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S.1 Case A

Taking the order of magnitude of the dimensionless numbers into account, [F} | = O ([FI]) = O([F%]) = O(e?), [K] =
O(1),[H] = O (e?),[Wgr] = O (¢?), the dimensionless microscopic description (13)-(18) becomes:

T
e2prCy %ti —div*(kfgrad*T}) =0 in Q; (S.A.1)
5

2 ¥ vk 8T; .k * * .

e“prCx Eyole div*(kigradT,;)=0 in€Q, (S.A.2)
200

i div*(D;grad®p;) =0 in{, (S.A.3)
10 TF=T" onT (S.A4)
kigrad*T; -n; — kigrad*T; -n; =c’Li,w*-n; onT (S.A5)
Digrad®p! n;=c’piw*-n; onT (S.A.6)

15 This set of equations is completed by the Hertz-Knudsen equation (10) and the Clausius Clapeyron’s law (9) expressed in
dimensionless form as:

*

wr=w"-n; = a—*wl’z pr —pr(TF)] onT (S.A.7)
Ligm* (1 1
* *\ __ refx prefx sg
Pos(T5) = Pl " (T79 ) exp { e (T,ef* - Ta)] (S.A.8)

20 S.1.1 Heat transfer

Introducing asymptotic expansions for T and T} in the relations (S.A.1), (S.A.2), (S.A.4), (S.A.5) gives at the lowest order:

divy- (kigrad,. T;”) =0 i@ (S.A.9)

div,- (kigrad,. T;) =0 inQ, (S.A.10)
25

770 =70 onr (S.A.11)

(k:;kgradz*ﬂ*(o) — k;grad, . T*9).n; =0 onT (S.A.12)
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where the unknowns ﬂ*(o)(x*,y*,t) and Ty x*,y*,t) are y*-periodic. It can be shown that the obvious solution of the

above boundary value problem is given by:
T = 0 = 7*O0) (x* 1) (S.A.13)

At the first order, the temperature is independent of the microscopic dimensionless variable y*, i.e. we have only one tem-
perature field. Taking these results into account, equations (S.A.1), (S.A.2), (S.A.4), and (S.A.5) of order ¢ give the following
second-order problem:

divy- (k} (grad,. T,V + grad,. T*@)) =0 in (S.A.14)
div,- (k;(grad,. T; ") + grad,,. 7)) =0 inQ, (S.A.15)
7 =11 onT (S.A.16)
(k;‘(grady*Ti*(l) +grad,.T*(") — k}(grad,. T}V + grad,.7*)) . n;=0 onT (S.A.17)

where the unknowns Ti*(l) (x*,y*,t) and T}y @) (x*,y*,t) are y*-periodic and the macroscopic gradient grad,. T*(%) is given.
The solution of the above boundary value problem appears as a linear function of the macroscopic gradient, modulo an arbitrary
function 7+ (x*,1):

Wyt ) = ti(y") - grad, 77O + 17 GALS

106,y ) = o (y") - grad, T + T, SA19

where t] (y*) and t’ (y*) are two periodic vectors which characterize the fluctuation of temperature in both phases at the pore
scale. Introducing (S.A.18) and (S.A.19) in the set (S.A.14)-(S.A.17), these two vectors are solution of the following boundary
value problem, expressed in a compact form as:

div,- (k] (grad,.t; +1)) =0 in (S.A.20)
divy-(k;(grad,.t; +1)) =0 in€Q, (S.A21)
t'=t" onl (S.A.22)
(ki (grad,.t; +1) — k;(grad,.t; +1)) - n;=0 onl (S.A.23)
1
T / (65 +t7)dQ2 =0 (S.A.24)
Q
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This latter equation is introduced to ensure the uniqueness of the solution. Finally, the third order problem is given by the Eq.
(S.A.1), (S.A.2), (S.A.4), and (S.A.5) of order £2:

aT*(O) * * *
p; Uy ———— — divy«(k; (grad, .1, +grad, .1, — divg«(k; (grad, 1, +grad_ . = m §2; Al
§0f 55 —divy (K (grad,. T; @) d,. ;")) - div,- (k] (grad,. T, d,.T* @) =0 inQ; (S.A.25)
o17*)
PiCe—5p — div,- (k (grad,. T;® + grad,. T; ")) — div,- (k;(grad . T; " + grad . T*®)) =0 inQ, (S.A.26)
7 =1® onT (S.A.27)
(k (grad,.T;® +grad,. T;") — k2 (grad . T;® +grad,. T;V)) o = w;® onT (S.A.28)

where the unknowns Ti*(Q) (x*,y*,t) and Ty @ (x*,y*,t) are y*-periodic and wZ(O) is the normal interface velocity due to the
sublimation-deposition process given, at the zero order, by the Hertz-Knudsen equation (S.A.7) and the Clausius Clapeyron’s
law (S.A.8).

