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Abstract. Understanding the processes that govern ice shelf
extent is important to improving estimates of future sea-
level rise. In present-day Antarctica, ice shelf extent is most
commonly determined by the propagation of through-cutting
fractures called ice shelf rifts. Here, I present the first three-
dimensional analysis of ice shelf rift propagation. I model
rifts using the assumptions of linear elastic fracture mechan-
ics (LEFM). The model predicts that rifts may be stabilized
(i.e., stop propagating) when buoyant flexure results in the
partial contact of rift walls. This stabilizing tendency may
be overcome, however, by processes that act in the ice shelf
margins. In particular, loss of marginal strength, modeled as
a transition from zero tangential displacement to zero tan-
gential shear stress, is shown to favor rift propagation. Rift
propagation may also be triggered if a rift is carried with the
ice flow (i.e., advected) out of an embayment and into a float-
ing ice tongue. I show that rift stability is closely related to
the transition from uniaxial to biaxial extension known as the
compressive arch. Although the partial contact of rift walls
is fundamentally a three-dimensional process, I demonstrate
that it may be parameterized within more numerically effi-
cient two-dimensional calculations. This study constitutes a
step towards a first-principle description of iceberg calving
due to ice shelf rift propagation.

1 Introduction and background

Despite decades of progress, it remains unclear whether
Antarctica will gain or lose mass by the year 2100. Although
the rates of mass change over this timeframe are typically
projected to be nearly linear (Seroussi et al., 2020), several
types of more extreme ice sheet response to global climate

forcing cannot presently be excluded (Pattyn et al., 2018).
Perhaps the most prominent of these extreme changes is the
retreat of the floating ice shelves that fringe the Antarctic
continent. Ice shelf retreat has been observed to occur gradu-
ally, i.e., over a period of years to decades (MacGregor et al.,
2012; Arndt et al., 2018), and also abruptly, i.e., over a period
of weeks to months (Scambos et al., 2000; Banwell et al.,
2013). Although ice shelves are floating and therefore do
not directly contribute to sea-level rise, they do act to but-
tress grounded ice (Rignot et al., 2004; Scambos et al., 2004;
Goldberg et al., 2009; Gudmundsson, 2013). For this reason,
ice sheet mass and therefore global mean sea level are closely
connected to the extent and stability of ice shelves. Here, I
examine the stability of ice shelves with respect to the prop-
agation of large through-cutting fractures called rifts.

The largest modern ice shelves exist in coastal embay-
ments. This basic observation has long prompted the no-
tion that embayments stabilize ice shelves (Hughes, 1977;
Thomas and Bentley, 1978; Sanderson, 1979). Yet the ex-
act relationship between coastal geometry and ice shelf ex-
tent is not trivial. For example, ice shelves do not generally
fill the largest possible embayment in the way that the Ross
and Amery ice shelves do. Instead, ice shelves such as the
Pine Island Glacier Ice Shelf are limited to much smaller lo-
cal embayments (in the case of Pine Island, the present-day
ice shelf extends to Evans Knoll rather than the entire region
between Bear Peninsula and Thurston Island). Furthermore,
analysis of sediment cores (Naish et al., 2009; Marcott et al.,
2011) and various bathymetric features (Graham et al., 2013;
Yokoyama et al., 2016) suggest that past ice shelves have
waxed and waned in extent through ice age cycles. Although
coastal embayments do appear to stabilize ice shelves, it
would also appear that some other process are responsible
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for determining the extent of a stable ice shelf within a given
coastal geometry. The close relationship between the state of
stress in an ice shelf and the ice shelf boundary conditions
(Budd, 1966; Sanderson, 1979; MacAyeal, 1989) motivates
investigation into processes acting in ice shelf margins.

