a log-log plot when drawing and interpreting
the L-curve. Here a log-linear plot is used. | would recommend changing this to a log-log plot. It is not clear
to me that the elbow in this curve would be so apparent: if it is not, the reasons for that should be discussed.
It would also be helpful to include assumptions behind this approach. In what sense is the recovered regular -
isation parameter optimal?

We agree that the L-curve is a log-log plot, but in our application, the abscissa length is about a
decade (Jo varies only from 1500 to 14000). The log-log plot looks then very similar than the initial
figure and does not help in the choice of the optimal regularisation parameter. Nevertheless, Figure
3 is now a log-log plot to follow Hansen's recommendation. The reason why the elbow is not so ap-
parent in our application is certainly because we are applying the method to a non-linear problem
using real data. This has been discussed in the text.

P1474. Replace ‘ponderation by’ with ‘weighting by’ or ‘multiplication by’.
Done

P1481, Line 6. Not sure that use of ‘with high accuracy’ is justified here as this would require independent
verification.

The 'with high accuracy' has been deleted.

Thanks for this very constructive review !



Reviewer #2

General comments

This is a very interesting paper that applies the inverse method of Arthern and Gudmundsson (2010) to real
data, with the objective of inferring the basal conditions of Variegated Glacier, Alaska, leading up to and dur-
ing its 1982-1983 surge. The authors first use a linear friction law and infer the friction parameter 3 from sur-
face elevation and velocity data for 25 datasets representing different stages of glacier evolution. They then
use an effective-pressure-dependent friction law to infer the temporal evolution of basal water pressure for
each dataset, given profiles of temporally fixed parameters As and C in the friction law. Prognostic simula-
tions with the inferred friction parameter are used to model the evolution of the glacier surface profile leading
up to and during the surge. The modelling results qualitatively exhibit several known features of the Varie -
gated surge, including the development of a mass reservoir prior to the surge and the transfer of mass down-
stream during the surge. The authors use the results to interpret a significant and progressive evolution of
basal conditions (here interpreted in terms of basal water pressure form the friction law) many years prior to
the surge. This paper present new and interesting results that will be useful to the community, both in terms
of demonstrating the application of an inverse method to real data, and in terms of adding to our understand-
ing of the surge cycle using one of the most comprehensive datasets collected on a surgetype glacier. | have
no major criticisms of the paper, but several suggestions for how the structure and content of the paper could
be improved with minor revisions, plus a few requests for clarification or elaboration of the results.

1. Structure and reorganization: | think the paper would be more clear if the long introduction were broken
into a short introduction and separate sections describing the observations from Variegated Glacier (p. 1464,
I. 26 — p. 1465, 1.14) and the modelling approaches (end of intro). | would also recommend a clear separation
of methods and results. These sections are currently interleaved, but | think it would make more sense to
present the methods in their entirety (e.g. including the continuity equation for the prognostic simulations and
the friction law) before launching into the results. An over-arching section entitled “Results” would be useful,
as would a Discussion (see below).

Regarding the too long introduction, a section 2 'Description of the datasets' has been added just
after the introduction. The part describing the different inverse methods is now at the top of the
section 4 'The inverse problem'. We didn't follow the recommendation of a clear separation of
methods and results because we had the feeling that such an organisation of the paper would
make it less clear. Our paper presents 3 main applications: 1) inversion of the basal friction para-
meter, 2) reconstruction of the water pressure and 3) prognostic simulation over 10 years using the
previously inferred basal friction parameter. The common equations for all the 3 applications are
presented in the Section 3. Then extra materials needed for the the second and third applications
are presented in the related section to avoid confusion of what is really done in each application.
For example, it would be confusing to present both friction laws (7) and (15) at the same place
since the reader my think the complex friction law (15) is used for the inversion. Also, the inversion
is diagnostic for a fixed geometry, and adding the free surface evolution equation (19) at the begin-
ning of the paper might let think the inversion is done prognostically.

Nevertheless, if the reviewer insist and the scientific editor think it would improve the clarity of the
paper to follow this recommendation, we are ready to present a version of the paper which clearly
separates the methods and results.

2. Discussion content: One of the major conclusions of the paper is that Variegated experienced a progress-
ive change in basal conditions taking place over years during the build up to the surge, and yet this conclu-
sion is not really placed in the context of previous work (aside from a few references to previous studies of
Variegated). | think the paper would benefit from added discussion/interpretation of these results in particular.
The authors might consider how their findings relate to previous work by Frappe and Clarke (2007) and Sund
et al. (2009) suggesting that the dramatic manifestation of surge-type behaviour may just be the final phase
of a progressive acceleration. Other points of discussion that would be warranted include how the results
would vary with different choices of model inputs. For example, what is the effect of allowing lambda to vary
with each dataset? How would the sensitivity of sliding speed to basal water pressure be different for differ-
ent choices of C and A_s (see p. 1487, line 23)?

Thank you for suggesting these two papers and it is true that we focussed too much on Variegated
glacier (which represents already an abundant literature!). For Variegated glacier, what we can see
clearly from our results is that the water pressure (or the sliding) is increasing regularly during the
transient phase. But, the initiation of the surge is characterised by a jump. The friction parameter is



decreased by one order of magnitude in the upper part of the glacier. For the Svalbard glaciers and
the Trapridge glacier, it seems that the surge is less spectacular and the initiation of the surge is
not characterised by a jump in the basal conditions. These two references have been added, and
our results regarding the progressive increase of sliding during the quiescent phase are now dis-
cussed more deeply. We have insisted on the fact that even if the transient phase is characterised
by a progressive increase of sliding, there is a clear distinction between the transient and surge
phases.

As discussed in the text (page 1474, lines 4-5 of the hold version), allowing lambda to vary with
each dataset would require a L-curve analysis for each dataset, which is computationally very de-
manding! And as can be shown from the complete analysis on one dataset, for our application the
L-curve analysis does not clearly indicate an optimal regularisation parameter. Nevertheless, the
originality of our method is that the regularisation term is weighted (see Equation (14)) by the norm
of the measured velocities, so that its relative contribution is more or less identical for all datasets.

Regarding the sensitivity of the results to the parameter C and As, the text has been modified to
account for the relative subjectivity in the choice of their values. We have followed the recommend-
ation of referee #1 and the water pressure results are interpreted more qualitatively than quantitat-
ively in the new version of the paper.

3. | think it is reasonable to attribute temporal changes in basal friction to some measure of changes in mean
basal water pressure as is done in the paper (as opposed to evolution of the sliding parameter A_s or prop-
erties of the bedrock cavities). However, | think the authors should take care in their writing that this is an in-
terpretation and not a definitive result. There are several places in the paper, including the abstract (“It con-
firms that dramatic changes took place in the subglacial drainage system...”), where the claims of this result
are overstated. Some minor rewriting with phrases like “Our analysis supports...”, “This is consistent with”,
etc. would largely alleviate this problem, along with making clear where statements apply to simulation res-
ults rather than being general truisms.

The text has been rewritten at different places to account with this justified remark.
Specific comments (page.line):

1463.top: elaborate briefly on two-phase surge

The two-phase surge has been briefly described.