S.1.2  Water vapor transfer
Introducing asymptotic expansions for pj; in the relations (S.A.3) and (S.A.6) gives at the lowest order:

div,- (Djgrad,.p;?) =0 inQ, (S.A.29)

Dygrad, . pt@.ny=0 onT (S.A.30)

where the unknown pZ(O) (x*,y*,t) is y*-periodic. It can be shown (Auriault et al., 2009) that the solution of the above
boundary value problem is given by:

Py = py O (x", 1) (S.-A31)

At the first order, the water vapor density is independent of the microscopic dimensionless variable y*. Taking these results
into account, the second-order problem is given by Eq. (S.A.3) and (S.A.6) of order ¢, which are:

div,- (D (grad,.p;") + grad,.p;?)) =0 inQ, (S.A32)

D; (grady*pi(l) +grad,.pt®) - n; =0 onT (S.A.33)

(1)( (0)

where the unknown p,"’ (x*,y*,t) is y*-periodic and the macroscopic gradient grad,.p, ~ is given. The solution of the

above boundary value problem appears as a linear function of the macroscopic gradient, modulo an arbitrary function ,BT,(D (x*,1)
(Auriault et al., 2009):

p:(l) (x*,y",t) =g (y*) - grad,. pz(o) + ﬁ;(l)(x*,t) (S.A.34)
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where g (y*) is a periodic vector which characterizes the fluctuation of water vapor density in the air phase at the pore scale.
Introducing (S.A.34) in the set (S.A.32)-(S.A.33), this vector is solution of the following boundary value problem, expressed
in a compact form:

div,-(D;(grad,.g, +1))=0 in{, (S.A.35)
D;(grad,.g, +1I)-nj=0 onl (S.A.36)
L/ ~dQ2=0 (S.A.37)
I, BB = A.

This latter equation is introduced to ensure the uniqueness of the solution. Finally, the third order problem is given by Eq.
(S.A.3) and (S.A.6) of order £2:

op"”
gt* —divy-(D;, (grady*pz@) +grad,. pV)) — div,- (D (grad,. ptW +grad,.p: @) =0 inQ, (S.A.38)
D;ﬁ(grady*pf,@) + gradx*p;'j(l)) ‘ny = w;(o) onT (S.A.39)

where the unknown pz(Q) (x*,y*,t) is y*-periodic and wZ(O) is the normal interface velocity due to the sublimation/deposition
process given, at the zero order, by the Hertz-Knudsen equation (S.A.7) and the Clausius Clapeyron’s law (S.A.8). Taking the
above results into account, we have:

L:m* [ 1 1 L:om* 1
p;S(T;)—p;esf*(Tref*)exp[ g < O)ﬂ <1+s g .. (S.A.40)

p;kk* Tref* - T*( p:k‘* (T*(O))Q
This relation shows that the asymptotic development of the Clausius-Clapeyron’s law is written:
Phs(T) = pyl (x7, 1) +epylV (X7, y " ) + .. (S.AA41)

where the first term pf,go), which depends on 7*(0) (x*,t) only, is defined as:

* * ref * ref * L: m* 1 1
prO(T*(©0)) = prefe(ref )exp[ p*gk* (Tref* — T*(O))] (S.A.42)

(0)

The relation (S.A.42) shows that the normal velocity wy," ~ arising in the interface condition (S.A.39) does not depend on y*.

From (S.A.7), wZ(O) is also written:
wy® = 2w [0 ® — O] (S.A43)

*
K2

S.1.3 Macroscopic description

Integrating (S.A.25) over §2; and (S.A.26) over (), and then using the divergence theorem, the periodicity condition, and the
interface conditions (S.A.28) leads to the first order dimensionless description:

effx aT*(O)

(pC) T

— div,~ (kT grad,. 7*) = SSAy L}, w;® (S.A.44)
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where SSAy = |I'|/|Q] is the specific surface area and where (pC)°* and k°* are the dimensionless effective thermal ca-
pacity and the effective dimensionless thermal conductivity, respectively, defined as:

(pC)* ™ = (1= )p; CF + dpiCy (S.A.45)

- 1
ke = 0] (ﬁ/ k;(grad,.t;(y") +1)dQ + /kf(grady*t;‘(y*) +1I)d (S.A.46)
a Q

where ¢ is the porosity. Consequently, integrating (S.A.38) over €1,, and then using the divergence theorem, the periodicity
condition, and the interface conditions (S.A.39) leads to the first order dimensionless description:

*(0)
¢a‘g’t — div,~ (D grad . p*(?)) = —SSAy p;w®) (S.A.47)
where D®* is the dimensionless effective diffusion tensor defined as:
1
Deffx — 9] /D;’j(grady* gy )+D)dQ (S.A.48)
Qa
S.2 CaseB

Taking into account the order of magnitude of the dimensionless numbers, [F7| = O ([FL]) = O([F&]) = O(e?), K] =
O(1),[H] =0(e),[Wr] = O(e), the dimensionless microscopic description (13)-(18) becomes:

T
e2prCy %ti —div*(kfgrad*T}) =0 inQ; (S.B.1)
2 ¥ vk aT; sk * * .
e“p.Co e div*(k;gradT;)=0 inQ, (S.B.2)
€ 50 div*(D;grad®p;) =0 in{, (S.B.3)
TF=1T; onl (S.B.4)
kigrad™T; -n; — kjgrad™T, -n; =eLiw"-n; onT (S.B.5)
Digrad®p; -nj=cp;w"-n; onTl (S.B.6)

This set of equations is completed by the Hertz-Knudsen equation (10) and the Clausius Clapeyron’s law (9) expressed in
dimensionless form as:

*

* * - [ % * *
wy, =W en; = —wy oy —pis(TX)] onT (S.B.7)
L m* 1 1
* T* _ ref Trcf* sg _ SBS
pvs( a) Pus ( )eXp |: P;kk* (Tref* T;>:| ( )
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S.2.1 Heat transfer