Ice shelf margins are the part of the ice shelf grounding
zone that is roughly parallel to flow (see Fig. 1). The im-
portance of ice shelf margins is suggested by several ob-
servations, foremost among these being the observation of
marginal weakening prior to ice shelf collapse. Estimates of
ice rheology based on the inversion of surface velocity fields
show extensive marginal weakening prior to the collapse of
the Larsen A (Doake et al., 1998) and Larsen B ice shelves
(Vieli et al., 2006; Khazendar et al., 2007). Although ice
shelf collapse (i.e., total and rapid retreat) is a complex phe-
nomenon that involves other processes besides rift propaga-
tion (Banwell et al., 2013; Leeson et al., 2020), rift propaga-
tion does appear to play a role in collapse. Glasser and Scam-
bos (2008) explicitly noted that marginal weakening imme-
diately preceded rift propagation and eventual collapse on
Larsen B. Further observation of a relationship between ice
shelf retreat, rifting, and marginal thinning has been noted in
the Amundsen Sea Embayment (MacGregor et al., 2012) and
Jakobshavn Glacier, Greenland (Joughin et al., 2008). Moti-
vated by these observations, a central question of this paper
is as follows: what is the precise mechanical relationship be-
tween ice shelf margins and ice shelf rift propagation? One
of the main glaciological results of this paper is that marginal
weakening can destabilize rift propagation.

An investigation into the forces that drive rift propaga-
tion requires a careful accounting of the forces acting on the
rift walls. Weertman (1957) was the first to document how
a freely floating ice front experiences a net torque due to an
imbalance between the overburden pressure in the ice and the
hydrostatic water pressure. This torque is expected to cause a
rotation of the ice front with a top-out sense of motion (Reeh,
1968). Rifts walls have the same ice-front boundary condi-
tions as a seaward-facing ice front and are therefore expected
to experience a similar rotation. The main difference between
a seaward-facing ice front and a rift wall is that it is possible
for rift walls to come into contact. This contact is expected to
occur at the top of the ice shelf and in the region near the rift
tip, as illustrated in Fig. 1b. This behavior has been observed
in the field. De Rydt et al. (2018) recently observed that a rift
tip on the Brunt Ice Shelf was further advanced at depth than
at the surface, suggesting the occurrence of partial contact. I
examine the partial contact of rift walls in Sect. 3. As an as-
pect of linear elastic fracture mechanics, fracture wall contact
is a well-studied topic (Tada et al., 2000, chap. 1, Sect. C).

I model rifts using linear elastic fracture mechanics
(LEFM). Although a number of previous studies have ex-
amined ice shelf rifts using LEFM, no previous study ap-
pears to have considered three-dimensional effects. Hulbe
et al. (2010) calculated two-dimensional mixed mode (in-
plane opening and shearing) stress intensity factors and as

Figure 1. (a) Ice shelf geometry used in this study. (b) View of
rift tip showing partial contact of rift walls (drawn assuming distant
margins).

a result were able to state a fracture condition as well as
predict rift propagation paths. Other ice shelf LEFM stud-
ies have mostly focused on propagation paths (Plate et al.,
2012; Levermann et al., 2012; Borstad et al., 2017) and near-
tip deformation (Larour et al., 2004a, b).

A final point of background concerns the relationship be-
tween the forces that drive fracture and the background ice
flow. In real ice shelves, the state of stress is constantly evolv-
ing due to the change in geometry brought about by ice flow.
Previous studies have examined the relationship between ice
flow and fracture in several ways. Hulbe et al. (2010) carried
out viscous flow calculations to constrain the state of stress in
their elastic calculations. They then tuned elastic moduli and
boundary conditions in their elastic calculations to match the
observed viscous stresses. Plate et al. (2012) parameterized a
state of stress from a viscous flow model, but rather than tun-
ing elastic moduli they instead chose to introduce fictitious
equivalent body forces. Here, I consider the hypothesis that
the forces that drive rift propagation are entirely described
by the instantaneous ice shelf geometry and boundary con-
ditions. This hypothesis requires three-dimensional calcula-
tions in order to directly calculate – rather than parameterize
or approximate – the role of gravitational driving forces.

This paper is organized as follows. In Sect. 2, I describe
three-dimensional elasticity calculations that are carried out
using the finite element method and then post-processed
to reveal fracture mechanical properties. I present three-
dimensional results in Sect. 3. These results motivate a sim-
plified two-dimensional treatment in Sect. 4, the results of
which are given in Sect. 5. I conclude by discussing the rela-
tionship between rift propagation, the compressive arch, rift-
filling melange, and ocean swell in Sect. 6.
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2 Three-dimensional model

2.1 Geometry

I consider the idealized ice shelf geometry shown in Fig. 1.
The ice shelf is square in map view (the x–y plane). The z
axis is defined so that the positive z axis points upwards and
the bottom of the ice shelf is located at z= 0. The ice shelf
has horizontal dimensions Lx = Ly = 100 km and thickness
h= 200 m. The ice shelf surface at y = 0 faces the ocean
and the surface at y = Ly faces the ice sheet. The surfaces at
x = 0 and x = Lx are referred to as the ice shelf margins. A
single rift is located along the x axis at y =W . I treat two
different general rift locations: marginal and central. These
two rift locations are shown in Fig. 2. I hold the rift length
fixed at L= 2.5 km long for the marginal rift and L= 5 km
long for the central rift.