1463.23: rather “has not been previously linked” than “cannot be easily linked”.

Done

1463.24: specify this surge description is for temperate glaciers

Done

1464.3-10: This description sounds as though it might fit a regular seasonal cycle; make clear how the condi-
tions for a surge differ from an ordinary seasonal cycle.

It has been specified that there is a seasonal pattern in the initiation and termination of the surge.
For the initiation, this is certainly because the surface geometry has reached sufficient changes
during the quiescent phase.

1466.13-15: It would be useful to be more precise about “very good agreement” and somehow quantify this
for the reader’s benefit.

The results using the linear-adjoint method and the Arthern and Gudmundsson method are very
similar. With no penalisation, the minimum and maximum values of the friction parameter beta lie
exactly at the same abscissa, but the extremum values can be different by one order of magnitude.
Comparison of the two methods is beyond the scope of this paper, and we are currently preparing
a paper in which we will compare these two methods and also the true adjoint method. Because
here we only present the Arthern and Gudmundsson method, the reference to the comparison has
been deleted.



1468.18-19: Why not choose exactly the text book value for temperate ice?

This is historical (use in ISMIP as the value for temperate ice), and we all know that this value suf-
fer from a large uncertainty. By the way, all the results are not that much sensitive to the fluidity
parameter value since basal deformation plays the crucial role for Variegated glacier.

1471.19-23: Adding a few sentences of explanation here would be appreciated.
Some explanation regarding the technical aspects of the minimisation process have been added.

1472.5: Is this uniform layer of thin ice added because Elmer/Ice has to be implemented on a rectangular do-
main?

Like any finite element model (this is different for finite difference), an element must have a surface
(in 2D, a volume in 3D) strictly positive. Therefore, ice-free zones (at the front of the glacier at
given dates) are treated by imposing a minimal ice thickness (here 3 m), but strictly larger than
zero.

1473.2-4: Aren’t “no regularization” and “lambda=0" equivalent?
Yes, it is. The text has been modified to avoid the confusion.

1473.10: “non-zero regularization term”: these statements seem to apply to the non-zero values chosen, but
surely not to any non-zero values. Please clarify this in the text.

No, the sentence is for any lambda in fact, because it is related to the mean value over the glacier
length. The mean value is almost the same whatever is the lambda, but the amplitude of the oscil-
lations decreases as lambda increases. This has been clarified in the text.

1473: 1t would be useful to elaborate slightly on the L-curve analysis. Presumably one seeks the inflection
point where only small increases in J_o produce large reductions in J_reg.

Yes, this is correct. For our application, the inflection point cannot clearly be identified, even when
using a log-log plot as in the new version. See also our reply to referee #1.

1475.5: Be clear that this is “in the simulation”. The authors go on to explain how basal velocities should
physically be able to exceed surface velocities. However, this seems more likely a result of the inversion.

We have added 'At the end of the simulated surge'. The fact that the basal velocity is slightly larger
than surface velocity at some abscissa is not a result of the inversion, because the inversion only
hold on the friction parameter. For high frequency variation of basal condition, because we are
solving for the full-Stokes equations, stress transfers from place to place and gives rise to such ve-
locity inversion. As can be seen in Figure 2, the strong oscillations observed on the basal velocity
are completely smoothed at the surface, due to the same stress redistribution process.

1475.11-12: One can guess the representation is good from Figure 2b, but it would be nice to show this in a
figure.

Figure 2 has been modified so that an error bar of +/-10m/a has been added (from Raymond and
Harrison, 1988).

1477 .4: Please comment on how the value C=0.5 was chosen.

We have to admit that the choice of this parameter is quite arbitrary. We do not have that much in-
sight to make this choice. What we know from Schoof (2005) and Gagliardini et al., (2007) is that it
is related to the maximal bedrock slope, at a decimetre to metre scale. Because we don't have this
data, we have adopted a similar value than that ones adopted by Flowers et al. (2011).

Nevertheless, as is now demonstrated in the text, the choice of C on the water is well quantified.
Indeed, the inferred As distribution is independent of this choice, so that we know that the effective
pressure is inversely proportional to C. Since results are more discussed in term of water pressure
changes than absolute value, the choice of C doesn't impact the discussion.

1478.2: Since Pw is really backed out of the friction law, “associated with” seems more appropriate than “in-



duced”.
Done

1478.9-24: The structure of this section seemed strange. It would make more sense to describe the results
first and then interpret or explain them.

The end of the section has been modified.

1478.26-28: “runoff’? Maybe “basal water pressure”. Is this really a surprising result? Bedrock bumps should
contribute to trapping water and raising basal water pressure.

Yes, 'runoff' as been replaced by 'basal water pressure'. No, this is not a surprising results, but the
correlation between the water pressure and the bedrock slope is nicely visible in our results.

1479.3-10: Here | would use more tentative language in relating these results to those of Lingle and Fatland
(2003). It would help to walk through this argument with direct references to the figures so that the reader
could follow the interpretation (see also comments on figures). Eqn (19): What are the units here? Is this
equation from Bindschadler (1982)?

All the discussion relies mostly on Figure 6 and some details in link with this figure have been ad-
ded in the text.

The units for Equation (19) have been added in the text

Equation (19) is a linear approximation of the measurements from 1972 to 1976 presented in Fig-
ure 8 of Bindschadler (1982). Note that our expression is a function of the surface elevation
whereas Bindschadler presented his measurements as a function of the horizontal distance. We
used the glacier topographies to obtain this linear expression of the mass balance as a function of
altitude.

1480.17: “modelled surge occurs in phase”: this is presented like a result, but it seems to me that since beta
was inferred from the data that this is merely a result of the methodology.

Yes, this is correct. Since we impose the timing of the beta evolution, hopefully we obtain the surge
at the right time. The difference from previous results is that the free surface is allowed to evolve,
but the difference in term of surface altitude seems to have no impact in the surge timing. We have
specified that this result is of course expected.

1480.24: “validate” is probably too strong a word here, though it might be compelling if the authors showed a
comparison with choosing a fixed beta and allowing the surface to evolve forward in time.

Yes, you are right. We have changed 'validate' by 'justify’. The fact that transient simulations agree
relatively well with measurements justifies the proposed method to infer independently the friction
parameter distribution at each date assuming a fixed surface. The text has been corrected.

1481.6: Because observations were not used directly to confirm that the inferred friction parameter profiles
were correct, it seems too much to say “with a high accuracy”. It would suffice to say “basal conditions con-
sistent with surface elevation and velocity measurements”.

We agree and the sentence has been modified accordingly.
1481.18: Perhaps “a significant step” rather than “the last step”!
Yes! is there a last step in a research work?

Figure 9: Some further comment on the oscillations along the first 5Skm of the modelled flowpath is needed. |
can understand why these values would be small or systematically low, but not fairly large and of both signs
in this region.

