
Appendix: Calculation of the Compensation Terms

for the Paper “Manufactured Solutions and the Verification of

Three-dimensional Stokes Ice-Sheet Models”

The compensation terms

F1 =
∂(2µ∂u

∂x − p)
∂x

+
∂(µ(∂u

∂y + ∂v
∂x ))

∂y
+

∂(µ(∂u
∂z + ∂w

∂x ))
∂z

, (A1)

F2 =
∂(µ(∂u

∂y + ∂v
∂x ))

∂x
+

∂(2µ∂v
∂y − p)

∂y
+

∂(µ(∂v
∂z + ∂w

∂y ))

∂z
, (A2)

F3 =
∂(µ(∂u

∂z + ∂w
∂x ))

∂x
+

∂(µ(∂w
∂y + ∂v

∂z ))

∂y
+

∂(2µ∂w
∂z − p)
∂z

− ρg (A3)

need to be added to the right-hand sides of the three components of the momentum equation
(1)-(3), respectively. and the following terms, denoted as T1, T2, T3, :

T1 =
1
rs

[
− ∂s

∂x

(
2µ

∂u

∂x
− p

)
− ∂s

∂y
µ

(
∂u

∂y
+

∂v

∂x

)
+ µ

(
∂u

∂z
+

∂w

∂x

)]
, (A4)

T2 =
1
rs

[
− ∂s

∂x
µ

(
∂u

∂y
+

∂v

∂x

)
− ∂s

∂y

(
2µ

∂v

∂y
− p

)
+ µ

(
∂v

∂z
+

∂w

∂y

)]
, (A5)

T3 =
1
rs

[
− ∂s

∂x
µ

(
∂u

∂z
+

∂w

∂x

)
− ∂s

∂y
µ

(
∂w

∂y
+

∂v

∂z

)
+

(
2µ

∂w

∂z
− p

)]
, (A6)

where rs =
√

1 + ( ∂s
∂x)2 + ( ∂s

∂y )2, need to be added into the right-hand sides of the three components
of the top surface boundary equations (9)-(11), respectively.

Now let us present explicit formulas for calculating these compensation terms for the manufac-
tured solution under the specific geometry derived in Section 3.2, i.e., the velocity solution (54)-(56)
and the pressure solution (44) with the ice-sheet geometry having the surface elevation (48) and
the bedrock elevation (46) on the domain, and a specific accumulation rate (50). In addition, we
also fix λ2 = 4 for the purpose of simplifying the formulas of the compensation terms except γ1 = 0,
λ1 = 4, cb1 = 0, cb2 = 0 as chosen for the specific sample solution in Section 3.2. Thus the remaining
free parameters are only c1, c2 and ct.

Computation of the compensation terms in numerical codes requires the value of u, v, w, p, µ and
their derivatives. Furthermore, u, v, w, p, µ all can be expressed as the functions of s(x, y, t), b(x, y),
h(x, y, t) = s− b, d(x, y, z, t) = s−z

s−b , and the special term q(x, y, t) (resulting from integration), and
some of their derivatives.

First, let us write down explicit expressions for s, b, d, q, and some needed derivatives in the
following. Note that h = s− b, thus all derivatives of h are directly the differences of corresponding
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derivatives of s and b and we will skip those. Recalled that ξ(t) = 1− e−ct t, then

s = −x tan (α) +
1
2
Z sin

(
2πx

L

)
sin

(
2πy

L

)
ξ(t), (A7)

sx = − tan (α) + Z cos
(

2πx

L

)
π sin

(
2πy

L

)
ξ(t)

1
L

, (A8)

sy = Z sin
(

2πx

L

)
π cos

(
2πy

L

)
ξ(t)

1
L

, (A9)

sxx = −2Z sin
(

2πx

L

)
π2 sin

(
2πy

L

)
ξ(t)

1
L2

, (A10)

sxy = 2Z cos
(

2πx

L

)
π2 cos

(
2πy

L

)
ξ(t)

1
L2

, (A11)

syy = −2Z sin
(

2πx

L

)
π2 sin

(
2πy

L

)
ξ(t)