Geometrically, I model a rift as a rectangular hole in the
ice shelf. Fractures in three dimensions have a fracture tip
defined by a two-dimensional curve rather than a point. Al-
though I refer to a rift tip for brevity, this term actually refers
to a rift-tip curve. In the treatment presented here, the rift-tip
curve is taken to be a vertical straight line. The rift is uni-
formly 10 m wide over most of its length. Simulations show
low sensitivity to the choice of this width (for example, stress
intensity factors, described later, show changes less than or
on the order of 1 % change in response to changing the rift
width to 15 m).

2.2 Linear elasticity

I consider the equations of linear, homogeneous, isotropic,
static, three-dimensional elasticity (Malvern, 1969),

∇ ·T′ =−ρg, (1)

with total (Cauchy) stress tensor T′, ice density ρ, and grav-
itational acceleration g. Because I neglect any spatial varia-
tion in material parameters, my model does not include a firn
layer. I account for an initial hydrostatic stress in a manner
following Cathles (2015) wherein the equations of elastic-
ity are solved for a perturbation stress tensor T defined as
the total (Cauchy) stress tensor minus the initial overburden
pressure,

T= T′−p0I, (2)

with identity tensor I, overburden pressure

p0 = ρg(H − z), (3)

and ice sheet surface height H .
The perturbation stress tensor is necessary for the follow-

ing physical reason. Without subtracting the initial overbur-
den pressure, the ice shelf experiences an initial volumet-
ric contraction ∼ p0/K with bulk modulus K . This volu-
metric contraction does not occur in real ice shelves be-
cause at timescales longer than the Maxwell time ice is well

approximated as being incompressible (MacAyeal, 1989).
Note that the perturbation stress tensor is not equal to the
deviatoric stress tensor defined as T′−pI, with isotropic
pressure p. This difference is important because the pertur-
bation stress tensor accurately captures permissible, elastic
volumetric contraction, whereas the deviatoric stress tensor
does not. The three-dimensional elasticity calculations in this
study are carried out with respect to this perturbation stress
tensor.

With respect to the perturbation stress tensor, the equations
of motion are

∇ ·T= 0, (4)
Tij =Kδijεkk + 2µ(εij + δij εkk/3), (5)

εij =
1
2

(
∂ui

∂xj
+
∂uj

∂xi

)
. (6)

The first of these equations describes momentum balance
which is derived by combining Eqs. (2) and (3). Equation (5)
describes the elastic constitutive relation (Hooke’s law) with
shear modulus µ= 3.6 GPa and Poisson’s ratio ν = 0.3. Al-
though isotropic elasticity only requires two elastic moduli,
for convenience I use Young’s modulus E = 2µ(1+ ν) and
the bulk modulus K = E/[3(1− 2ν)]. Equation (6) defines
the strain tensor εij . These equations use index notation with
repeated indices implying summation, δij denoting the Kro-
necker delta function, and the indices i and j taking val-
ues x,y, and z.

2.2.1 Boundary conditions

The ice front, rift walls, and top and bottom ice shelf surfaces
are loaded by a depth-varying normal stress that is equal
to the water pressure below the waterline and equal to zero
above the waterline. These boundaries have zero shear stress.
The water pressure condition may be written as

nT · (T′ ·n)=−pw(z), (7)

pw(z)=

{
ρwg

[
Hw− (z+ uz)

]
z < Hw,

0 z ≥Hw.
(8)

Here pw is the depth-varying water pressure, n is the unit
outward-pointing normal vector,Hw = ρ/ρwh is the ice shelf
draft, and ρ and ρw are the ice and water densities.

The boundary conditions applied in the three-dimensional
model are found by combining Eqs. (2), (7), and (8). This
approach is consistent with previous treatments of crevasse
propagation in glaciers (e.g., Van der Veen, 1998).