The fact that the surface elevation (relative to 1973) changes its sign indicates a re-arrangement of
the initially prescribed surface topography, since the simulation started from the measured 1973
profile. The initial surface is then not in equilibrium for many reasons, the most important being cer-
tainly the convergence/divergence of the flow which is not accounted for. Also, this part of the gla-



cier is very steep and might explain such large changes in amplitude but also in space. These os-
cillations from 0 to 5km are now discussed in the text.

Technical corrections:

General:

There are spelling errors throughout that a simple spell-check should detect.
Hopefully, we found most of them.

“The Variegated Glacier”: the authors should confirm with one of the Variegated insiders whether this glacier
takes “the” before its name. It sounds incorrect to me.

We replaced 'The Variegated glacier' by 'Variegated glacier' everywhere.

In many places “such as” should be “such that”, and “consists in” should be “consists of”. Before some equa-

tions (e.g. Eqns 1, 14) “write” should be “is/are written”. “allows” should often be “allows us” (e.g. 1471.11).
We have corrected these errors everywhere.

Remove redundancies in such phrases as “basal conditions below the glacier” throughout.

Done

Specific (page.line):

Title and abstract: “prior” -> “prior to”

Done

1465.23: Here and elsewhere in the text the word “inverted” is used when | think “inferred” is meant. Basal
conditions were inferred by inverting surface data.

Yes, this is correct, we have modified the use of inverted.
1470.18: “terminating” rather than “to stop”

Done

1471.14: small lambda?

Yes, done

1472.5: “non-icy” -> “ice-free”

Done

1472.13: | think | know what you mean, but I'm not sure this quantity would be called the median. It seems
more like a weighted average where the weighting depends on the proximity in time.

Yes, we have corrected the text.

1474.1-4: This needs to be rewritten for English.

This part has been completely rewritten.

1481.1-2: “easily” -> “likely”

Done

Figure 2b: Hard to see crosses. Can these be enlarged?

Done and error band added.

Figures 4-5: Please clarify legend in the caption. Are some of these numbers indicating months?

Notations used in the caption are now defined in the Legend.



Figures 6-7: It would help to combine these two figures so that they are stacked, and perhaps to plot b(x) as
well as db/dx(x). Also please label “Time” in calendar years and annotate the time-space diagrams with dot-
ted lines indicating the spacetime progression of the surge.

We have labeled the time axis in calendar year. We did try to plot b(x), but it is difficult to see the
small bedrock topography variation. db/dx is much more instructive.
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Thank for this very helpful review!
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Abstract. Variegated Glacier (Alaska) is known to surge periodicaftgr a sufficient amount of cumula-
tive mass balance is reached, but this observation is diffiwlink with changes in the basal conditions.
Here, using a 10-year dataset, consistigurface topography and surface velocity observationsgalon
a flow line for 25 dates, we have reconstructed the evolutidhebasal conditions prido and during
the 1982-1983 surge. The model solves the full-Stokes enolallong the central flow line using the
finite element method. For the 25 dates of the dataset, thas toision parameter distribution is inferred

using the inverse method proposed_b;LALth_e.m_a.n_d_G_u_dmw:Hﬁmsl)). This method is here slightly

modified by incorporating a regularisation term in the casiction to avoid shonvavelengthchanges

in the friction parameter. Our results indicate that dracatanges in the basal conditions occurred be-
tween 1973 to 1983. Prior to the surgeriodicchanges can be observed between winter and summer,
with a regular increase of the sliding from 1973 to 1982. bgtthe surge, the basal friction decreased
dramatically and an area of very low friction moved from thmper part of the glacier to its terminus.
Using a more complex friction law, these changes in basdihgjiare then interpreted in terms of basal
water pressureOur results suppothat dramatic changes took place in the subglacial draisggtem

of Variegated Glacier, moving from a relatively efficientdrage system prior to the surge to an ineffi-
cient one during the surge. By reconstructing the waterspiresevolution at the base of the glacier it is
possible tqpropose a scenarfor the hydrological history leading to the occurrence ofigys.
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1 Introduction

Variegated Glacier is a temperate glacier located in thetedb&t Elias Mountains in Alaska (USA).
It is approximately20 km long and1 km wide, with ice flowing from the altitude 02000 m.a.s.|

down to the sea. Due to its surging behaviour, Variegatedi&@ldas been intensively studied these

last decadesls (Bindschadler ek Mdﬂ.&nﬁs&daldlﬁd@mbﬂﬁih&éi&mmﬂdﬁmﬂamlson
|19_8_2{3;|_Ei5_e.n_el_41|l,_20.b|1_2d05). Since the first listed sufd®05-1906, Variegated Glacier has under-

gone 7 other surges until the last observed in 2003—21.0.0&6&&@1.&'.[_20_(}8). From the well-studied
1982-1983 surge, it seems that Variegated Glacier is ctesised by a two-phase surge, each phase
with a reasonably distinct termination separated by one MI.LZ__OQBS)VeIOCity and elevation
changes were more marked in the upper glacier during thepfiase of the 1982—-1983 surge, whereas

during the second phase, the surge propagated progresdoxeh into the lower glacier. The hii hest

velocity of the whole surge were observed during the secdras@ on the lower glacier (Kamb et al.,

). One other characteristic is the seasonal timing of Varayatirges, with an onset in late autumn
or winter and termination in late spring or early summer.

As shown b@l 01), the duration of the quiesplase in between two surges is very
well correlated with the total cumulative mass balance atiatgocated at the altitude df500 m in the
accumulation area. Variegated Glacier is found to surgk tae the ice-equivalent cumulative balance
at this particular point reaches the threshold valué35 + 1.2 m. This relation is not fulfilled for the
2003-2004 surge, for which the cumulative mass balance wigshalf of that required for previous

surgesl(Ha.ui_s_qn_e_t_laL_ZdOS). As anticipatecl_b;LEis_e_nJGJIZQ!Oji), this loss of correlation might be

explained by the early termination of the one-phase 199§esand its unusual post-surge surface to-

pography corresponding to a relatively small mass trarfsfen the upper part to the lower part of the
glacier. Because the 2003-2004 was a normal two-phase, ; I.|_(2_0_$8) have predicted that

the mass balance correlation will hold for the next surge/extbeless, the causality of this mass balance
surface observatiomas not yet been linketd the basal processes controlling the surge.

Surgesf temperate glacierare initiated by a change in the basal hydrological systehiclhvmoves
from a discrete efficient system with low water pressure agt ater discharge to a distributed in-
efficient system with high water pressure ( 19A discrete efficient system is usually
formed by a few large channels and its influence on the ice #owlatively low, whereas an inefficient
system consists of small linked cavities strongly influegcihe basal veIocitM@S?). As ex-
plained b L(_Zgbahere is a seasonal pattern of surge initiations and tetroimsa Variegated
surgeinitiationsare certainly governed by a change in the glacier's geometnyng the quiescent phase,
which affects the internal drainage system. When a threstiolount ofsurface elevation and/or surface
slope changes areached, the discrete system closes at the end of the meéiaspn when the amount

of water is insufficient to keep it open. Then, subsequemt caimeltwater from the surface, even in
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small volume, will progressively contribute to increase tiasal water pressure, finally leading to the
glacier surge. The following spring, when the amount of waegain sufficient, the discrete efficient

system opens again and the surge stbpiﬁﬁ&@ﬂj[ld.&@thﬂﬁg]ﬁjﬂ.dﬂllﬂﬂ”iiﬂh). Note that

this interpretation is consistent with the observed timfigyariegated surges, which started during the

winter and end during the summer.