1
L2

, (A12)

sxxx = −4Z cos
(

2πx

L

)
π3 sin

(
2πy

L

)
ξ(t)

1
L3

, (A13)

sxxy = −4Z sin
(

2πx

L

)
π3 cos

(
2πy

L

)
ξ(t)

1
L3

, (A14)

sxyy = −4Z cos
(

2πx

L

)
π3 sin

(
2πy

L

)
ξ(t)

1
L3

, (A15)

syyy = −4Z sin
(

2πx

L

)
π3 cos

(
2πy

L

)
ξ(t)

1
L3

, (A16)

b = −x tan (α) +
1
2
Z sin

(
2πx

L

)
sin

(
2πy

L

)
− Z, (A17)

bx = − tan (α) + Z cos
(

2πx

L

)
π sin

(
2πy

L

)
1
L

, (A18)

by = Z sin
(

2πx

L

)
π cos

(
2πy

L

)
1
L

, (A19)

bxx = −2Z sin
(

2πx

L

)
π2 sin

(
2πy

L

)
1
L2

, (A20)

bxy = 2Z cos
(

2πx

L

)
π2 cos

(
2πy

L

)
1
L2

, (A21)

byy = −2Z sin
(

2πx

L

)
π2 sin

(
2πy

L

)
1
L2

, (A22)

bxxx = −4Z cos
(

2πx

L

)
π3 sin

(
2πy

L

)
1
L3

, (A23)

bxxy = −4Z sin
(

2πx

L

)
π3 cos

(
2πy

L

)
1
L3

, (A24)

bxyy = −4Z cos
(

2πx

L

)
π3 sin

(
2πy

L

)
1
L3

, (A25)

byyy = −4Z sin
(

2πx

L

)
π3 cos

(
2πy

L

)
1
L3

, (A26)
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q =
1
2
c1 Z cos

(
2πx

L

)
cos

(
2πy

L

)
e−ct t, (A27)

qx = −c1 Z sin
(

2πx

L

)
π cos

(
2πy

L

)
e−ct t 1

L
, (A28)

qy = −c1 Z cos
(

2πx

L

)
π sin

(
2πy

L

)
e−ct t 1

L
, (A29)

qxx = −2c1 Z cos
(

2πx

L

)
π2 cos

(
2πy

L

)
e−ct t 1

L2
, (A30)

qxy = 2c1 Z sin
(

2πx

L

)
π2 sin

(
2πy

L

)
e−ct t 1

L2
, (A31)

qyy = −2c1 Z cos
(

2πx

L

)
π2 cos

(
2πy

L

)
e−ct t 1

L2
, (A32)

and

d =
s− z

h
, dx =

sx

h
− (s− z) hx

h2
, dy =

sy

h
− (s− z) hy

h2
, dz = − 1

h
, (A33)

dxx =
sxx

h
− 2

sxhx

h2
+ 2

(s− z) hx
2

h3
− (s− z) hxx

h2
, (A34)

dxy =
sxy

h
− sxhy

h2
− syhx

h2
+ 2

(s− z)hxhy

h3
− (s− z) hxy

h2
, dxz =

hx

h2
, (A35)

dyy =
syy

h
− 2

syhy

h2
+ 2

(s− z) hy
2

h3
− (s− z) hyy

h2
, dyz =

hy

h2
, dzz = 0, (A36)

dxxx =
sxxx

h
− 3

sxxhx

h2
+ 6

sxhx
2

h3
− 3

sxhxx

h2
− 6

(s− z) hx
3

h4
+ 6

(s− z) hxhxx

h3

− (s− z) hxxx

h2
, (A37)

dxxy =
sxxy

h
− sxxhy

h2
− 2

sxyhx

h2
+ 4

sxhxhy

h3
− 2

sxhxy

h2
+ 2

syhx
2

h3
− 6

(s− z) hx
2hy

h4

+4
(s− z) hxhxy

h3
− syhxx

h2
+ 2

(s− z) hxxhy

h3
− (s− z) hxxy

h2
, (A38)

dxxz = −2
hx

2

h3
+

hxx

h2
, (A39)