In all simulations, the surface of the ice shelf above the
grounding line at y = Ly has a zero displacement boundary
condition. Similarly, the ice shelf surface at the ice front at
y = 0 has a water pressure boundary condition (Eq. 8). In the
margins, I examine three types of marginal boundary condi-
tion. These conditions are shown in Fig. 2; they are as fol-
lows.
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Figure 2. The geometries and boundary conditions considered in this study: (a) and (b) ice tongue; (c) and (d) strong margins; and (e) and
(f) zero displacement. Panels (a), (c), and (e) show marginal rifts and (b), (d), and (f) show central rifts. The figures are not drawn to scale.

1. Ice shelf with ice tongue. Margins have zero displace-
ment between y = Ly/2 and y = Ly and have water
pressure between y = 0 and y = Ly/2.

2. Ice shelf in an embayment with strong margins. Margins
have zero displacement boundary condition.

3. Ice shelf in an embayment with weak margins. Margins
have zero displacement between y = Ly/2 and y = Ly
and have zero shear stress and zero normal displacement
between y = 0 and y = Ly/2.

2.2.2 Numerical implementation

I solve Eqs. (4)–(6) using the finite element method. The ice
shelf domain is discretized using a free (i.e., not regularly
spaced) tetrahedral mesh. The maximum element size along
the rift is h/16. The element size then increases away from
the rift to a maximum value of 3.5 km. The rift is geometri-
cally formed as a rectangular prism with width Wrift = 10 m
and length L. The results presented here have minimal de-
pendence on the choice of Wrift.

2.3 Linear elastic fracture

Fractures in elastic materials create displacement fields that
are proportional to r1/2 with distance to the crack tip r (Ir-
win, 1957). The scalar constant of proportionality involves
the stress intensity factor. Specifically, in terms of the dis-
placement components u, v, and w corresponding to dis-
placements in the x, y, and z directions, the stress intensity

factors are defined through the relations (Tada et al., 2000)

u(r,z)= 4
KII(z)

µ/(1− ν)

√
r

2π
, (9)

v(r,z)= 4
KI(z)

µ/(1− ν)

√
r

2π
, (10)

w(r,z)=
KIII(z)

µ

√
r

2π
. (11)

The quantities KI, KII, and KIII are the Mode I, Mode II,
and Mode III stress intensity factors (SIFs). The sense of mo-
tion associated with each mode of fracture is shown in Fig. 3.
Equations (9)–(11) represent the asymptotic value, accurate
to the first order, of the displacement field near the rift tip on
the plane of the fracture. The stress intensity factors bear a
direct relationship to fracture propagation.

A basic tenet of fracture mechanics is that unstable crack
growth occurs when the elastic strain energy available to
drive fracture exceeds the energy required to create new frac-
ture area (Griffith, 1921). The key insight of linear elastic
fracture mechanics is that this energy condition can be re-
lated to the stress intensity factors (Irwin, 1957). The stress
intensity factors may therefore be used as part of a fracture
criterion. In this study, I examine mixed-mode fracture, and
I therefore use the theory of Erdogan and Sih (1963) that
calculates the single optimally oriented stress intensity fac-
tor from the three different stress intensity modes. This op-
timally oriented stress intensity factor is the Mode I stress
intensity factor along a plane oriented to minimize KII and
KIII (Erdogan and Sih, 1963; Hulbe et al., 2010). Under the
assumption (verified later) that KIII does not substantially
contribute to the direction of propagation of the rift-tip line,
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the Mode I stress intensity factor along the optimal angle of
propagation θ can be written as

K
Op
I = cos

(
θ

2

)[
KIcos2

(
θ

2

)
−

3
2
KII sinθ

]
. (12)

In this expression, the angle of propagation θ is given by

θ =−2tan−1

−2KI+ 2
√
K2

I + 8K2
II

8KII

 . (13)

In the adopted sign convention, negative angles indicate the
direction pointing away from the ice front, and straight-ahead
propagation occurs when θ = 0. Note that care must be taken
in selecting the correct quadrant for the tan−1 function.

The fracture propagation criteria may then be stated as

K
Op
I >KIc, (14)

where the value KIc = 100 kPa m1/2 is the Mode I fracture
toughness of ice (Rist et al., 2002). I refer to rifts that sat-
isfy Eq. (14) as being unstable because they are expected to
undergo some amount of propagation. Note that this does not
necessarily mean that the rift will propagate in a way that will
lead to a calving event. Propagation may stop, for example,
before calving occurs. Rifts that do not satisfy Eq. (14) will
be referred to as stable; such rifts are expected to close.