During the 1982-1983 surge, short-term variations (haudalys) of ice velocity, water pressure and
outflow stream at the glacier terminus have been observeé@seTbbservations indicate the predomi-
nant contribution of basal sliding during the surge phaseasfirements of the internal deformation in

a borehole during the surge show that 95 % of the surface itgisaue to sliding [(Ka.mb_e_t_&L_lQIBS).
Velocities as high as0 m day' were measured during the second phase of the 1982—1983 Sinmyé-

taneous records of water pressure from borehole measutginditate the strong correlation between
water pressure and velocity. Pulses in surge movement @é@thdorrespond to peaks in pressure. Con-
versely, the increase of the outflow stream at the termina®sely correlated with a rapid slowdown of
the gIacier[(Ka.mb_e_t_eLlL_lQbS). This last observation iatlis that a large amount of water is stored in

subglacial cavities, inducing an increase in water presand a consequent increase in ice sliding veloc-

ities. But when a threshold pressure is reached, the subbleater storage purges, leading to flooding
at the terminus outflow and to a slowdown of the ice sliding.

In this paper, we propose to use the very well documentedg&dm 1973 to 1983 to reconstruct the
history of the basal conditions below Variegated Glaciéngia full-Stokes model. The available dataset
for Variegated is presented and discussed in the first Seclibe direct full-Stokes flow line model is

presented in the second Section. The associated inverssl @memaadﬂmmd_s_slmm) and its

extension is presented in the third Section. In the fourittiSe, the inverse model is used to infer the

basal friction distribution along the flow line at each measuent date. In the fifth Section, following the

idea proposed b|y_ELOMLeLS_e_t|El.l_(Zbll), changes in the bastbh parameter are interpreted in terms
of changes in basal water pressure through the use of the pratssure dependent friction law proposed

byLS_cﬂo_ch [(;O_dS) anb_G_agﬂaLdmeﬂall. (2J)O7). Finally,ngsthe basal friction parameter distributions

inferred from the inverse method, a transient simulatioruisover the 10-year data period to compare

modelled and observed surface geometry evolutions.

2 Description of the datasets

Extensive measurements of the surface topography andcewédocities were carried out during the

1973-1983 decade (Bindschadler étlal.. 1977: Kamb et 883;1Raymond and Harrisbh, 1988). This

measurement period covers tlast part of thequiescent phase which follows the 1964-1965 surge and

includes the 1982-1983 surge. During this period, surfes@aton and horizontal surface velocity were
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measured at 25 different dates, twice a year prior to theesargl 8 times during the 2 years of the
surge. At each date, the dataset is composed of the horizunface velocity and the surface elevation
every 250 m along the20 km of the central flow line. Most of the datasets are incongpletainly in

the upper and lower parts, but also where the glacier wasrm@ssed to be accessible. Few attempts
have been made to reconstruct the basal condition histéoybéariegated Glacier from these datasets.
Raymond and Harris])rl\_(;d%), using a very simple flow line ebodetermined that basal sliding in-
creased from 1973 to 1981 and concluded that by 1981, badalgsmight be 50% or more of the

total surface velocity in the upper part of the glacier. Agaith a relatively simple hydrological model,

I.@& showed that the flux required to keep tieerft drainage system open is very sensi-
tive to the basal shear stress. Combining the model and teradtions, they determined a critical basal
shear stress along the flow line which initiates a surge.

3 Direct diagnostic model
3.1 Field equation

Available data for Variegated Glacier are limited to the teanflow line of the glacier. Therefore, the
modelling is limited to a two-dimensional flow line geomettglimited by the bedrodk ) and the upper
surfacez,(z). We further assume a Cartesian coordinate system such: fkahe horizontal direction
andz the up-oriented vertical one. For a given geometry, the axe it governed by the Stokes equations,
i.e. the mass and momentum conservation equations in wikchdceleration terms are neglected. The
Stokes equationsre written

divu=0, b<z<z,, Q)

dive+pg+f;=0, b<z<z, (2)

Herew = (u,,0,u,) is the velocity vectorg = 7 — pI is the Cauchy stress tensor gnthe isotropic
pressurep the ice density ang = (0,0,—g) the gravity vector. The body forcg, is added in the flow
line model to account for the friction arising on the latesigle of a real glacier. To this end, the concept
of shape factom&tﬁ) is here extended to the full-&drmulation by defining the body forge
as

fi=—pg-t(1-f)t, 3)

where the shape factgr= f(x) is a scalar function of the transversal shape of the glaciditas the
unit vector tangent to the upper surface. As shown by thigggp, the concept of shape factor adds a

resistive body force tangent to the upper surface. Whern, the limit case of an infinitely large glacier
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is obtained, whereas smdllstands for narrow and/or deep transverse sections.
Here, we evaluat¢(x) by assuming that the transverse shape of the bedrock is bgdaef the form
b(x,y) =b(z) +a(x)-y2, where the parabola coefficiemtz) is constant in time and estimated from the

thickness and width measurements performed in 1 ' r{_l&éS). This approach
accounts for variations with time of the shape factor indlizg changes in ice thickness.

Following the approach 65), the relation betwden ghape factor and the ice thickness
in the central flow line is inferred from three-dimensionall{Stokes simulations of an infinitely long
glacier flowing over a parabola-type bedrock using differeiues of the friction parameter. All these
three-dimensional simulations (not shown here), are vegitaduced with a two-dimensional flow line
model using the following empirical estimate of the shatda

2 0.8146

f:_ t ’ (4)
ﬂ.arc an —

whereh(z) = z;(z) — b(z) is the ice thickness. Figufé 1 shows the evolution of the stagtor f ()

along the flow line for the 1973 geometry.

The ice rheology is described through a power-type flow lamgwn as Glen’s law in glaciology,

linking the strain-rate tens@rto the deviatoric stress tensprsuch that:
e=Ar""1r, (5)

wherer? =7;;7;;/2 is the square of the second invariant of the deviatoric s@esl4 a rheological pa-
rameter, which depends on the ice temperature via an Aubéaiv. Since Variegated Glacier is temper-

ate, the constant valué= 100 MPa~3a~! is adopted (close to the ones proposed.i erson

2010).

3.2 Boundary conditions

The upper surfacé's, i.e. z =z, is a stress-free surface and the following Neumann-typmtary

condition applies:
o-n=0for z=z,. (6)

At the bedrock interfacgy, i.e.z = b, zero basal melting is assumad @ = 0) as well as a linear friction
law (Robin type boundary condition). This linear fricticaw relates the basal drag; to the sliding
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velocity u; such that:
Tt =t (0n)|p=—pu-t=—pFu, for z=>, (7

wheren andt are the normal and tangent unit vectors to the bedrock sirfaeds > 0 is the basal
friction parameter.