Introducing asymptotic expansions for 7;* and 7} in the relations (S.B.1), (S.B.2), (S.B.4), and (S.B.5) gives at the lowest
order:

divy- (kigrad,. T;”) =0 inQ, (S.B.9)
div,-(kigrad,.T;Y) =0 inQ, (S.B.10)
770 =120 onT (S.B.11)
(k;grad. T, —kigrad’. T;®) -nj=0 onT (S.B.12)

where the unknowns E*(O)(x*7y*7t) and T, © (x*,y*,t) are y*-periodic. It can be shown (Auriault et al., 2009) that the
obvious solution of the above boundary value problem is given by:

7O _ 7(0) _ 70 (x* ) (S.B.13)

At the first order, the temperature is independent of the microscopic dimensionless variable y*, i.e. we have only one tempera-
ture field. Taking these results into account, Eq. (S.B.1), (S.B.2), (S.B.4), and (S.B.5) of order ¢ give the following second-order
problem:

divy- (k} (grad,. T,V + grad,. T*@)) =0 in (S.B.14)

div,- (k;(grad,. T; ") + grad,,. 7)) =0 inQ, (S.B.15)

7 =10 onT (S.B.16)

k! (grad T 4 grad.T*) — k*(grad,. T 4+ grad . T*©)) .n; = L* w*® onT (S.B.17)
[ y*q T a y*ta T sgn

where the unknowns Ti*(l) (x*,y*,t) and Tjy @) (x*,y*,t) are y*-periodic and the macroscopic gradient grad,. T*(®) is given.
Moreover, it can be shown that at the first order wZ(O) =0 (see S.B.37). As in the case A, the solution of the above boundary

value problem appears as a linear function of the macroscopic gradient, modulo an arbitrary function T*(l)(x*,t) (Auriault
et al., 2009):

ﬂ*(l)(x*,y*,t) — t*(y") ~grad$*T*(0) +i*(1) (§.B.18)

iy 1) = t3(y") -grad,. 7O 4 T;) (S.B.19)
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where t7 (y*) and t’ (y*) are two periodic vectors which characterize the fluctuation of temperature in both phases at the pore
scale. Introducing (S.B.18) and (S.B.19) in the set (S.B.14)-(S.B.17), these two vectors are solution of the following boundary
value problem in a compact form:

div,- (k7 (grad,.t; +1)) =0 in (S.B.20)
divy-(k;(grad,.t; +1)) =0 in€Q, (S.B.21)
t;=t, onl (S.B.22)
(ki (grad,.t; +1) — k;(grad,.t; +1)) - nj=0 onT (S5.B.23)
1
a /(t; +t7)dQ =0 (S.B.24)
Q

This latter equation is introduced to ensure the uniqueness of the solution. Finally, the third order problem is given by Eq.
(S.B.1), (S.B.2), (S.B.4), and (S.B.5) of order £2:

aT*(O) * * *
piC; 5 —divy (K (grad,,. T; ®) 4 grad,.T;")) — div,- (K} (grad,. ;" + grad,. T*®)) =0 inQ; (S.B.25)
oT*(0)
PaCa—gp — divy (k:(grad,.T;® +grad,.T; ")) — div,- (k; (grad,. T; ) + grad,..7*?)) =0 inQ, (S.B.26)
7 =12 onT (S.B.27)
(k} (grady*Ti*(Q) + gradz*T:(l)) . k:(grady*T;@) +grad,. T*V)) . n; = ngw;;(l) onT (5.B.28)

where the unknowns TZ-*(2) (x*,y*,t) and T (x*,y*,t) are y*-periodic. Integrating (S.B.25) over 2; and (S.B.26) over €,
and then using the divergence theorem, the periodicity condition, and the boundary conditions (S.B.28) leads to the first order
dimensionless description:

effx aT*(O)

(pC) e

— div,- (k*F*grad,. T*©) = / LiwiVdS=—L,¢ (S.B.29)
I

where (pC)** and k* are the dimensionless effective thermal capacity and the effective dimensionless thermal conductivity
respectively, defined, as in the Case A, by:

(pC)°™* = (1 - ¢)p; C; + ¢p;Cii (S.B.30)

1

effx __ * * * * * *

k= (Jka(grady*ta(y )+I)dQ+/kl (grad,.t; (y*) +1)dQ (S.B.31)
a R

where ¢ is the porosity.
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S.2.2 Water vapor transfer

Introducing asymptotic expansions for p}, in the relations (S.B.3) and (S.B.6) gives at the lowest order:

divy- (Djgrad,.p5?) =0 inQ, (S.B.32)

Dygrad, . pt@.nj=0 onT (S.B.33)

where the unknown p:(o) (x*,y*,t) is y*-periodic. It can be shown (Auriault et al., 2009) that the solution of the above
boundary value problem is given by:

Py = py O (x",1) (S.B.34)

At the first order, the water vapor density is independent of the microscopic dimensionless variable y*. Taking these results
into account, the second-order problem is given by Eq. (S.B.3) and (S.B.6) of order ¢:

div,- (D (grad,.p;") + grad,.p;?)) =0 inQ, (S.B.35)

Dﬁ(grady*pz(l) +grad,. px) . n; = awy [pj:(o) — (T*(O))} onT (S5.B.36)

where the unknown pjj(l) (x*,y*,t) is y*-periodic. Consequently, integrating (S.B.35) over ,, and then using the divergence
theorem, the periodicity condition, the interface conditions (S.B.36) and the result (S.B.34) leads to the first order dimensionless

description:
PO = p (T ) (S.B.37)

Consequently, as in the Case A, the solution of the above boundary value problem (S.B.35) - (S.B.36) appears as a linear

function of the macroscopic gradient grad, . pigo) (T*(®)) modulo an arbitrary function ﬁfj(l) (x*,t) :

PV (x*,y* t) = g (y") - grad,. p: O (T*) + 5 (x*, 1) (S.B.38)

where g (y*) is a periodic vector which characterizes the fluctuation of water vapor density in the air phase at the pore scale

induced by the macroscopic gradient grad,,. pij§0> (T*(O)). Introducing (S.B.38) in the set (S.B.35)-(S.B.36), this vector is
solution of the following boundary value problem in a compact form:

divy (D (grad,.g; +1)) =0 in, (S.B.39)
D;(grad,.g, +1I)-n;j=0 onl (S.B.40)
L/ “40 — 0 (S.B.41)
I, 8,88 = B.