2.3.1 Partial contact of rift walls

The partial contact of rift walls is a nonlinear phenomenon
because it involves solving for the shape of the contacting
region and therefore changing the region over which dif-
ferent boundary conditions are applied (Johnson and John-
son, 1987). Here, I treat a linear formulation of this problem
wherein the Mode I stress intensity factorKI can take on pos-
itive or negative values. This situation is discussed in detail
by Tada et al. (2000). For fractures with zero initial width, a
negative KI implies unphysical material overlap. I avoid this
situation in my numerical simulations by giving the rift an
initial nonzero opening as described in Sect. 2.1. This is con-
sistent with the idea that rifts in ice shelves are probably not
held open entirely by elastic stresses because they have de-
formed through creeping flow. Other studies have shown that
accounting for contact nonlinearity results in minimal differ-
ences from the linear problem for long fractures with L� λ

(Liu et al., 1999), where λ is the ice shelf flexural wavelength
(discussed later; see Eq. 22). Given that many rifts do reach
lengths L� λ (Walker et al., 2013, 2015), the linear approx-
imation may well prove adequate for many cases of glacio-
logical interest.

2.3.2 Stress intensity factor calculations

The stress intensity factors are calculated by solving
Eqs. (9)–(11) numerically at an arbitrary distance r from

the crack tip. This evaluation method, essentially a post-
processing step, is sometimes called the displacement corre-
lation method (Zehnder, 2012) and has previously been used
in glacier studies by Jimenez and Duddu (2018). I evaluate
Eqs. (9)–(11) at a distance r from the crack tip that is at least
several times the grid spacing in order to achieve grid-size in-
dependence. In three dimensions, stress intensity factors are
calculated at various heights through the ice shelf thickness,
with the resulting calculations plotted in Fig. 3.

3 Results from three-dimensional model

Figure 3 shows a typical result of the finite element calcula-
tions. This figure shows that the Mode I and Mode III stress
intensity factors are nearly linear with depth (i.e., Fig. 3a, b,
and e), while the Mode II stress intensity factor is nearly
uniform with depth (i.e., Fig. 3d). Empirically, the structure
of the three-dimensional stress intensity factors can be de-
scribed as

KI(z)=K
m
I +K

b
I

(
z−h/2
h/2

)
, (15)

KII(z)=K
m
II , (16)

KIII(z)=K
b
III

(
z−h/2
h/2

)
. (17)

I refer to the different terms on the right-hand side of
Eqs. (15)–(17) as the stress intensity factor components. In
these components, the superscripts “b” and “m” stand for
bending and membrane, respectively. I recall that, in general,
each of the stress intensity factor components is expected to
depend on the ice shelf geometry, (e.g.,Lx ,Ly , h,L, andW ).

I estimate the individual components of the stress intensity
factors from the three-dimensional solutions (Fig. 3). In these
solutions, the depth-varying part of the stress intensity factors
corresponds to contributions from bending motion. Bending
only affects the Mode I and Mode II stress intensity factors.
The depth-independent part of the stress intensity factors cor-
responds to contributions from in-plane or membrane mo-
tion. Membrane motion affects only the Mode I and Mode II
stress intensity factors. This observed structure motivates the
following parameterized, two-dimensional treatment.

4 Two-dimensional model

I now examine a parameterized two-dimensional model with
the goal of approximating Eqs. (15)–(17). The membrane
terms Km

I and Km
II are calculated numerically by solving

the equations of plane strain elasticity in two horizontal spa-
tial dimensions x and y. The governing equations for the
two-dimensional calculations are found by taking ∂/∂z= 0
in Eqs. (4)–(6). The two-dimensional finite element calcula-
tions are similar to the three-dimensional ones, with tetrahe-
dral elements being replaced by triangular ones and a min-
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1678 B. P. Lipovsky: Ice shelf rifts

Figure 3. Typical three-dimensional stress intensity factors (SIFs) as a function of depth z in the ice shelf. The particular SIFs are for a
marginal rift in an ice tongue (Fig. 2a). (a) Mode I stress intensity factor (SIF), (b) Mode I SIF with depth-mean removed, (c) Mode I sense
of motion, (d) Mode II SIF, (e) Mode III SIF, (f) Mode II sense of motion, and (g) Mode III sense of motion. Red dashed lines show the
analytical parameterizations in the 2D model (Sect. 4).