All these equations are solved using the finite element ntetbith the code Elmer/ice. More details

on the numerics can be founci in Gagliardini thLaI._(iOO?) aadli@rdini and Zwingérl_(;Oj)S).

4 The inverse problem

Determining the optimal basal conditions from the glaciepagraphy and the surface velocities
is an inverse problem. Recently, three methods have been proposed to solve thtyar in-

verse problem using a full-Stokes direct model. The first,daea Bayesian method developed by
|Gudmundqqnn and Ravmzl)rld (2b08) and further applied to th#orfduce stream (West Antarctica,

[Ra)Lmo_nd_BLa.lgng_a.u_d_G_udJmndAslgniOll). Note that for pipiication to real data, both basal fric-

tion and bedrock topography were inferred by inverting acefdata. The two others, which belong in

the class of the the variational methods, are a control ndatsing the adjoint model of the linear Stokes

equationSI_LMQLligh_e.m_e_t_liL_Zd10) and a Robin inverse mbth_em_a.nd_G_udmundsA(lﬂ._ZblO).

These two variational methods rely on the minimisation obst éunction that measures the mismatch

between the model and the observations. In each case, tiiemfraf the cost function with respect to the
basal drag coefficient is obtained analytically assumirigeal flow law and a linear sliding law. Theo-
retically, these results could be extended to non-lineas laut this would require further analytical and

numerical developments. In their applicaticJa&Mor_lig@mﬂ. k;o;b) anlj Arthern and giudmundison

) show that even by using the gradient derived in thealirtase, it is possible to minimise the cost

function with non-linear laws, but this could fail for somgpdications [(Q_leib_e.tg_a.nd_s_e.[gj_e.lli‘gg._zbll).

These two methods should lead to very similar solutions liertiasal drag coefficient and both have

advantages and drawbacks. The control method needs tivatimriof the adjoint model but it is easy
to modify the cost function to take into account the errorloe dbserved velocities. The Robin inverse
method can be easily implemented using the direct model balydoes not integrate the observation
errors in the cost function.

In this paper we present results obtained with the Robinrgevenethod. (Arthern and giudmundglson,

), extended with a regularisation term. The inversehotehas been implemented in the finite

element code Elmer/IceTo our knowledge this is the first application of this method¢al data in
glaciology.
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4.1 Robin method

The inverse problem is, for each dataset (surface geomadryelocities), to determine the basal friction

parametep that gives the smallest mismatch between observed and leddelrface velocities.

We use the inverse Robin method adapted to glaciolody_b_)mmaad_G_LLdmmd_sAoE (2(})10). The

method consists of solving alternately the Neumann-typblpm defined by Eqs[L] 2) and the sur-

face boundary conditiongl(6), and the associated Diridlyjed problem defined by the same equations

excepted that the Neumann upper-surface conditlon (6placed by a Dirichlet condition, such that:
u(zs) = us, (8)

whereu(z,) andu°P® are the model and observed surface horizontal velocigspectively. This condi-
tion is enforced for each location where a surface velocég measured. The natural Neumann condition
is imposed in the vertical direction and where no obsermdti@vailable.

The cost function that expresses the mismatch between lihgsoof the two models is given by

JO:/ (u” —uP)- (6" —aP)-ndl, 9)
Is

where superscriptyy andD refer to the Neumann and Dirichlet problem solutions, regpely, andI’,
denotes the upper surface of the glacier
The Gateaux derivative of the cost functignwith respect to the friction parametéfor a perturbation

A’ is given by kAﬂhﬂu_aud_G_udmundslsbﬂ._ﬁOlO):

dgJo= | B (Ju”|?—[u"|?)dT, (10)
Iy

where the symbdl| defines the norm of the velocity vector.

In this paper, to avoid unphysical negative values of thetim parameter; is expressed as
B =10". (11)
The optimisation is now done with respectdoand the Gateaux derivative of, with respect tox is

obtained as follows:

dp
daJodeJo—z/ o (|u”)? = ™ |?) 10%In(10)dT . (12)
do Ty

In the presence of noise in the observed velocities, theadathn lead to spurious small wavelength
oscillations of the inferred friction parametLﬂiAﬂhﬂﬂdﬂldLﬂMﬂdiﬁJ}ll].(ZOJlO) suggesiminatingthe

minimisation when the cost function starts to stagnate a&rtain level. Furthermore, the authors show
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that this is in agreement with a heuristic stopping critetbased on the observation errors. One drawback
of this approach is that on a glacier, the magnitude of theciés and the observation errors could vary
strongly from one place to another, but also from one datasehother, so that the stopping criterion
should be different for each area and each dataset. Hereditioaal Tikhonov regularisation term that

penalises the small wavelength oscillations of the fricpiarameteps, taken as

2
Oa

Jreg: / - dF, (13)
Iy \ Oz

is added to the cost functiafy. The total cost functiors now

Jot=Jo+ 1Aa“ﬁ]reg, (14)
2

whereu®?sis the mean value of the observed surface velocities)aisca weighting parameter used to
adjust the influence of the added regularisation with resgethe initial cost function. The term°°s
takes into account the large changes in velocity obsenatahe 10-year dataset and allousto use
a unique value of the regularisation parametdor all the datasets. Regularisation is classical in data
assimilation: the minimisation of, alone is an ill-posed problem, and the addition of a regsddion
term ensures existence of a global minimum\ 1§ large enough, the problem becomes well-posed, with
a unique minimum, and therefore the minimisation algoritlows improved convergence properties.
The form of the additional term ensures that the optié& smooth. The effect of this regularisation
term and the sensitivity of thé distribution to) is discussed iBectiorl b

The minimisation of the cost functiafiy with respect tg3 is done using the limited memory quasi-
Newton routine M1QN i

989) inmpdmted in Elmer/Ice in reverse communi-
cation. In Newton'’s algorithm, the descent direction is a functidrboth the gradient and the Hessian
of the cost function. Quasi-Newton’s method is a widelyelgariant of Newton’s method which does
not require to compute the Hessian but uses approximatistsad, which are computed and improved
throughout the iterations. This method has a convergeresdsinat is better than a fixed-step gradient

method as presented [Ln_Ar_th_e_m_a.n_d_G_u_dmumllsls_o_nJ(2010). adtéunction decreases quickly during

the first 10 to 20 iterations then start to stagnate has sh A.D.(Z(l)lO). As the

gradient used here is only an approximation of the true grador a non linear rheology, the iterative
algorithm is usually stopped when the cost function caneatdrreased anymore in the descent direction,

typically after 50 to 100 iterations.
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4.2 Technical aspects

The Stokes equations and the Robin problem are solved usé#fanite element code Elmer/Ice. For each
date, a regular mesh is constructed usifidiorizontal time<20 vertical layers of quadrangle elements,
between the bedrock and upper surface. iIEetfreeareas, a minimal thickness of 3 m is imposed to
avoid zero volume elements. Each of the 25 datasets is cadmdghe surface elevation and the hori-
zontal surface velocity at 81 points regularly spaced e2&¥ m along the 20 km of the glacier length.