This latter equation is introduced to ensure the uniqueness of the solution. Finally, the third order problem is given by Eq.
(S.B.3) and (S.B.6) of order £2:

%(0)
82% —divy- (D} (grad,. p}® +grad,. p;")) — div,- (D} (grad,. p;V) + grad,. ;" (T*(?))) =0 inQ; (S.B.A42)
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D;, (grady*pf}@) +grad,.ptM) -n; = pfw:®  onT (S.B.43)
where the unknowns pi(Q) (x*,y*,1) is y*-periodic and wZ(l) is the normal interface velocity due to the sublimation/deposition
process at the first order. Consequently, integrating (S.B.42) over €),, and then using the divergence theorem, the periodicity
condition, and the boundary conditions (S.B.43) leads to the first order dimensionless description:

*(0)

(T = / prwrdS = pio (S.B.44)
N

¢

where D¢ is the classical dimensionless effective diffusion tensor defined as (see Case A):

* 1 * * *
D / D3 (grad,. gi(y*) +1)d Q (S.B.45)
Qa

S.3 CaseC

Taking into account the order of magnitude of the dimensionless numbers, [F7] = O ([FL]) = O ([F.]) = O(e?), K] =
O(1),[H] =0(1),[Wgr] = O(1), the dimensionless microscopic description (13)-(18) becomes:

oTy
e2piCt ati —div*(kfgrad*T}) =0 in Q; (S.C.1)
2 sk vk 8T; k7% * .
e“p,Co 5 —div*(k;gradT;) =0 inf, (5.C.2)
2 0py sk (T * ok i
Sl —div*(Djgrad®p;) =0 in{, (S.C.3)
Tr=T; onl (S.C4)
kigrad™I; -n; — k;grad™T; -n; = L, —>grad™p,-n; onT (S.C.5)
P;
Digrad*p) -n;=piw*-n; onl (S5.C.6)

This set of equations is completed by the Hertz-Knudsen equation (10) and the Clausius Clapeyron’s law (9) expressed in
dimensionless form as:

*

wr=w"-n; = a—*wl’i oy —pr(TF)] onT (S.C.7)
Pi
L m* 1 1
* T* _ ref Trcf* sg _ SCS
pvs( a) Pus ( )exp l: p;kk* (Tref* T;>:| ( )
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S.3.1 Heat and water vapor transfer at the first order

Introducing asymptotic expansions for 7;* and 7} in the relations (S.C.1), (S.C.2), (S.C.4), and (S.C.5) gives at the lowest
order:

divy- (kigrad,. ;) =0 inQ (S.C.9)
div,-(kigrad,.T;V) =0 inQ, (S.C.10)
77O =120 onT (S.C.11)
(szgrad;:*Ti*(O) — kagrad,. 7). n; = I;%ngrady*p;(o) ‘n; onT (5.C.12)

where the unknowns Ti*(o) (x*,y*,t) and T, © (x*,y*,t) are y*-periodic. Introducing asymptotic expansions for p}, in the
relations (S.C.3) and (S.C.6) gives at the lowest order:

div,- (Djgrad,.p;?) =0 inQ, (S.C.13)

Digrad,.p} -n; = a*wi | p;© — pp(T* @) onT (S.C.14)

where the unknown pjj(o) (x*,y*,t) is y*-periodic. Consequently, integrating (S.C.13) over £, and then using the divergence
theorem, the periodicity condition, the interface conditions (S.C.14) leads to:

/ (50 = p3ydr =0 (S.C.15)
T

Taking this result into account, the solution of the above boundary value problem is given by:

T:(O) =70 = 7O (x* 1) (5.C.16)
and
p;;(O) - Pf;(o) (x*,t) = pf,go)(T*(O)) (S.C.17)

At the first order, the temperature and the the water vapor density are independent of the microscopic dimensionless variable
y*, i.e. we have only one temperature field.

S.3.2 Heat and water vapor transfer at the second order

Taking these results into account, Eq. (S.C.1), (S.C.2), (S.C.4), and (S.C.5) of order ¢ give the following second-order problem:

div,- (K} (grad,. T/ + grad,. T*@)) =0 inQ; (S.C.18)

10
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divy- (k;(grad,. T; ") + grad,. T*(©)) =0 inQ, (S.C.19)
7Y =10 onT (S.C.20)

(k} (grady*Ti*(l) +grad,. T*(?) — k;(grady*T;(l) +grad,. T*(?)) .n; = (5.C.21)