imum mesh size Wrift/10. Boundary conditions are chosen,
as in the three-dimensional calculations, to be either freely
slipping, to have zero displacement, or to have an applied
traction that represents an ice front. The latter is given by
the classical ice front membrane stress solution of Weertman
(1957),

σm =
ρgh

2

(
1−

ρ

ρw

)
. (18)

Note that this boundary condition is simply the depth-
integrated water pressure minus overburden pressure as given
in Eqs. (7)–(8).

Bending terms Kb
I and Kb

III, in contrast, are parameterized
based on the following analytical treatment. I find that the
bending contribution to the opening mode is well fit by the
stress intensity factor solution (Sih, 2012),

Kb
I =−σbf (ν)

√
λ, (19)

with bending stress (Reeh, 1968)

σb =
6m0

h2 = φ
ρgh

2
. (20)

The bending stress σb is the value of the rift-normal stress at
the top of the ice shelf; it is also the maximum value of the
rift-normal stress. The bending stress can be expressed as a
bending moment,

m0 =
ρgh3

12

[
3
(
ρ

ρw

)
− 2

(
ρ

ρw

)2

− 1

]
= φ

ρgh3

12
. (21)

Typical values of ρ/ρw = 0.90 give φ = 0.08. In addition,
Eq. (19) makes use of the flexural gravity parameter,

λ4
=D/(ρg), (22)

with flexural rigidity D = Eh3/[12(1− ν2)]. Hence, flex-
ure results in a stabilizing contribution to the Mode I stress
intensity factor that grows with ice thickness according to
Kb

I ∼ h
11/8. The function f (ν) is discussed below. Notably,

the bending stress intensity factors asymptotically vary with
√
λ instead of the typical

√
L.

There is some discrepancy in the literature concerning the
precise values of the function f (ν). Sih (2012) cites Fo-
lias (1970), who both note that f is of the order of unity
but do not give its exact form. Ang et al. (1963) appear
to have first given the dependence of f on ν although Sih
and Setzer (1964) found a mistake in this work. Meanwhile,
Bažant (1992) gives a different value of f . It appears, how-
ever, that Bažant (1992) did not correctly account for the rift-
wall boundary condition. Given this uncertainty and the ad-
ditional detail involved in the three-dimensional problem be-
yond the assumptions made by the above authors, I instead
simply choose to calculate the value of f (ν) from the three-
dimensional calculations. From these calculations, I find a
value f (ν = 0.3)= 0.7646. Of the above references, this
value is most similar to the value calculated from the equa-
tion given by Sih and Setzer (1964), f (ν = 0.3)= 0.6063.

Bending also creates a Mode III stress intensity factor. As-
suming that this bending can also be described within Euler
beam theory, the Mode III and Mode I stress intensity factors
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are related by a factor,

Kb
III

Kb
I
=

h

2
√

2(1+ ν)λ
. (23)

Thus Kb
III ∼ h

2, which is a larger exponent than for Kb
I . This

solution was derived by assuming, consistent with Eqs. (9)–
(11), that the ratio of stress intensity factors is proportional
to the ratio of the stresses. This stress ratio is then cal-
culated using the solution to the floating beam equation
(Hetényi, 1971), w =−2m0/(ρgλ

2)exp(−x/λ)(cosy/λ−
siny/λ). The analytical solution of Eq. (23) is compared to
the finite element solution in Fig. 3e (red dashed lines).

5 Results from two-dimensional model

5.1 Comparison between 2D and 3D

I find good agreement between two-dimensional calculations
and the depth-averaged values from three-dimensional cal-
culations. Table 1 presents these results using the geomet-
rical factors χ =Km

I /(σm
√
πL) and ψ =Km

II /(σm
√
πL),

where σm is the depth-integrated boundary condition given
in Eq. (18). Note that KI ∼KII ∼

√
L suggests that χ and

ψ do not depend on L (Tada et al., 2000). The agreement is
better for χ than for ψ , with differences on the order of sev-
eral percent. This table also shows the effect of varying the
maximum near-tip element length. The values in this table
are calculated for a central rift in an embayment with strong
margins (i.e., as shown in Fig. 2d).