Topographic measurements are representative of a givemdhareas velocity measurements refer to the

period in-between two measurement d }_ﬂ9_8|8). For the quiescent period, the
same surface topography is used for the summer and for tlesvfnf winter. For the surge, because of
the fast changing topography, for a given velocity measergnthe surface topography is taken as the
time-weighted averagef the two surface topographies corresponding to the seifatocity measure-
ment dates. To construct the 25 geometries correspondithgt®5 datasets, the surface elevation must
be defined along the whole glacier. Where surface topograg@asurements are missing, the elevation is
estimated from the other datasets using a linear adjustioéuifil the current surface elevation continu-
ity. For the velocity, the mesh is constructed so that poieasurements and mesh nodes coincide. When
solving the Dirichlet problem, measured velocities aredsgrl only where measurements are available
and no interpolation is used to complete missing data. Wiiegtthat a finer mesh does not change

significantly the results of the inversion of the frictiorrameter.

5 Inversion of the basal friction parameter
5.1 Influence of the regularisation term

We used the most complete summer 1978 dataset to assesé$likadr of the regularisation term on
the results. The inferred friction parameteand the associated surface and sliding velocities obtained
for different values of the regularisation parameteare shown in Fig.]2The influence of\ is directly
observable in this figure. Whenincreases, the inferred friction parameter distributietsgmoother, but
mean values over the glacier length®ére very similar for all the values of. The relative mean error
between observed and modelled velocities increases frefb40 9.1 % when\ is increased frond to

108. The difference between modelled and observed surfaceitiekoremains small, but the short wave-
length oscillations of the observed velocities are les$mesblved when the regularisation term increases.
The corresponding sliding velocities, depicted in Elg.&e, also smoothed wheis increased, but the
absolute distance between the different sliding velodigyrithutions is much larger than for the surface
velocities. The comparison between surface and basalitieshows that all these small wavelength
oscillations arising at the base have almost no visible @émfbe at the glacier surface.

The oscillations of the3 parameter in Fig.2are certainly partly physically created, as we expect that
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high and low friction areas may alternate at the base of Watexd glacier, but they are also certainly
induced by errors on the measured velocities and on the nitséél (mainly the flow line assumption
and errors on the measured surface and bedrock topographies

Therefore, a difficult task is to choose an optimal reguédiis parameted, which will conduct to
an optimal balance between the fit of the observed veloditiesthe smoothness of the inferred solu-
tion. As can be seen in Fifb2the inferred velocities lie all in the error bar of the measlivelocity
({Baxmgnd_and_ﬂauiibm%), excepted that ones infemed penalisation larger tharo®. A first
criteria is then to choos® < 10°. An other possibility to estimate the optimal regularisatparameter
A is the L-curve analysi@@ﬂ). The L-curve metrsas whe log-log plot of the norm of the
regularised solution,eq given by Eq.[(IB) versus the norm of the initial cost functifn(@) to choose

the optimal regularisation parameter. Theoretically, ltheurve should present a corner which allows
to objectively estimate the optimal regularisation pareng. As shown in Figur&l3, for a non-linear
model applied to real data, the L-curve analysis is notglitforward. The obtained L-curve is not even

a strictly decreasing function as expected theoreticallye \ increases frond to 103, .J, decreases).

This might be explained by the fact that the gradient of trst fioction in th on

) method is only an approximation for the non-lineaalbgy, so that the exact minimum of the
cost function may not be reached exactly for anyNevertheless, from this L-curve, one can expect
the optimal\ to be larger thari0® and adding the previous analysis on the velocity accurawynoight
conclude that the optimal lies in betweernl0® and10°. As can be seen in Fif] 2, thedistributions
obtained for this range of regularisation parameters dreaty distant.

Because the objective of this paper is to study changes ai basditions over a 10-year period, we will
arbitrarily choose the smoothest solution and adopt in vidiiw a regularisation parameter= 10°.
Spatial variation of the friction parameter along the floneliwill therefore only be discussed if they
arise over long distance, and we will concentrate the resulalysis on the mean evolution®bver the
10-year dataset.

Note that the L-curve analysis should be conducted for @il and might conduct to different values
of the regularisation parameter despite the weighting®§of the regularisation term ifL{14). Because
this analysis would necessitate a large number of simulgtith was not reasonably feasible for the 25

datasets, and in what follow, the valde= 10° is then adopted for all the datasets.
5.2 Inferred Basal Friction Parameter Distributions

The distribution of the friction parameter was inferrechgsihe same method for the 25 datasets available
during the quiescent phase and the surge. Results are sh&ig[#. Seasonal changes between summer
and winter can be observed. For a given year, the winter awegsents higher friction than the previous
summer. But, during the eight years of the quiescent phasdrittion parametes regularly decreases,

10
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so that the last winter values are smaller than the first sunomes. Another remarkable feature is that

the friction decrease is more pronounced in the upper pdhteodlacier than in the lower part during the

quiescent phase. Contradictory to the assumption ma nadl J_(MZ), our results indicate that

sliding already contributes for a large part of the totaliobdf the glacier during the quiescent phase. As

shown in Fig[h, the contribution of the basal velocity contiusly increases during the quiescent phase,
from a mean value of 10% in winter 1973 up to 60 % for summer 188t before the surge started,

confirming the values inferred ll)y Raymond and HarJiJs_OL(h%ihg a simple modeBuch progressive

increase of the basal sliding during the quiescent phasbtrlﬁ' firm, as suggested for slow-type surging

glaciers bJ_ELa.QD_é_a.nd_Qla D07) for Trapridge glaa

that even for a fast-type surging glacier like Variegatée, surge phase is in fact the final phase of a

I 9) for Svalbard glaciers,

progressive acceleration.

Nevertheless,at the onset of the surge in winter 1981-1982, dramatic draigthe basal friction
occur, principally in the upper part of the glacieThe inferred friction parameter drops by about one
order of magnitude frorh0—3 to 10~* MPa n7 'a, causing a high increase of the basal sliding, as shown
in Figs[4 andbTherefore, even if basal sliding regularly increases dyifire quiescent phase, initiation
of Variegated surge is clearly marked by a jump in its basaddmns, leading to a clear distinction
between the quiescent and surge phaseAfter this onset phase, the friction continues to decrease
regularly until the end of the surge in July 1983. Both phadehke surge are visible in the results. The
first phase occurs only in the upper part of the glacier fromrddal982 to September 1982 and ends
with a punctual increase of the basal friction. The secorasplstarts in January 1983 and spreads down
the glacier until July 1983 with a dramatic decrease of theabfiction. During the second part of the
surge, we observe the propagation of a low basal frictioa &x@n the middle part of the glacier down
to its terminus. At the end of themulatedsurge, the basal sliding accounts for more than 90 % of the
observed surface velocities everywhere on the glacieradsdt is only the case in the upper part during
the first phase of the surge. Hig. 5 shows that at some placeg e flow line, basal velocities are even
greater than the surface ones. This is possible because stiréss transmission when solving the Stokes
system with no simplification.