“9 D7 (grad,. p;V) +grad,.p}”) -n; onT

where the unknowns TZ—*(I) (x*,y*,t) and T,y ) (x*,y*,t) are y*-periodic and the macroscopic gradient gradm*T*(()) is given.
The second-order problem for the water vapor is given by Eq. (S.C.3) and (S.C.6) of order ¢:

div,- (D (grad,.p;") + grad,.p;?)) =0 inQ, (5.C.22)

v

D; (grady*pi(l) +grad,.p5?) - n; = a*w; {pi‘)(l) - ngl)] onT (5.C.23)

where the unknowns pf,(l) (x*,y*,t) is y*-periodic. Consequently, integrating (S.C.22) over {,, and then using the divergence
theorem, the periodicity condition, the boundary conditions (S.C.23) leads to:

/ (s = pyV)dl =0 (S.C.24)
I

The solution of the above boundary value problem for the temperature appears as a linear function of the macroscopic gradient,
modulo an arbitrary function 7)) (x*,¢):

Wyt 1) =i (v") - grad,. 7O + T (5629

Ty, y" 1) =si(y") - grad,. T + Ty (5.C.26)
Similarly, we have
POy ) = D (Y ) = 9 (0O (v - grad,. T s.c27)

with, according to (S.A.40),

P =y (T* M) st (y*) - grad,,. T+ (S.C.28)
Thus,
pi M (x*,y*, 1) = 7 (T*O)(d* (y*) +s5(y")) - grad,. T+ (S.C.29)

where sf(y*), s;(y*) and d*(y*) are periodic vectors which characterize the fluctuation of temperature and the water vapor

at the pore scale. Introducing (S.C.29), (S.C.26) and (S.C.29) in the set (S.C.18)-(S.C.23), these vectors are solution of the
following boundary value problem in a compact form:

divy- (k; (grad,.s; +1)) =0 in Q; (5.C.30)

11
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divy- (k; (grad,.s; +1)) =0 inQ, (5.C.31)

si=s: onl (5.C.32)
Ly
(ki (grad,.s; +1I)—k;(grad,.s; +1I)) -n; = —La wyy “(T*O)d* onT (5.C.33)
divy-(D;(grad,, (d* +s;)+1)) =0 inQ, (S.C.34)
Dy(grad,, (d" +s;) +1I) -nj =a*wgd® onT (5.C.35)
with
1 * *

9] /(sa +s)d2=0 (5.C.36)
i/d*dr—o (S.C.37)
il - o

to ensure the unicity of the solution. Let us remark that the vectors s} (y*), s (y*) and d*(y*) depend on the value a.
This model is valid for [Wgr] = O (1), i.e ¢'/2 < [Wg] < e~'/2. This lmplles that (£1/2Dyc/(Iwke)) = Qmin < @ < Qimax =
(e7V2Dye/ (Iwpe)).

S.3.3 Macroscopic description

Finally, the third order problem for the heat transfer is given by Eq. (S.C.1), (S.C.2), (S.C.4), and (S.C.5) of order £2:

oT*(0) .
prCr — div,- (K} (grad,. T;® + grad,. T, ")) — div,- (k] (grad . T/ + grad,. T*@)) =0 inQ; (S.C.38)
17 at* Y 2 Y ) x
oT*(0)
paCagp— — divy: (k:(grad,.T;® +grad,.T; ")) — div,- (k} (grad,. T; ") + grad,.7*?)) =0 inQ, (S.C.39)
7 =1 onT (S.C.40)
(k;k(grady*Ti*(z) + gradw*T:(l)) - k;(grady*T;(Q) +grad,. T/M)) - n; = (5.C.41)

* Dz *(2 *(1
Lsg or (grad,,. p;® +grad,.p;V)) m; onT
(2
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where the unknowns Ti*(z) (x*,y*,t) and T;(Z) (x*,y*,t) are y*-periodic. Integrating (S.C.38) over 2; and (S.C.39) over £,
and then using the divergence theorem, the periodicity condition, the interface conditions (S.C.41) and the results leads to the
first order dimensionless description:

effx 8T*(O)
ot*

(pC) —div,- (k“*grad,,. T*() = — / Liwi®dS =12, (S.C.42)

T

where (pC)°T* and kC* are the dimensionless effective thermal capacity and the effective dimensionless thermal conductivity
respectively, defined as:

(pC)* ™ = (1= )p; CF + dpiCy (S.C.43)

k& = |Q| /k* grad «S ( )—‘rI)dQ-‘r/k‘ (grad «8; ( )—‘rI)dQ (8.C.44)
Q

where ¢ is the porosity.
Finally, the third order problem for the water vapor is given by Eq. (S.C.3) and (S.C.6) of order £2:

*(0)
ag;i —div,«(Dy(grad, i@ 4 grad,. prM)) — div,. (D (grad,. i tgrad,. prO(T*©)) =0 inQ; (S.C45)
D:(grady*pz@) +grad,.ptM) -n; = pfw:® onT (5.C.46)

where the unknown pv( )(x* ,y*,t) is y*-periodic and w;(z) is the normal interface velocity due to the sublimation/deposition
process at the first order. Consequently, integrating (S.C.45) over €),, and then using the divergence theorem, the periodicity
condition, and the interface conditions (S.C.46) leads to the first order dimensionless description:

ap*(o)
ot

-(D%grad,. p;0(T*(V)) = / piwi?dS = pi o (S.C.47)
T

where D is the classical dimensionless effective diffusion tensor defined as:

1
DO = a / D:(grad,. (d* +s)+1)dQ (S.C.48)

S.4 Cases D1 and D2
S.4.1 CaseD1

Taking into account the order of magnitude of the dimensionless numbers, [F7| =0 ([FL]) = O([F.]) = O(e?), K] =
O(1),[Wgr]=0(e7!),[H] = O(1), the dimensionless microscopic description (13)-(18) becomes:

*

oT;
2**
Cla*

—div*(kgrad™T;7) =0 in©; (S.D1.1)

13
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385

390

395

400

T*
e2prC %tj: —div*(kigradT) =0 inQ, (S.D1.2)
Sl —div*(D}grad®p;) =0 in{, (S.D1.3)
T'=T; onl (S.D1.4)
kigrad™; -n; — k,grad™ T, -n; = L, s grad®p;-n; onl (S.DL5)
Digrad*p! -n;j=c 'piw*-n; onT (S.D1.6)

This set of equations is completed by the Hertz-Knudsen equation (10) and the Clausius Clapeyron’s law (9) expressed in
dimensionless form as:

*

wh = w ey = ol [ph — ph(T0)] onT (S.D1.7)
* * ref* ref* L: m* 1 1
P (T) = prebx (et )exp{ p;fk* (Tref* —T)] (S.D1.8)

S.4.1.1 Heat transfer and water vapor transfer at the first and the second order

Introducing asymptotic expansions for 7" and T in the relations (S.D1.1), (S.D1.2), (S.D1.4), and (S.D1.5) gives at the lowest
order:

divy- (kigrad,. T;”) =0 inQ (S.D1.9)
div,- (kigrad,.T7;) =0 inQ, (S.D1.10)
770 =10 onT (S.DI1.11)
(krgrad:. ;") — kigrad’. 7). n; = L, Zj; grad,.p;” onT (S.D1.12)

where the unknowns Ti*(o) (x*,y*,t) and T, © (x*,y*,t) are y*-periodic. Introducing asymptotic expansions for p}, in the
relations (S.D1.3, S.D1.6) gives at the lowest order:

divy- (Djgrad,.p;?) =0 inQ, (S.D1.13)
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425

430

1O — O (=) on (S.D1.14)

where the unknown p:j(o) (x*,y*,t) is y*-periodic. The solution of the above boundary value problems is given by:

p:(O) - p:(O) (x*,t) = ngo)(T*(O)) (S.D1.15)

7O — 720 — e O) () (S.D1.16)

At the first order, the temperature and the water vapor density are independent of the microscopic dimensionless variable y*.
We have only one temperature field. Taking these results into account, Eq. (S.D1.1), (S.D1.2), (S.D1.4), and (S.D1.5) of order
e give the following second-order problem:

divy- (k} (grad,. T,V + grad,. T*@)) =0 in Q (S.D1.17)
div,- (k;(grad,. T; ") + grad,,. 7)) =0 inQ, (S.D1.18)
7 =™ onT (S.D1.19)
(k (grad,. Ty + grad,. 7*©) — kZ (grad,,. ;") + grad,. 7*())) . n; = (S.D1.20)

* D: *(1 *(0
Lg, p (grady*pv( )+grad$*pv( )) ‘n; onl

*
?

where the unknowns Ti*(l) (x*,y*,t) and Tp; ) (x*,y*,t) are y*-periodic and the macroscopic gradient gradm*T*(O) is given.
Moreover we have the second-order problem for Eq. (S.D1.3) and (S.D1.6) is written:

div,- (D} (grad,.p;") + grad,.p;\¥)) =0 inQ, (S.D1.21)

pr® =pxM onT (S.D1.22)

(1)(

where the unknowns p, "’ (x*,y*,t) is y*-periodic. According to (S.A.40), this latter boundary condition can be also written

pr) = () — (O ) op T (S.D1.23)
Moreover, we have

grad,.p:®) = ~*(T*)grad,.T*® (S.D1.24)
thus Eq. (S.D1.21) and (S.D1.23) are written:

div,- (D} (grad,. ;" +7*(T*)grad,.T*®) =0 inQ, (S.D1.25)
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440

445

450

455

460

pz(l) - 7*(T*(0))T;‘(1) onT (S.D1.26)

The solution of the above boundary value problems (S.D1.17)-(S.D1.20) and (S.D1.25)-(S.D1.26) appears as a linear function
of the macroscopic gradient gradx*T*(()), modulo an arbitrary function.

Ti*(l)(x*,y*,t) _ rz (y*) . gradz*T*(O) +i*(1) (S.D1.27)
T,y 1) = xi(y") - grad,. 7O + T (S.01.28)
PGy 1) =7 (O () - grad 70O £ T onT (8.D1.29

where r}(y*) and r}(y*) are two periodic vectors which characterize the fluctuation of temperature in both phases at the
pore scale. Introducing (S.D1.27) and (S.D1.28) in the set (S.D1.17)-(S.D1.20), these two vectors are solution of the following
boundary value problem in a compact form:

divy-(k; (grad,.r; +I)) =0 in; (S.D1.30)

dlvy*((ka+LsgDv7*)(grady*ra+I)) =0 inf, (S.D1.31)
Pi

r;=r, onl (S.D1.32)

(1)

(ki (grad,.r; +1) — (k; + ngD:jvi)(grady*rZ +I)) ;=0 onl (S.D1.33)
p

*
7

1
0 /(r;; +1)d2 =0 (S.D1.34)
Q

This latter equation is introduced to ensure the uniqueness of the solution. This latter boundary value problem is similar to
the one of the Eq. (S.A.20)-(S.A.24) where k¥ is now equal to k& —i—Lf;gD;ﬁ*y*(T*(O)) /p¥. At the local scale, the thermal
conductivity appears to be enhanced by the phase change.