The analytical solution is not expected to perfectly match
the finite element solution because the latter accounts for the
full floatation condition (Eq. 7), whereas the bending model
(Eq. 19) neglects higher-order moments through Eq. (21).
I further verify that the simplified model captures the be-
havior of the three-dimensional simulations by calculating
stress intensity factors over a range of ice shelf thickness be-
tween 25 m and 1600 m. I find that Kb

I ∼ h
1.31 in the three-

dimensional calculations whereas Kb
I ∼ h

1.375 analytically.
Similarly, Kb

III/K
b
I ∼ h

0.27 in the three-dimensional calcula-
tions whereas Kb

III/K
b
I ∼ h

0.375 analytically. As can be seen
in Fig. 3, the differences are more pronounced for Kb

III. I at-
tribute the differences between analysis and calculation to
the neglect of higher-order moments and stress terms (i.e.,
the use of Euler beam theory).

5.2 Marginal and central rifts

I use the two-dimensional approach described in Sect. 4 to
examine the effect of rift position on rift stability. I consider
all combinations of boundary conditions and rift locations
shown in Fig. 2 while additionally varying the streamwise
position of the rift W .

Stress intensity factors for marginal rifts are plotted in
Fig. 4. Consistent with the shearing stresses experienced in

Figure 4. Stress intensity factors for marginal rifts may reflect either
stability or instability depending on the position of the rift. Three
pieces of information, the (a) Mode I SIF, (b) Mode II SIF, and
(c) propagation angle, are combined using Eq. (12) to calculate (d)
the optimally oriented SIF.

the ice shelf margins, the Mode I and Mode II stress intensity
factors are of similar magnitude (Fig. 4a and b, respectively).
In all marginal rift simulations, rifts propagate away from
the ice front (Fig. 4c). Marginal rifts are unstable over the
greatest range of locations in the ice tongue and weak mar-
gin geometries (Fig. 4d). In both cases, rifts are unstable at
positions 0.35<W/Ly < 0.65. Marginal rifts in ice shelves
with strong margins, in contrast, are stable near the ground-
ing line and they become unstable at a distanceW/Ly ≈ 0.33
from the ice front.

Stress intensity factors for central rifts are plotted in
Fig. 5. In contrast to marginal rifts, central rifts have |KII| �

|KI| (Fig. 5a and b). Unlike marginal rifts, propagation an-
gles are smaller, indicating nearly straight-ahead propagation
(Fig. 5c). Central rifts in all positions are found to have neg-
ative optimally oriented stress intensity factors indicative of
stability (Fig. 5d).

6 Discussion

I have presented a three-dimensional LEFM analysis of ice
shelf rift propagation. While this model has many poten-
tial applications, I have focused on the relationship between
marginal strength and rift stability. In that regard, the main
result of this analysis is that rifts originating in the margins
of ice shelves become unstable if the ice shelf margin looses
shear strength. This transition between a strong margin and
a weak margin can be seen, for example, by comparing the
red and yellow curves in Fig. 4d. Although this result is jus-
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Table 1. Comparison between 2D and 3D calculations.

Max. near-tip
h 2D 3D element size (2D-3D)/3D

100 m −0.2937 −0.3127 12.5 m −6.1 %
χ 200 m −0.2937 −0.3012 5 m −2.5 %

200 m −0.2937 −0.3069 12.5 m −4.3 %

100 m −0.04408 −0.0385 12.5 m +14.5 %
ψ 200 m −0.04408 −0.0382 5 m +15.4 %

200 m −0.04408 −0.0379 12.5 m +16.3 %

Figure 5. Same as Fig. 4 but for central rifts.

tified by the calculations presented in this paper, it is worth
emphasizing several assumptions.

I have assumed that margins have either zero displacement
or zero shear stress. In reality, margins likely experienced re-
duced but nonzero shear stress. I have also considered only
two rift locations (marginal or central), only one ice shelf
geometry (square), and only one rift geometry (a single rift,
perpendicular to flow, and without curvature). I treat the en-
tire ice column as having uniform material properties and
therefore describe neither a firn layer nor its relation to par-
tial contact of rift walls. Additional observed rift-wall pro-
cesses such as brine infiltration, surface accumulation, and
variable uplift could also be investigated (Scambos et al.,
2009, 2013; Walker and Gardner, 2019). Each of these as-
sumptions deserves further examination. Despite these lim-
itations, ice shelves and ice shelf rifts oftentimes approxi-
mately conform to the assumptions described in this study. I
do therefore expect that the results presented here provide a
useful basis for understanding rift propagation.