The inversion procedure gives a good representation oflieerged velocities of each date of the 10-
year dataset. The observed changes in surface velocitiegydhe quiescent and surge phases can be
explained by changes in the basal sliding velocity and theslaarly visible in the inferred distributions
of the friction parametef. Here, the simplest linear friction laWl(7) is assumed, iriclitthe friction
parameter3 encompasses all the complexity of basal friction. In thetsextion, following the idea
proposed bl{ﬂOﬂesz_tJaj._(;dll), the inferred frictiongpaeter distributior8(z;,¢;) (i = 1,81 points
andj = 1,25 dates) is interpreted in terms of changes of the effectiesqure at the base of Variegated

Glacier from 1973 to 1983, using a more complex friction law.

11



6 Basal water distributions
6.1 A water-dependent friction law

Many authors have attempted to infer from physical and nmagtieal considerations which variables

should be incorporated in a realistic friction law (el M,@MWM?BW,
335 11969, 1970] Kanld, 1970, 1d87: Morlad. 1554: Foller. 1 9mpé 1987} Guamundsdon, 1987a.p;
|S§no_(JfILO_Q5)|. 5chchf_(;Q|05) from mathematical developmamci_G_agﬂa@ﬂe_t_;LlL@Qb?) from finite

element simulations have both proposed a similar fric@wfor the flow of clean ice over a rigid bedrock

in presence of cavitation. In its simplest form, where thedbdrag tends asymptotically to its maximum
value (post-peak exponent= 1 in|§.agﬂﬁLdluLel_ah.|.(ZO_d7)), this friction law is of the for.

1/n

(1-n)
340 o C o U (15)
N C"N™As+uy
In the above equation; is the sliding parameter in the absence of cavitatioma@den’s law exponent,
resulting in a non-linear relation between the basal drggand the basal sliding velocity,. Note
that in the limit case where =1 and N > 0, the sliding parameted, and the friction paramete?
are inversely proportional. As shown @@005), thefficientC' is lower than the maximum
345 local positive slope of the bedrock topography at a decienetmeter scale, so that the ratip /N <C
fulfils Iken’s bound Iﬂ?ek@l). The friction lav{1L5) isrehgly related to the water pressusg
through the effective pressuf€ = —o,,,, — p,. Whenp,, =0, the effective pressure is equal to the
normal compressive Cauchy stress, and increasing watssyneleads to a decreaseldftoward zero.
The two parameterd,; = A,(x) andC = C(z) are only a function of space whereas the time-dependent
350 changes are due to changes in the effective pressuteN (x,t). Note that effective pressure changes
reflect changes in water pressure and/or basal normal saedsscussed below.
AssumingA, andC are known, the effective pressure, and thus the water pssan be evaluated

from the previous inversion results for all pointsand all dateg;, as follows:

Bug
c(1fﬂnu§"‘1>As)1/"'

N(l‘i,tj) = (16)
355 andthemp, =—N—o,n.
Physically, the effective pressure is bounded, (& 7,,;/C < N < —o,,,, but the evaluation of
N(x;,t;) from (18) can be out of these bounds due to the assufednd C' distributions. The up-
per boundN < —o,, (or p,, > 0) is violated where the sliding parametdg, is too high, so that even

with zero water pressure the sliding velocity is too largee BoundV > 7,,; /C (Of pyy < —0p — Tnt /C,
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remindinge.,., < 0 andr,; > 0) is never violated since it corresponds to infinitely grdialiisgy velocity.
By considering the upper bound, it is possible to estimagestiting parameter in absence of cavita-
tion A, so thatN < —o,,, is always fulfilled. Assuming zero water pressur®’ & —o,,,), the sliding

parameter reduces to

1L§17n) Ut 1 1
As= - =y | ———|. a7)

5n Cm(*gnn)n Tr?t Cm(*gnn)n

Becauser,: << onn, As = u /), and it implies thatd, is almost independent of the choi€e There-
fore, from Eq[Ib, one can conclude that the effective pressusimply inversely proportional to'.

The distribution of the minimal sliding paramet&f*'® is then evaluated from Eq§l(7) afiif), such
that:

1-n
’U/E ) Ut

AP (i) = min(A (;,t;)) = min - : (18)
J 3 ﬂn Cn(fo—nn)n

whereg, o,,,, andu, are defined at each dateand each point; where data are available. It is found that
the minimal value of4 inferred from [I8) is everywhere obtained for the winter 3 @iataset, except for
the upper and lower points for which no measurement was peef in 1973. This indicates that basal
sliding during winter 1973 represents the lowest valuesieffollowing 10-year period.

In what follow, in absence of bedrock roughness data, weheilbafter assume a uniforfdistribu-
tion (C' =0.5). The sliding parameter in absence of cavitatibnis determined then from Eq_{1.8). As
already mentioned, because of this arbitrary choice of #teevof theC' parameter, the inferred water

pressures should not be regarded as actual values and tatiyaehanges will be discussed.
6.2 Modelled change in basal water pressure

Using the inferred sliding parameter distributig?'®(z), the water pressure for the 25 dates is then
obtained from Eq[(16). Figufé 6 shows the evolution withetifwertical axis) and space (horizontal axis)
of the ratio of the water pressure over the normal stregs/o,.,,. This ratio is plotted instead of the
effective pressuré/ because it is visually easy to interpret. When this ratial$siowardl, the effective
pressure tends toward zero and the sliding is increased.

The mostnoticeable result is that the large changes in the frictiarameter3 shown in Fig[# are
associated withelatively small changes in terms of water pressure. As shiowrig.[4, the basal normal
stress is almost constant during the 10-year period, despitng variations along the flow line. There-
fore, changes with time of the ratiep,, /0..,, are mostly due to changes in water pressure. As shown in
Fig.[8, the ratio—p,, /o, only evolves betweed.7 to 1, if we except the winter 1973 for which it is zero
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due to the definition of thel, parameter. Thistrong non-linear response between basal drag and water
pressurean be explained by the shape of the friction law useetand the fact that it is bounded for large

sliding velocity (see Fig. 8 ih Gagliardini et ell., 2§|DO7). riFow sliding velocity corresponding to great
effective pressure, a great increase in water pressuregeddo increase the velocity. For great sliding

velocity, it is the opposite due to the asymptotical behavif the friction law, anda small increase in
water pressure leads to great increase in velocity.

Again, the seasonality of the sliding, as well as the two phad the surge, are visiblae the water
pressure, as depicténl Fig.[8. Also, as was already inferred from tBenversion, the greatest changes
are observed in the upper part of the glacier during the qar@sphase and the first surge phase. For
the second phase of the surge, we observe the propagatiamgii avater pressure area from the upper
part to the lower part of the glacier, while the pressure eupper part still remains significant. During
this last stage, the increase of water pressure, even thelagively small (2—6 %), leads to very large
increase of the ice flow.