S.4.1.2 Macroscopic description

Finally, the third order problem is given by the equations (S.D1.1, S.D1.2, S.D1.4, S.D1.5) of order £2:

T*(O) * * k
pre? S — divy: (k] (grad,. T, ®) ¢ grad,.7'")) — div,- (K} (grad,. /" + grad,. T*@)) =0 inQ; (S.D1.35)
oT*(0)
PaCa—gp — divy- (k:(grad,.T;® +grad,.T; ")) — div,- (k; (grad,. T; ") + grad,..T*?)) =0 in Q, (S.D1.36)
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475

480

485

7 =12 onT (S.D1.37)

(k;k(grady*Ti*(Q) + gradw*T:(l)) - k;(grady*T;@) +grad,.T/M)) . n; = (S.D1.38)

, Dr
L=

(grad, pX® ypgrad,.prM).n; onT

where the unknowns Ti*@) (x*,y*,t) and T,y @ (x*,y*,t) are y*-periodic. For the water vapor, the third order problem is given

by the the equations (S.D1.3, S.D1.6) of order £

9 *(0)
gt* —div,- (D} (grady*p:j@) +grad,.p:M)) — div,- (D (grad, i pgrad,. prO(T*(@))) =0 inQ, (S.D1.39)
D; (grady*p;@) +grad,.ptM) -n; = pfw:®  onT (S.D1.40)

Integrating (S.D1.35) over €2; and (S.D1.36) and (S.D1.39) over €2,, and then using the divergence theorem, the periodicity
condition, and the interface conditions (S.C.41) leads to the first order dimensionless description:

effx aT*(O)

(pC) T

— div,- (kP*grad,. 7% = / L,
p
r

(grad 3 +grad,.p;V) nidS = —L7,¢ (S.D1.41)

where (pC)°™* and kP* are the dimensionless effective thermal capacity and the apparent dimensionless conductivity respec-
tively, defined as:

(pC)*™ = (1= )p;Cf + dpiCi (S.D1.42)

kP* = ‘Q| /k‘* grad «T ( )+I)dQ+/k‘ (grad « T ( )—‘rI)dQ (S.D1.43)
Q;

where ¢ is the porosity. Integrating (S.D1.39) over 2,, and then using the divergence theorem and the periodicity condition,
leads to the first order dimensionless description:

ops”

(bat

— div,- (DP*grad,. p}(® (7)) = — /Dz (grad,. pi® +grad,.prV) - nydS = pié (S.D1.44)

where DP* is the apparent effective diffusion tensor defined as:

1
D> - / D (grad,. ri(y") + )d Q (S.D1.45)

17



S.4.2 Case D2

Taking into account the order of magnitude of the dimensionless numbers, [F; | = O ([FI]) = O([F%]) = O(e?), [K] =
O(1),[Wr] =0 (e7'),[H] = O (1), the dimensionless microscopic description (13)-(18) becomes:

oT*

490 £%p;Cr (,%1 —div*(kfgrad*T}) =0 inQ; (S.D2.1)
2 sk vk 8T; e k7% * .
e“pnCo S div*(k;gradT;)=0 in€Q, (S.D2.2)
200 .
o div*(D;grad®p;) =0 in{, (S.D2.3)
495
Tr=T; onl (S.D2.4)
kigrad™T; -n; — k,grad™ T, -n; = L, —-grad p, -n; onl (5.D2.5)
Pi
500 Digrad*p! -nj=c¢ ?piw* -n; onTl (S.D2.6)
This set of equations is completed by the Hertz-Knudsen equation (S.A.7) and the Clausius Clapeyron’s law (9) expressed in
dimensionless form as:
wr=w"-n; = a—*wl’z oy —prs(TH)] onT (S.D2.7)
P;
* * ref refx L: m* 1 1
505  p,(T,) = pusf (T ! )exp |: p;k’* (Tref* o T;)] (S.D2.8)
S.4.2.1 Heat transfer and water vapor transfer at the first and second order
Introducing asymptotic expansions for 7 and 7} in the relations (S.D2.1, S.D2.2, S.D2.4, S.D2.5) gives at the lowest order:
divy- (kigrad,. ;) =0 inQ (S.D2.9)
510 div,-(kigrad,.7;) =0 inQ, (S.D2.10)
7O =12 onT (S.D2.11)
* N Dy
(k;grad,.T; ©_ k;grady*T;(O)) ny =LY, — grady*pf}(o) onT (S.D2.12)
Pi
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525
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535

540

where the unknowns Tl—*(o) (x*,y*,t) and Ty © (x*,y*,t) are y*-periodic. Introducing asymptotic expansions for p¥ in the
relations (S.D2.3, S.D2.6) gives at the lowest order

div,- (Djgrad,.p5?) =0 inQ, (S.D2.13)

pi@ = pr©O (7)) onT (S.D2.14)

(0)(

where the unknowns p, " (x*,y*,t) is y*-periodic. The solution of the above boundary value problems is given by:

p:(O) - p:(O) (x*,t) = ngo)(T*(O)) (S.D2.15)

T:(O) — T;(O) — T*(o)(x*7t) (S.D2.16)

At the first order, the temperature and the water vapor density are independent of the microscopic dimensionless variable y*.
We have only one temperature field. Taking these results into account, equations (S.D2.1, S.D2.2, S.D2.4, S.D2.5) of order
give the following second-order problem:

divy- (k} (grad,. T; "V + grad,. T*@)) =0 in (8.D2.17)
div,- (k}(grad,. T; ") + grad .. T*(©)) =0 inQ, (S.D2.18)
7Y =10 onT (S.D2.19)
(kf (grad,. T, + grad,. T*©)) — & (grad,. T; ") + grad,. T*()) . n; = (S.D2.20)