dxyy =
sxyy

h
− 2

sxyhy

h2
+ 2

sxhy
2

h3
− sxhyy

h2
− syyhx

h2
+ 4

syhxhy

h3
− 2

syhxy

h2

−6
(s− z) hxhy

2

h4
+ 4

(s− z) hxyhy

h3
+ 2

(s− z) hxhyy

h3
− (s− z) hxyy

h2
, (A40)

dxyz = −2
hxhy

h3
+

hxy

h2
, dxzz = 0, (A41)

dyyy =
syyy

h
− 3

syyhy

h2
+ 6

syhy
2

h3
− 3

syhyy

h2
− 6

(s− z) hy
3

h4
+ 6

(s− z) hyhyy

h3
− (s− z) hyyy

h2
, (A42)

dyyz = −2
hy

2

h3
+

hyy

h2
, dyzz = 0, dzzz = 0. (A43)

Then, the velocity components u, v, w can be computed by using

u = c1

(
1− d4

)
, (A44)

v =
c2

h
(1− d4)− q

h
(1− d4), (A45)

w = uhdx + vhdy, (A46)
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and their derivatives can be expressed as

ux = −4c1 d3dx, uy = −4c1 d3dy, uz = −4c1 d3dz, (A47)
uxx = −12c1 d2dx

2 − 4c1 d3dxx, uxy = −12c1 d2dxdy − 4c1 d3dxy, (A48)
uxz = −12c1 d2dxdz − 4c1 d3dxz, uyy = −12c1 d2dy

2 − 4c1 d3dyy, (A49)
uyz = −12c1 d2dydz − 4c1 d3dyz, uzz = −12c1 d2dz

2 − 4c1 d3dzz, (A50)

vx =
−4c2 d3dx − qx + qxd4 + 4qd3dx

h
−

(
c2 − c2 d4 − q + qd4

)
hx

h2
, (A51)

vy =
−4c2 d3dy − qy + qyd4 + 4qd3dy

h
−

(
c2 − c2 d4 − q + qd4

)
hy

h2
, (A52)

vz =
−4c2 d3dz + 4qd3dz

h
, (A53)

vxx =
1
h

[
− 12c2 d2dx

2 − 4c2 d3dxx − qxx + qxxd4 + 8qxd3dx + 12qd2dx
2 + 4qd3dxx

]
+

1
h2

[
− 2

(
−4c2 d3dx − qx + qxd4 + 4qd3dx

)
hx −

(
c2 − c2 d4 − q + qd4

)
hxx

]
+

2
h3

[ (
c2 − c2 d4 − q + qd4

)
hx

2
]
, (A54)

vxy =
1
h

[
− 12c2 d2dxdy − 4c2 d3dxy − qxy + qxyd4 + 4qxd3dy + 4qyd3dx + 12qd2dxdy + 4qd3dxy

]
+

1
h2

[
−

(
c2 − c2 d4 +−q + qd4

)
hxy −

(
−4c2 d3dx − qx + qxd4 + 4qd3dx

)
hy

−
(
−4c2 d3dy − qy + qyd4 + 4qd3dy

)
hx

]
+

2
h3

[ (
c2 − c2 d4 − q + qd4

)
hxhy

]
, (A55)

vxz =
1
h

[
− 12c2 d2dxdz − 4c2 d3dxz + 4qxd3dz + 12qd2dxdz + 4qd3dxz

]
− 1

h2

[ (
−4c2 d3dz + 4qd3dz

)
hx

]
, (A56)

vyy =
1
h

[
− 12c2 d2dy

2 − 4c2 d3dyy − qyy + qyyd4 + 8qyd3dy + 12qd2dy
2 + 4qd3dyy

]
+

1
h2

[
− 2

(
−4c2 d3dy − qy + qyd4 + 4qd3dy

)
hy −

(
c2 − c2 d4 − q + qd4

)
hyy

]
+

2
h3

[(
c2 − c2 d4 − q + qd4

)
hy

2
]
, (A57)

vyz =
1
h

[
−12c2 d2dydz − 4c2 d3dyz + 4qyd3dz + 12qd2dydz + 4qd3dyz

]
− 1

h2

[(
−4c2 d3dz + 4qd3dz

)
hy

]
, (A58)

vzz =
1
h

[
−12c2 d2dz

2 − 4c2 d3dzz + 12qd2dz
2 + 4qd3dzz

]
, (A59)

and

wx = uxhdx + uhxdx + uhdxx + vxhdy + vhxdy + vhdxy, (A60)
wy = uyhdx + uhydx + uhdxy + vyhdy + vhydy + vhdyy, (A61)
wz = uzhdx + uhdxz + vzhdy + vhdyz, (A62)