Finally, note, that even if the normal stress, is almost constant, a slight and progressive increase of
onn in the upper part of the glacier is visible in the years betbeesurge, induced by an increase of the
observed ice thickness. During the surge, this increagegittes down the glacier attesting displacement

of the ice mass.
6.3 Effect of basal topography on basal water pressure

The topography clearly affects the wataessurebelow Variegated Glacier. First, each bump in the
bedrock induces a higher normal stress on its upstream face (Figl 7). Surprisingly, it is also thecpk
where the ratio-p,, /0., increases, indicating that these are the areas where treagecof the water
pressure is the highest. These bedrock bumps, and moreyparty the one located at= 10 km, seem

to restrain the water in an upstream catchment. This ing&apon is consistent with the surge hypothesis

formulated b)LL'LngI.e_a.nd_Eallahh_(ZdOB). Indeed, the prsgje evolution of the surface topography

of Variegated Glacier leads to an increasingly constrigtater catchment upstream= 10 km, which

increases slightly the water pressure up to a thresholévaluwhich the surge occurs.As shown in
Fig.[d, a high water pressure area of approximéaitddy is present since the beginning of the measurement
period, but one can observe an increase with time of the waésisure upstream this area, indicating an
upstream growth of the water catchment. The first phase @fittge is characterised by a sudden increase
of the water pressure in the whole upper glacier upstreami0 km. During the second phase of the
surge, the propagation of the high water pressure area d@ansz = 10 km (Fig.[8) is probably a
consequence of the destruction of the water catchmentglthienfirst surge stage, leading to the opening

of the initially constricted water catchment.
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7 Direct prognostic simulations

From the previous analysis, the friction parametas reconstructed for the 25 datasets from summers
1973 to 1983. To test the sensitivity of the model to the sigrfgeometryye run a prognostic time-
dependent simulation assuming a constant mass balancéheger10 years and the previously inferred
history of the friction parameter.

Starting from the summer 1973 surface geometry, the uppersiurface is evolved using the following
kinematic boundary condition:
0z 0z,

+ Uy
ot ox

—u, =as, (19)

wherea, is the accumulation/ablation function. This function iraated from the average mass balance
measured on Variegated Glacier between 1972 to 1|916_(Bjadﬁr,|_19_é2). The mass balange
m a ') is supposed to be linearly dependent on the surface altifudie m) and the equilibrium line

located atl050 m.a.s.l., such that:

25— 1050
=32, (20)

as=min | 6
885

The Stokes Eqd.{1 ahdl 2) using the basal boundary condffjpar{d the free surface evolution Eg.l(19)
are coupled and solved iteratively using a time stejp bh. At each time step, the basal friction parameter
G is interpolated linearly from the two closest datasets etime-series.

The modelled surface is compared with the observed surtdoaiadifferent dates just before, during
and after the surge in Figll 8. The modelled and observedcigigvations before and during the surge
relative to the measured surface elevation of summer 19¥8hawn in Figd.]9 arld 1L.0. Before the surge
we observe a thickening of the upper part of the glacier artdrming of the lower part. The timing
and the magnitude of the changes are well reproduced by tlielnegcept on the highest part of the
glacier where the model leads to a thinning of the glaciert &fahe discrepancies between the model
and observations can be explained by errors in the massdeadantl/or by three-dimensional effects (ice
convergence along the central flow limeyt accounted for in our modm 7)As a matter
of fact, the Variegated volume has been observed to incohaseg the quiescent phgseghereas, in the
model, the integrated mass balance is slightly negativdirigao a decrease of the modelled ice volume.
In Fig.[3, the oscillations of the elevation changes from & km are certainly explained by an initial
surface being not in equilibrium with the model solutionchese the convergence/divergence of the flow
is not accounted for and the upper part of Variegated glésiezry steep.

As expectedthe modelled surge occurs in phase with the observatiomilie friction parameter
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dramatically decreases in March 1982. The surge is chaisetieby a thinning of the upper part of
the glacier and a thickening of the lower part which resuitthie advance of the ice front. As already
observed for the quiescent phase, the upper part of theegliacioo thin when compared with summer
1973, but the timing of the mass transfer from the upper mathé¢ lower part of the glacier is well
captured by the model, and particularly the advance of taéant position.

The ability of our model to reproduce the main charactesstif the surggustifiesa posteriori the
use of the diagnostic model to infer the basal friction distiion for each datasenhdependently It
demonstrates that the results are not very sensitive touttieace geometry and that the Robin inverse

method l(ALth_e.Ln_a.nd_G_u_dmuﬂdﬁlSLm._jOlO) with an appropegtdarisation allows us to retrieve a good

order of magnitude of the friction parametémwhere surface velocity observations are available. The

errors on the modelled topography canlikely explained by the lack of data (topography, velocities and

mass balance) and three-dimensional effects.

8 Conclusions

We have presented the first application to a real case of tlerse method proposed by

Arthern and gaudmundsgoh (2(1)10). It demonstrates the stelagance of this inverse method, which

allowed the reconstruction of the basal conditions belowegated Glacier along a 10-year periozh-

sistent with surface elevation and velocity measureméimtam this reconstruction of the friction param-
eter, water pressure changaere inferred using a water pressure dependent frictionAaman important
result, we showed that very large changes in the basaldnigtarameter are induced by relatively small
changes in basal water pressure. This is mainly due to thregsyical behaviour of the friction law for
great sliding velocity. Our results support the presen@safbglacial water storage in the mid-upper part

of the glacier as proposed Lzy Lingle and FatHad_dZO%).

To take this study further, our reconstruction of the basstkewpressurehangesover the 10—iear Se—

riod should be used to constrain a hydrological model caliith an ice flow model, as al.
). This would, however, need to be conducted usingeetdimensional modelling approach to
overcome the limitations of a flow line hydrological modelhi§ would bea significantstep to fully

relate the surge behaviour of Variegated Glacier to itssserfnass balance over the decade 1973-1983.
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Fig. 1. Evolution of the shape factgf along the central flow line for the 1973 surface topography.
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Fig. 2. Sensitivity of the results to the regularisation penaiisah for the 1978 summer datéa) Distribution of the
inferred basal friction parametgralong the central flow line and correspondiiixy modelled and measured (orange
cross) surface velocities arfd) modelled basal velocitiesI he yellow band represents thel0 m a ' error on the

velocity measurements estimated by Raymond and Halriii88§1
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Fig. 3. Log-log plot of the norm of the regularised solutiohg given by Eq.[[IB) versus the norm of the initial cost
function J, given by Eq.[(D), the so-called L-curve. The cross corredonhe regularisation parameters from- 0
up tox =10°.
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Fig. 4. Distribution of the basal friction parametgralong the central flow line for the 25 dates of measurements.
Dotted curves indicate where measured surface velocites&ssing. In the legend, W Y1-Y2 denotes the mean
velocity for the winter from year Y1 to year Y2, S Y denotes thean velocity for the summer of year Y and
Surge Y-M1-M2 the mean velocity for year Y from month M1 to nioM2.
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Fig. 5. Distribution of the ratio of the modelled horizontal basalocity «(z;) over the surface velocity(z,) along
the central flow line for the 25 dates of measurements. Reaudt shown only where velocity has been measured.
For the legend, see caption of Hig. 4
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Fig. 8. Comparison of modelled (line) and measured (cross) sugaometries at four different dates.
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Fig. 9. Comparison ofa) modelled andb) measured surface geometries relative to the 1973 surfpography for
each date during the quiescent phase.
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