6.1 The compressive arch

All boundary conditions considered here give rise to a com-
pressive arch, defined as the region where an ice shelf tran-
sitions from uniaxial to biaxial extension (Fig. 6). Doake
et al. (1998) proposed the hypothesis that “once a retreat-
ing ice front breaks through the critical ‘compressive arch’
then retreat is irreversible”. Although the results presented
here broadly confirm a connection between the compressive
arch and rift propagation, there are important caveats. The
foremost exception to the compressive arch hypothesis is that
central rifts are found to always be stable, regardless of their
position inside or outside of the compressive arch. Addition-
ally, for the strong margin boundary condition the onset of
instability occurs somewhat upstream from the maximum ex-
tent of the compressive arch. This is shown in Fig. 6a, where
the compressive arch is plotted as a black dashed line and
marginal stability boundaries are plotted with yellow dashed
lines. For the weak margins and ice tongue boundary condi-
tions the agreement is closer; however, there is also a region
of stability that occurs closer to the ice front (Fig. 6b and c).
Perhaps most importantly, the results presented here suggest
a slightly different order of causality than that proposed by
Doake et al. (1998). In the hypothesis of Doake et al. (1998),
the compressive arch is a boundary that rifts may or may
not propagate through. The present analysis instead suggests
that a rift “propagating across the compressive arch”, actu-
ally involves simultaneous changes in ice geometry, migra-
tion of the compressive arch, and rift propagation. Under the
assumptions of my analysis, calving of icebergs within the
compressive arch is only reversible insofar as marginal weak-
ening is irreversible.

6.2 Melange as a rift proppant

Olinger et al. (2019) observed a lack of rift-tip seismicity at
a central rift in the Ross Ice Shelf. This observation is qual-
itatively consistent with the negative KOp

I I have calculated
for centrally located rifts. A negative stress intensity factor
indicates a rift that will tend to close. It seems likely that
these rifts therefore owe their continued existence to rift-
filling melange that acts as a type of proppant by holding
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Figure 6. The ice shelf compressive arch (thick black dashed line) is
plotted for three boundary conditions: (a) strong margins, (b) weak
margins, and (c) ice tongue (see Fig. 2). The figure also shows the
boundaries of regions of instability for marginal rifts (thin yellow
dashed lines). These figures were calculated in two horizontal spa-
tial dimensions as described in Sect. 4.

the rift open. Melange therefore has a dual nature. MacAyeal
et al. (1998) and Rignot and MacAyeal (1998) showed that
melange maintains shear stresses and therefore resists vis-
cous flow. In this sense, melange is stabilizing. Yet in the
sense that melange may sometimes enable the existence of
rifts that would otherwise close, melange is destabilizing.

6.3 Wave-induced fracture

Lipovsky (2018) used passive seismic data to calculate the
elastic ice shelf stresses due to ocean swell acting on the
Ross Ice Shelf. This study concluded that some un-modeled
process must have been operating in order to explain the
lack of any observed ice shelf rift propagation during the
observation period. Specifically, Lipovsky (2018) calculated
a maximum wave-induced Mode I stress intensity factor
KI ≈ 2 MPa m1/2 for a site near the Nascent Iceberg Rift.
Using the results presented here for a central rift, we cal-
culate that for a near-front central rift with W/Ly = 0.05,
the Mode I stress intensity without wave stress would be
K

Op
I ≈−5 MPa m1/2. The resulting total Mode I stress in-

tensity factor of KOp
I ≈−3 MPa m1/2 being negative is con-

sistent with the observation that ocean swell did not trigger
rift propagation during the observation period described by
Lipovsky (2018).

7 Conclusions

I have modeled an ice shelf as a three-dimensional buoy-
antly floating elastic plate. I then show how these three-
dimensional results may be captured in simplified two-
dimensional calculations. Using the two-dimensional theory,
I show that ice shelf rifts become unstable in the presence of
marginal weakening or upon exiting an embayment. These
results are a step towards modeling marine ice sheet evolu-
tion with a physics-based relationship between ice flow and
an ice extent set by rift propagation.
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