4



wxx = uxxhdx + 2uxhxdx + 2uxhdxx + uhxxdx + 2uhxdxx + uhdxxx

+vxxhdy + 2vxhxdy + 2vxhdxy + vhxxdy + 2vhxdxy + vhdxxy, (A63)
wxy = uxyhdx + uxhydx + uxhdxy + uyhxdx + uhxydx + uhxdxy + uyhdxx + uhydxx + uhdxxy

+vxyhdy + vxhydy + vxhdyy + vyhxdy + vhxydy + vhxdyy + vyhdxy + vhydxy + vhdxyy, (A64)
wxz = uxzhdx + uxhdxz + uzhxdx + uhxdxz + uzhdxx + uhdxxz

+vxzhdy + vxhdyz + vzhxdy + vhxdyz + vzhdxy + vhdxyz, (A65)
wyy = uyyhdx + 2uyhydx + 2uyhdxy + uhyydx + 2uhydxy + uhdxyy

+vyyhdy + 2vyhydy + 2vyhdyy + vhyydy + 2vhydyy + vhdyyy, (A66)
wyz = uyzhdx + uyhdxz + uzhydx + uhydxz + uzhdxy + uhdxyz

+vyzhdy + vyhdyz + vzhydy + vhydyz + vzhdyy + vhdyyz, (A67)
wzz = uzzhdx + 2uzhdxz + uhdxzz + vzzhdy + 2vzhdyz + vhdyzz. (A68)

The viscosity µ and its derivatives are given by

µ =
1
2
A−1/3

[1
4

(uy + vx)2 +
1
4

(uz + wx)2 +
1
4

(vz + wy)2 − uxvy − uxwz − vywz

]−1/3

, (A69)

µx = −8
3
Aµ4

[1
2

(uy + vx) (uxy + vxx) +
1
2

(uz + wx) (uxz + wxx)

+
1
2

(vz + wy) (vxz + wxy)− uxxvy − uxvxy − uxxwz − uxwxz − vxywz − vywxz

]
, (A70)

µy = −8
3
Aµ4

[1
2

(uy + vx) (uyy + vxy) +
1
2

(uz + wx) (uyz + wxy)

+
1
2

(vz + wy) (vyz + wyy)− uxyvy − uxvyy − uxywz − uxwyz − vyywz − vywyz

]
, (A71)

µz = −8
3
Aµ4

[1
2

(uy + vx) (uyz + vxz) +
1
2

(uz + wx) (uzz + wxz)

+
1
2

(vz + wy) (vzz + wyz)− uxzvy − uxvyz − uxzwz − uxwzz − vyzwz − vywzz

]
. (A72)

The pressure and its derivatives are given by

p = −2µux − 2µvy + ρg(s− z), (A73)
px = −2µxux − 2µuxx − 2µxvy − 2µvxy + ρgsx, (A74)
py = −2µyux − 2µuxy − 2µyvy − 2µvyy + ρgsy, (A75)
pz = −2µzux − 2µuxz − 2µzvy − 2µvyz − ρg. (A76)

Finally the compensation terms F1, F2, F3 are given by

F1 = 2µxux + 2µuxx − px + µy (uy + vx) + µ (uyy + vxy) + µz (uz + wx) + µ (uzz + wxz) , (A77)
F2 = µx (uy + vx) + µ (uxy + vxx) + 2µyvy + 2µvyy − py + µz (vz + wy) + µ (vzz + wyz) , (A78)
F3 = µx (uz + wx) + µ (uxz + wxx) + µy (vz + wy) + µ (vyz + wyy) + 2µzwz + 2µwzz − pz, (A79)

and the terms T1, T2, T3 can be calculated using A4-A6.
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