Ly, 5 (grady*pv( ) +grad,.p:®).n; onT

*
7

where the unknowns Ti*(l) (x*,y*,t) and T, ® (x*,y*,t) are y*-periodic and the macroscopic gradient grad,. T*(®) is given.
Moreover we have the second-order problem for the equations (S.D2.3, S.D2.6) is written:

div,- (D (grad,.p;") + grad,.p;\")) =0 inQ, (S.D2.21)

prM =M onT (S.D2.22)
where the unknowns pi(l) (x*,y*,t) is y*-periodic. According to (S.A.40), this latter boundary condition can be also written
prW = pr) — (O ) on T (S.D2.23)
Moreover, we have

grad,.p:? = *(T*O)grad,. 7+ (5.D2.24)

vSs
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570

thus equations (S.D2.21) and (S.D2.23) are written:

div,- (D (grad,. p; ") ++*(1*©)grad,.T*?) =0 inQ, (S.D2.25)

Pt = A5 (T O on T (S.D2.26)

As in the Cases C1 and C2, the solution of the above boundary value problems (S.D2.17-S.D2.20) and (S.D2.25-S.D2.26)
appears as a linear function of the macroscopic gradient grad,,.7*(°), modulo an arbitrary function.

Ti*(l)(x*,y*,t) _ rz (y*) . gradz*T*(O) Jri*(l) (5.D2.27)
Ty (x*,y*,t) =ri(y") -grad,. 7" + T, (5.D2.28)
P (x*y* 1) =" (T ) (ri(y") - grad,. T + T;) onT (5.D2.29)

where r}(y*) and r}(y*) are two periodic vectors which characterize the fluctuation of temperature in both phases at the
pore scale. Introducing (S.D2.27) and (S.D2.28) in the set (S.D2.17-S.D2.20), these two vectors are solution of the following
boundary value problem in a compact form:

divy- (k; (grad,.r; +1)) =0 inQ; (5.D2.30)

* T*(O)
divy- (k! + L:gD:L*)

K3

)(grad,.r; +1)) =0 inQ, (S.D2.31)

r;=r, onl (S.D2.32)

(1)

(k; (grad,.x} + 1) — (k: + Lj;gD;;VT)(grady*r; +I) nj=0 onl (S.D2.33)

*
2

1
9] / (ry+1{)d2=0 (S.D2.34)
Q

This latter equation is introduced to ensure the uniqueness of the solution. This latter boundary value problem is similar to
the one of the Eq. (S.A.20)-(S.A.24) where k; is now equal to k; + L3, Dyv* (T*(©))/p¥. At the local scale, the thermal
conductivity appears to be enhanced by the phase change.
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S.4.2.2 Macroscopic description

Finally, the third order problem is given by Eq. (S.D2.1), (S.D2.2), (S.D2.4), and (S.D2.5) of order ¢2:

8T*(O) * * *
piC] =g —divy (k] (grad,. T; @t grad,. T;M)) — div,- (k} (grad,. T,V + grad,. T*)) =0 inQ; (5.D2.35)
oT*()
piCe—gr — divy- (ki (grad,. T, +grad,. T; (")) - div,- (k}(grad,. T} + grad,.7*©)) =0 inQ, (S.D2.36)
7 =1:® onT (S.D2.37)
k¥ (grad,. T;® +grad . 77 V) — k* (grad, . T*® + grad,. ")) - n; = (S.D2.38)
1 y*Te * g a y*Ta z* " a

. D * *
Lsg P (grady*pv@) + gradw*pv(l)) ‘n; onT

*
3

where the unknowns Ti*(z) (x*,y*,t) and T,, @ (x*,y*,t) are y*-periodic. For the water vapor, the third order problem is given
by Eq. (S.D2.3) and (S.D2.6) of order £:

ang()) . * * * : * * * * :
ot divy- (Dv(grady*pv@) +grad,.p:M)) — div,- (Dv(grady*pv(l) +grad,.p:O(T*))) =0 inQ, (5.D2.39)
Dﬁ(grady*p;ﬁ@) +grad,.psM).n; = piw:®  onT (S.D2.40)

Integrating (S.D2.35) over €2; and (S.D2.36) and (S.D2.39) over €2, and then using the divergence theorem, the periodicity

condition, and the interface conditions (S.C.41) leads to the first order dimensionless description:

oT*)
ot*

D :
(pC)etE* — div,- (kP*grad,. T*) = / L;,—%(grad,.p;® +grad,.p;")) ndS =L} ¢ (S.D2.41)

"
v
*
Pi
r

where (pC)** and kP* are the dimensionless effective thermal capacity and the apparent dimensionless thermal conductivity,
respectively, defined as:

(pC)* ™ = (1= )p; CF + dpiCy (S.D2.42)

1
KkP* = Tl (ﬁ/ k;(grad,.r; (y*) +1)dQ + /k‘;‘(grady*r:‘ (y") +1)dQ (S.D2.43)
a Qi
where ¢ is the porosity. Integrating (S.D2.39) over (), and then using the divergence theorem and the periodicity condition,
leads to the first order dimensionless description:
opus”
ot

) — div,- (DP*grad,. p}(® (7)) = — /Dz (grad,. pi® +grad,.prV) - nydS = pié (5.D2.44)
r

where DP* is the apparent effective diffusion tensor defined as:

1
DP* = ] / Dj(grad,. r;(y*)+1)d Q (S.D2.45)
Qq
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